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PREFACE. 


in  the  year  1808,  I  published  a  treatise  on  the 
Doctrine  of  Interest  and  Annuities,  wherein  1  entered 
into  a  full  investigation  of  all  the  princi()les  relative  to 
that  science ;  together  with  its  application  in  the  va- 
rious questions  arising  from  any  commercial,  political, 
or  financial  inquiries.  In  the  preface  to  that  work  I 
signified  my  intention  of  prosecuting  the  subject  still 
further,  so  as  to  take  in  the  whole  Doctrine  of  Life- 
Annuities  and  Assurances :  the  present  treatise,  there- 
fore, must  be  considered  as  a  continuation  of  the  work 
above  alluded  to ;  and  will,  I  believe,  contain  all  that 
is  useful  or  interesting  on  the  science.  The  motives, 
which  induced  me  to  submit  the  fon7ier  work  to  the 
public,  were  there  fully  explained ;  and  will  equally, 
if  not  more  forcibly,  apply  to  the  preseni  treatise. 

The  importance  of  the  subject,  at  the  present  day, 
cannot  be  doubted ;  since  the  greater  part  of  the  pro- 
perty of  this  kingdom  is,  in  one  shape  or  another, 
connected  with  this  science.  The  present  possessors 
of  entailed  estates  are,  in  the  common  law,  justly 
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called  tenants  for  Life;  and  the  same  appellatiofi  may 
be  given  to  those  who  hold  by  curtesy  or  by  dower  ; 
marriage  settlements  also,  and  wills,  generally  deter- 
mine the  possession  and  reversion  of  estates  to  jmi^- 
ticular  lives:  and  to  these  contingencies  every  freehold 
estate  in  the  kingdom  is  liable.  If  to  these  we  add 
the  immense  number  o{  copyhold  estates  determinable 
on  lives,  and  the  estates  possessed  by  ecclesiastical 
persons  of  every  description  (all  of  which  will  probably 
be  ever  subject  to  the  same  tenure),  we  shall  find  that 
the  value  of  the  greater  part  of  the  rea/  estates  in  this 
country  will  be  determinable  upon  the  principles  laid 
down  in  the  present  work. 

The  incomes,  likewise,  annexed  to  all  places,  civil 
and  military;  all  pensions,  and  most  charitable  dona- 
tions ; — these,  and  others  of  a  like  kind,  are  annuities 
for  life.  Moreover,  the  dividends  arising  from  a  great 
part  of  the  capital  in  the  Public  Funds  are,  by  the 
wills  of  the  donors,  and  from  other  causes,  rendered 
of  the  same  nature.  Besides  which,  many  life-an- 
nuiiies  have  been  granted  by  Individuals,  by  Parishes, 
by  Corporate  Bodies,  and  by  the  Government  itself. 
So  that  a  great  part  of  the  "personal  estate,  also,  of  this 
country  is  involved  in  a  consideration  of  this  subject. 

In  additon,  however,  to  the  cases  above  alluded  to. 
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there  are  various  other  circumstances  in  which  this 
science  will  be  found  highly  interesting  and  useful. 
There  are  many  parents,  at  the  present  day,  who  arc 
desirous  of  providing  Endowmoits  for  their  children, 
against  they  arrive  at  particular  periods  of  life,  when 
a  sum  of  money  is  most  frequently  wanted  :  such  as 
the  time  of  their  apprenticeship,  or  when  they  come 
of  age,  &c.  Several  of  the  Assurance  Offices,  lately 
established  in  London,  have  published  the  rates  at 
which  they  will  guarantee  such  sums :  and  the  present 
work  will  enable  the  public  to  determine  how  far  it 
may  be  prudent  to  accept  them.     See  page  301. 

Another  interesting  part  of  this  subject  is  connected 
with  the  various  establishments  in  this  country,  under 
the  two  general  divisions  of  Societies  for  the  benefit 
of  Old  Age,  and  Societies  for  the  benefit  of  Widows. 
These  establishments,  when  founded  and  conducted 
on  a  true  and  proper  basis,  ought  always  to  be  en- 
couraged :  and  can  only  be  objected  to  when  the 
management  of  iheir  concerns  is  likely  to  fall  into  the 
hands  of  ignorant  or  designing  men,  who  may  be  in- 
duced to  sacrifice  the  permanent  interest  of  the  society 
to  their  own  immediate  benefit  and  advantage.  The 
ruin  of  most  of  these  societies  may  be  attributed  to 
their  ignorance  or  neglect  of  the  true  mathematical 
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principles  upon  which  they  ought  to  proceed ;  and, 
'without  an  attention  to  which,  no  establishment  of 
this  kind  can  possibly  flourish. 

But,  the  most  important  branch  of  this  science  is 
that  o(  Assiirafice :  which  is  still  more  extensive  than 
cither  of  those  above  mentioned.  For,  independent 
of  the  different  classes  of  persons  holding  property 
under  the  several  tenures  alluded  to  in  the  beginning 
of  this  preface,  and  whose  incomes  will  consequently 
determine  with  their  lives,  there  is  an  immense  num- 
ber of  other  persons,  in  the  different  departments  of 
society,  subject  to  the  same  contingency.  Every 
man  engaged  in  either  of  the  tlwee professions,  whose 
emoluments  arise  from  his  own  personal  abilities  and 
and  exertions, — every  one  pursuing  a  naval  or  niUitary 
life,  whose  income  will  cease  at  his  death, — every 
person  engaged  in  manufacturesy  commerce,  or  any 
other  employment,  whose  own  immediate  exertions 
are  the  support  of  the  concern  in  which  he  is  engaged, 
— these  and  many  others,  too  numerous  here  to  insist 
on,  will  often  be  desirous  of  sacrificing  some  part  of 
ihcir  present  emoluments  and  profits,  not  only  with 
a  view  to  secure  a  suitable  provision  for  their  families 
at  their  decease,  but  likewise  to  render  their  own  lives 
more  easy  and  comfortable,  under  the  pleasing  con- 
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solatiun  that  they  have  guarded  against  one  of  the 
great  evils  of  a  premature  death. 

Independent,  however,  of  this  general  view  of  the 
subject,  there  are  various  other  purposes  for  which 
Assurances  are  effected.  Persons  holding  Leases  on 
iiveSf  and  a  payingy///e  on  renewal,  are  often  times  in- 
duced to  insure  a  sum  of  money  upon  those  lives,  in 
order  that  they  may  be  enabled  to  pay  such  fine  when 
it  becomes  due.  Some  consider  it  a  good  method  of 
securing  a  dubious  or  protracted  debt,  by  assuring  the 
life  of  the  debtor.  Others,  again,  may  be  entitled  to 
an  estate,  or  to  a  sum  of  money,  at  the  end  of  a  given 
term,  or  on  the  happening  of  a  particular  event,  pro- 
vided they  be  then  alive  to  receive  it :  and,  in  order 
to  secure  such  sum  to  their  families,  may  be  desirous 
o  insuring  their  lives  for  such  term,  or  against  such 
cofithigcuci/. 

These,  and  a  thousand  other  cases  of  daily  occur- 
rence, render  this  branch  of  the  science  interesting  to 
very  class  of  the  community,  Numerous  Offices 
have  lately  sprung  up,  in  the  metropolis,  for  the  pur- 
pose of  granting  Assurances  on  every  possible  contin- 
gency amongst  lives  in  general ;  and  it  therefore 
becomes  every  one,  engaged  in  the  public  business 
of  life,  to  study  this  subject  wilh  attention. 
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But,  notwithstandinij  the  importance  and  utility  of 
these  enquiries,  it  is  not  much  more  than  a  century 
that  they  have  been  conducted  in  a  proper  and  sci- 
entific manner*.  The  celebrated  Dr.  Halley  led  the 
Avay  in  England ;  and  in  his  paper,  inserted  in  the 
Philosophical  Transactions  for  1G93,  pointed  out  the 
true  method  of  calculating  the  value  of  Annuities  on 
Lives,  In  the  pursuit  of  this  object,  he  assumed  the 
Tiite  of  human  mortality  for  five  years,  as  observed  at 
Breslaw;  and,  from  these  data,  formed  the7?r.s/ correct 
table  of  the  value  of  Life- Annuities.  That  table,  how- 
ever, being  adapted  only  to  everyjifth  year  of  human 
life,  and  calculated  at  only  one  rate  of  interest,  was 
consequently  very  limited  ia  its  application  and 
utility. 

The  illustrious  De  Moivre  improved  on  what  Dr. 
Halley   had   begun f.     He   carefully  examined  the 

•  Soon  afier  ihc  Revoluiioa  in  this  country  many  oF  the  loatis,  for  the 
Mrrice  of  Govemtnent,  were  raised'upon  Life-Annuities  :  onJ  nothing  can 
■how  more  Torcibly  the  low  state  of  the  science,  at.  tliat  period,  than  tlie 
vague  manner  in  wliich  the  values  of  such  annuities  were  estimated. 

t  Abraham  De  Moivre  was  born  at  Vltri,  in  Champagne,  in  1667.  The 
revocation  of  the  Edict  of  Naniz,  in  1685,  determined  Iiim,  with  many 
othcrf,  to  take  shelter  in  EngUnd  ;  where  he  perfected  his  mathematical 
ttodiet,  the  foundation  of  which  he  had  laid  in  his  own  country,  and  wliich 
liavc  rendered  him  so  great  an  ornament  to  the  age  in  whicii  he  lived.  In 
Uie  ltttt«r  part  of  his  life  he  subisted  chieflv  by  giving  answers  to  questions 
ia  Clwoeet,  Aanuuies,  &c  :  and  it  is  said  that  most  of  these  solutions  were 
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table  of  observations  given  by  that  celebrated  phi- 
losopher: and,  finding  that  for  several  years  together 
the  decrements  of  life  were  uniform,  and  that  it  was 
only  in  youth  and  in  old  age  that  any  considerable 
deviation  occurred,  he  founded  his  ingenious  hy- 
pothesis that  the  decrements  of  life  are  equal  and 
uniform,  from  birth  to  the  utmost  extremity  of  human 
life.  He  was,  at  first,  inclined  to  compose  a  Table  of 
the  values  of  Life-Annuities,  by  keeping  close  to  the 
table  of  observations ;  that  is,  by  dividing  the  whole 
extent  of  human  life  into  several  intervals,  according 
to  the  difference  of  the  decrements  during  those 
periods.  But,  before  he  undertook  this  task  he  tried 
what  would  be  the  result  of  supposing  those  decre- 
ments uniform  from  the  age  of  twelve  to  the  utmost 
extremity  of  life :  and  was  satisfied  that  the  excesses 
arising  on  one  side,  would  be  compensated  by  the 
defect  on  the  other.      For,  on   comparing   his   cal- 


dclivcretl  it  a  coffee-liousc  in  St.  Martin's-Lane,  where  lie  spent  tlic  greatest 
part  or  liis  time.  His  merit  and  abilities  were  so  well  known  and  esteemed, 
that  the  Royal  Society  of  London  judged  him  a  fit  person  to  decide  the 
famous  contest  between  Nf.wton  and  Lriknitz,  concerning  the  invention 
of  Fluxions.  He  was  highly  esteemed  by  the  first  of  these  celebrated 
philosophers  :  and  it  is  reported  that,  during  the  Inst  ten  or  twelve  years  of 
Nkh'ton's  life,  when  any  person  came  to  ask  him  for  an  explonation  of  any 
part  of  his  works,  he  used  to  say  "Go  to  M.  D«  Moivre ;  he  knows  all  these 
tWnga  better  than  I  del"     He  died  ut  tlie  adranced  age  of  cighty-seren. 
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dilation  with  that  of  Dr.  Halley,  he  found  the  con- 
clusions to  differ  so  very  little,  that  he  thought  it 
superfluous  to  join  together  several  different  rules  in 
order  to  compose  a  single  one. 

The  first  edition  of  his  Annuities  on  Lives  was 
printed  in  octavo,  in  1724.  By  the  most  simple  and 
elegant  formulae  he  pointed  out  the  method  of  solving 
all  the  most  common  questions  relative  to  the  value 
of  Annuities  on  single  and  joint  lives,  Reversions  and 
Survivorships.  In  the  subsequent  editions  of  that 
work*  he  not  only  corrected  the  errors  into  \vhich  he 
had  fallen  in  the  first  edition,  but  also  greatly  enlarged 
the  boundaries  of  the  science,  and  encouraged  other 


•  The  wconrf  edition  appeared  in  1743;  and  the  third  in  1750.  Since 
which  time,  I  believe  there  have  been  otlicr  editions  :    but  the  most  im- 
prored  copy  is  that  which  is  inserted  at  the  end  of  his  Doctrine  of  Chances 
3rd  edit.  1766 

In  the  preface  to  the  second  edition,  here  alluded  to,  he  made  an  illiberal 
and  unjustifiable  attack  on  Mr.  Simpson  ;  and  charged  him  with  mutilating 
his  propositions,  obscuring  his  demonstrations,  and  pirating  his  rules.  But 
Mr.  Simpson  effectually  refuted  these  charges  (in  the  same  yeat^  in  an 
Appendix  to  his  Doctrine  of  Annuities  :  at  the  close  of  which  he  exclaims, 
in  the  language  of  conscious  rectitude,  "  I  appeal  to  all  mankind,  whether, 
in  his*" treatment  of  nic,  he  has  not  discovered  an  air  of  self-sufficiency, 
"  ill-nature,  and  inveteracy,  unbecoming,  a  gentleman."  Here  the  con- 
troversy appears  to  have  dropped.  For,  M.  De  Moivre  published  the  third 
edition  of  his  book,  without  any  further  notice  of  Mr.  Simpson  :  but 
emitted  the  offensive  reflections  which  had  been  inserted  in  the  preface  to 
the  preceding  edition. 
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m.ithematicians  to  pursue  the  path  which  he  had 
struck  out  with  so  much  honour  to  himself.  Un- 
fortunately, however,  his  hypothesis  will  not  suit  all 
circumstances :  and  more  recent  discoveries,  on  the 
rate  of  human  mortality,  have  proved  that  it  cannot 
always  be  safely  adopted.  Nevertheless  it  is  still  of 
great  use  in  the  investigation  of  many  cases  connected, 
with  this  subject;  and  will  ever  remain  a  proof  of  his 
superior  genius  and  abilities.* 

In  the  year  1742,  Mr.  Thomas  Simpson  published 
the  first  edition  of  his  little  treatise  on  the  Doctr'meof 
Annuities  and  Revevsions ;  in  which  he  introduced  the 
metiiod  of  computing  such  values  from  the  real 
observations  of  life.  His  rules  upon  this  subject  are 
general,  and  will  apply  to  any  observations :  never- 
theless he  confined  himself,  in  his  Table  and  in  his 
Examples,  to  the  rate  of  human  mortality  in  London 
as  deduced  from  the  observations  of  Mr.  Smartf. 
The  same  authpr  prosecuted  this  subject,  by  way  of 
Supplement,  in  his  Select  Exercises  for  young  Proficients 


*  The  Tables  of  the  Talue  of  Life-Annuitiefl,  deduced  from  M.  D« 
Voivre's  hypothesis,  Trill  be  found  at  the  end  of  the  pKscnt  work  ;  being 
Tables  XLIX  and  L. 

t  Mr.  Simpson's  Tables  of  the  value  of  Life-Annuities,  will  be  found  at 
the  end  of  this  work ;  being  Tables  XLV  to  XLVIII. 


•««• 
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1/2  the  Mathi'^matics,  published  in  the  year  1752.* 
This  work,  he  )wever,  is,  for  the  most  part,  a  repetition, 
of  the  rules  given  in  the  preceding  treatise  :  to  which 
are  added  some  new  problems  on  the  subject  of 
contingent  annuities  and  assurances. 

On  the  style  of  Simpson  (always  simple  and  ele- 
gant) it  is  needless  for  me  to  make  any  observations. 
His  works  are  his  best  comment;  and,  need  only  be 
read,  to  be  admired.  Nevertheless  his  Treatise  on 
Life-Annuities,  together  with  his  Supplement  above 
alluded  to,  are  perhaps  the  most  imperfect  of  his 
productions.  Although  much  is  there  done,  still 
much  more  remain  to  be  executed.  His  tables,  being 
deduced  from  the  rate  of  mortality  in  Londo7i  only, 
are  found  not  to  be  sufficiently  adapted  for  general 
use :  and  his  Rules,  being  deduced  partly  from  the 
hypothesis  of  M,  De  Moivre  and  partly  from  real 
observations,  have  been  ascertained  not  to  be  suf 
ficiently  correct.  Subsequent  improvements  in  the 
science  have  also  shown  that  some  of  his  general 


•  Th»t  part  relating  to  Annuities  bas  lately  been  taken  out  of  the  Select 
Bjttrcittt ;  and,  having  been  printed  seperately  in  1791,  is  now  generally 
bound  up  with  his  Doctrine  of  Annuities  and  Reversions  :  the  second 
edition  of  which  appeared  in  1775,  and  which  oontains  the  Appendix 
alluded  to  in  the  not«  in  page  xU. 
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theorems  are  erroneous :  and  that  many  cases,  which 
frequently  occur  in  practice,  are  not  even  mentioned 
in  eitlier  of  his  works. 

In  1753,  Mr.  James  Dodson  published  the  Second 
volume  of  his  Mathematical  Repository ;  in  which  are 
contained  not  only  the  algebraical  solutions  of  the 
problems  given  by  M.  De  Moivre  in  his  treatise  above 
mentioned,  but  also  several  new  and  useful  Questions 
connected  with  this  subject:  the  Third  volume  of  the 
same  work  appeared  two  years  afterwards  (1755). 
In  the  compass  of  two  small  duodecimo  volumes,  the 
author  has  contrived  to  solve  an  immense  variety  of 
Questions  relative  to  Annuities,  Reversions,  Sur- 
vivorships, and  Assurances.  The  methods  which  he 
has  pursued  in  investigating  these  cases  are,  in 
general,  a  model  of  analytical  reasoning;  and  afford 
an  excellent /?rjj'/j  for  the  young  mathematician. 
Nevertheless  he  is  sometimes  obscure,  from  the  use 
of  uncouth  symbols ;  and  from  the  culpable  practice 
of  changing  the  signification  of  his  characters  during 
the  course  of  the  same  investigation.  In  all  his 
solutions  he  adopted  the  hypothesis  of  his  friend 
De  Moivre ;  conceiving  that  it  would  lead  to  more 
accurate  results  than  the  use  of  the  Table  of  Life- 
Annuities  formed  by  Mr.  Simpson  (from  the  bills  of 


mortality  in  Londoii),  the  only  one,  at  the  time,  de- 
duced from  leal  observations.  The  reader  therefore 
will  look  in  vain  for  any  correct  solution  in  the  works 
of  this  author:  although  they  may  be  occasionally 
referred  to,  for  the  method  of  finding  an  opproximate 
value. 

The  science  remained  in  this  state,  without  much 
improvement,  till  the  publication  of  the  first  edition 
of  Dr.  Price's  celebrated  treatise  in  1769.  This 
work,  entitled  Observations  on  Reversionary  Pay- 
ments, S;Cy  was  first  published  with  a  view  to  oppose 
and  destroy  the  injurious  effects  and  evil  intentions 
of  a  class  of  men  (unfortunately  to  be  found  in  every 
stage  of  society)  who,  under  pretence  of  establishing 
Societies  for  the  benefit  of  Old  AgQ,  and  of  AYidows, 
were  only  forming  schemes  to  allure,  and  to  defeat 
the  hopes  of  the  ignorant  and  the  distressed.  His 
efforts  were  eventually  crowned  with  success :  and 
those  bubble  societies  have  long  since  met  with  the 
fate  which  he  so  truly  predicted.  In  this  laudible 
pursuit,  Dr.  Price  saw  the  necessity  of  more  accurate 
observations  on  the  mortality  of  human  life;  in 
order  to  determine  with  more  correctness  the 
value  of  Life- Annuities,  and  to  show  more  forcibly 
th«  futility  and  extravagance  of  the  schemes  that  were 
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issued  by  those  societies*.  By  the  assistance  of 
some  public-spirited  itidividuals  he  obtained  correct 
registers  of  the  rate  of  mortality  at  Northampton, 
Norwich,  Chester,  and  other  places  in  England.  But, 
still,  the  computation  of  the  value  of  annuities,  accord- 
ing to  these  observations,  was  a  work  so  tedious  and 
unpleasant,  that  little  hopes  were  entertained  of  pro- 
fiting by  those  researches :  and  Dr.  Price  suffered 
three  several  editions  of  his  treatise  to  pass  over 
without  affording  any  additional  information  on  this 
subject.  At  length  the  fourth  edition  appeared 
(1783)  enriched  with  several  valuable  tables  of  An- 
nuities on  Single  and  Joint  lives,  at  different  rates 
of  interest,  deduced  not  only  from  the  probabilities  of 
living  as  observed  at  Northampton,  but  also  from  the 
probabilities  of  living  as  observed  in  the  kingdom  of 
Sweden  at  large  f . 
The   great  addition  which  Dr.  Price  has  made  to 

*  Any  person,  who  will  take  the  trouble  to  go  through  the  Examples 
inserted  in  Dr.  Price's  trcntise,  will  readily  observe  how  inaccurately  h* 
was  obliged  to  proceed  in  this  infant  state  of  the  science.  In  cklculuting 
the  value  of  deferred  annuities,  (a  case  of  frequent  occurrence,)  he  wu 
obliged  to  take  the  vnlue  of  the  annuity  from  M.  De  Jloivrc's  tables,  but, 
i\\c  probabililkt  of  life  he  deduced  from  Dr.  Halluy's  tabic  of  obicrrations 
at  Drealaw.  A  practice  which  gives  an  air  of  imperfection  to  the  work  at 
the  present  day  ;  and  which  ought  to  have  been  lemoved,  after  the  publi- 
cation of  the  late  valuable  tables. 

t  Thcic  tablci  arc  inserted  at  the  end  of  the  present  work  ;  being  Tablet 
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our  means  of  information  respecting  this  science,  and 
the  assiduity  with  which  he  thus  promoted  some  of 
his  best  interests  of  mankind,  deserve  the  highest 
remendation  :  and  his  labours  on  this  subject  entitles 
him  to  our  warmest  praise.  The  primary  object, 
which  he  had  in  view,  has  been  fully  answered ;  and 
his  treatise  was  admirably  adapted  to  that  end.  In 
every  other  respect,  however,  it  is  far  from  being  com- 
plete: and  the  reader  will  look  in  vain  for  the  most 
common  cases  that  occur  in  practice.  Indeed,  those 
subjects,  which  are  to  be  met  with,  do  not  readily 
present  themselves  ;  owing  to  the  loose  and  irregular 
manner  in  which  they  are  treated.  Dr.  Price's  ob- 
ject was  not  so  much  to  insert  what  was  new,  as  to 
illustrate,  (by  some  striking  examples)  a  few  of  the 
leading  problems,  with  a  view  to  oppose  the  perni- 
cious schemes  that  disgraced  the  age  in  which  he 
lived.  But,  those  schemes  having  long  since  vanish- 
ed, his  observations  may  now  be  considered  rather 
as  a  beacon  to  posterity  *. 
The  next  treatise  on  this  subject  is  that  by  Mr. 

XIV  to  XLIV.  Their  publication  forms  a  new  era  in  the  science  ;  and 
Las,  in  a  great  measure,  rendered  obsolete  and  useless  the  prejeding;  works 
of  Dc  Moivre.  Dodson,  Simpson  and  Morgan.  This  latter  treatise  had 
}>een  published  about  four  years  before  this  period  ;  as  will  be  mentioned  ia 
th*  sequel. 

*  Aoy  person,  lb«  least  acquainted  with  the  subject  of  the  present  work. 
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Morgan,  entitled  the  Doctrine  of  Annuities  and  As- 
surances,  which  appeared  in  1779.  This  Author  sets 
out  with  the  vain  attempt  to  render  the  principles  of 
the  science  intelligible  to  persons  unacquainted  with 
mathematics  :  but  after  a  fruitless  effort  for  this  pur- 
pose, he  ultimately  leaves  his  readers  to  pursue  their 
inquiries  by  the  common  and  only  useful  method  of 
analysis.  Besides  some  valuable  observations  "on 
•'  the  different  methods  of  determining  the  .state  of  a 
"  Society,  whose  business  consists  in  making  Assu- 
"ranees  onlives."  that  work  will  be  found  to  contain 
a  variety  of  problems  treated  for  the  most  part  in  a 
plain,  easy  and  familiar  manner  ;  and  adapted  to  the 
state  of  the  science  at  that  period.  But,  out  of  the 
forty-two  problems  which  that  tieatisp  contains,  about 
thirty  of  them,  chiefly  relating  to  co;///;/o-ew/ annuities 
and  assurances,  are  (owing  to  more  accurate  observa- 
tions and  a  more  improved  analysis)  now  rendered 
totally  unfit  for  general  use.     Mr.  Morgan  himself, 


most  be  aware  that  any  additional  Tables  o(  the  ralue  of  Life-Annuitiea 
or  anj  Observations  on  the  best  method  of  forming  them,  will  add  greatly 
to  our  means  of  information.  It  will  therefore  readly  be  seen  that  my 
remarks  do  not  allude  to  this  part  of  his  treatise,  which  I  consider  in* 
▼aliiable,  and  of  constant  utility.  My  obserrations.  in  ihe  present  instance, 
apply  more  particularly  to  any  improvement  iu  the  analysis  ;  and  its  aj-pli- 
Mtion  to  aoy  practical  cases. 
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however,  has  been  the  principal  cause  of  tliis  revolu- 
tion in  the  science  :  but  of  the  merit  of  his  improve- 
ments on  this  subject  I  shall  speak  hereafter*. 

The  last  professed  treatise  on  the  science,  which  1 
think  worthy  of  noticef,  is  Mr.  Baron  Maseres's  Prin- 
ciples of  the  Doctrifie  of  Life  Annuities  (1783)  : 
wherein  this  celebrated  author  has  explained  the  sub- 
fact  in  so  familiar  a  manner,  as  to  be  intelligible  even 
to  those  who  are  unacquainted  with  the  Doctrine  of 
Gbances,  and  who  have  made  no  great  proficiency  in 


•  In  Mr.  Morgan's  Doctrine  o^^nnuifw  &c,  we  find  three  new  tables 
of  the  value  of  Life- Annuities,  deduced  from  the  probabilities  of  life  as  ob- 
served at  Northampton :  nnniely,  one  for  single  lives,  another  for  two  Joint 
ites  whose  difference  of  age  is  sixty  years :  the  interest  in  each  table  being 
at  4  per  cent.  In  this  infant  state  of  the  science,  every  additional  table 
contributed  greatly  to  the  means  of  information  on  this  Subject. 

It^inay  be  here  necessary  to  remark  that  the  fourth  cJition  of  Dr.  Price's 
06*.  on  Reo.  Pay.  (which  first  contained  the  present  valuable  collection  of 
Tables)  did  not  oppear  till  four  years  after  the  publication  of  Mr.  Morgan's 
work  above  alluded  to  So  that,  till  within  these  thirty  years,  there  ex- 
stcd  only  four  tables  of  the  value  of  Life-Annuities  :  vie.  two  founded  on 
M.  De  Moivre's  hypothesis,  and  two  deduced  from  the  Iiondon  6b- 
aetTations;  which  arc  the  Tables  XLVII  to  L  at  the  end  of  this  work.  As 
t*  the  table  formed  by  Dr.  Halley,  it  was  too  contracted  for  any  real  use. 

t  I  mutt  not  however  omit  mentionin;  the  name  of  Dr.  Waring:  who, 
■  a  small  pamphlet  entitled  On  the  Principles  of  translating  A  tgthraic 
Quantities  into  Probably  Relations,  S;c  (1792),  has  devoted  about  thirty 
pages  tu  the  consideiation  of  the  subject  of  Annuities  and  Assurances.  His 
•tyle  and  manner,  fcowever,  will  not  be  much  admired  by  those  who  hove 
read  the  works  of  preceding  writers  on  this  subject.  The  formula  in  page 
01,  is  taken  fram  that  pamphlet 
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mathematics.  This  treatise,  however,  (although  con- 
sisting of  more  than  700  quarto  pages)  goes  no  further, 
in  the  analysis  of  the  subject,  than  the  first  two  pro- 
blems in  the  present  work  :  but  its  value  is  greatly 
enhanced  by  containing  a  variety  of  new  Tables  of  the 
value  of  Annuities  on  Single  lives  and  on  two  Joint 
lives  of  different  ages,  deduced  from  the  probabilities 
of  livin^  as  observed  by  M.  Dc  Parckux  amongst  the 
Government  annuitants  in  France ;  these  being  justly 
considered  by  the  learned  author  as  the  most  proper 
data  whereon  to  found  the  value  of  Life-Annuities*. 
There  are,  moreover,  in  that  treatise  several  inter- 
esting observations  on  the  best  method  of  providing 
Annuities  for  Old  Age,  and  on  various  subjects  of 
finance  and  political  economy ;  which  render  it  par- 
ticularly valuable  to  those  who  are  desirous  of  in- 
formation on  these  important  questions,  and  will  per- 
petuate the  name  and  abilities  of  this  truly  public- 
spirited  writer. 
Soon  after  the  publication  of  the  fourth  edition  of 


*  These  tables  (with  the  exception  of  those  on  single  lives,  at  the  several 
rates  of  2,  2^,  7,  8,  9,  and  10  per  cent  interest)  arc  inserted  at  the  end  of 
the  present  work  ;  being  Tables  V  to  XIII.    The  ori^nal  tablet,  howcTcr, 
e  carried  to  tijt  places  of  decimals :— «  dabious  effort  I 


Xxil  PREFACE. 

Dr.  Price's  Observations  on  Reversionary  Payments, 
(which  contained  the  valuable  collection  of  Tables  of 
Life-Annuities,  deduced  from  the  observations  made 
at  Northampton  and  in  Sweden)  Mr.  Morgan  was  en- 
abled to  detect  the  inaccuracy  of  those  Rules  which, 
not  only  Mr.  Simpson  and  others  had  given  for  deter- 
mining the  value  o{  contingent  annuities  and  assuran- 
ces, but  also  which  he  himself  had  deduced  from  the 
same  principles,  in  his  treatise  above  mentioned  :  and 
he  immediately  set  about  to  correct  them.     His  la- 
bours, on  this  subject,  are  contained  in  the  several 
papers  inserted  by  him  in  the  Philosophical  Tran- 
sactions for  1788,  1789,  1791, 1794  and  1800.     In  the 
first  volume,  here  alluded  to,  he  has  considered  those 
cases  only  in  which  two  lives  are  concerned  :  in  the 
next  two  volumes  his  object  was  to  deduce  the  value  of 
contingent  assurances  in  all  those  cases  where  three 
lives  are  concerned,  and  which  admit  of  a  correct  an- 
swer :  and  in  the  last  two  volumes  he  proposed  to 
determine  the  value  of  contingent  annuities  and  as- 
surances in  all  the  fniia in ing  crises  of  three  lives. 
.  Whoever  will  take  the  pains  to  read  over  those 
papers  with  attention,  must  be  struck  with  surprise 
and  regret  at  the  strange  and  confused  manner  which 
Mr.  Morgan  has  pursued,  in  order  to  obtain  the  so- 
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lutiun  of  the  several  problems  under  consideration. 
No  one,  at  the  present  advanced  state  of  the  science 
(with  so  many  models  of  simplicity  and  elegance  be- 
fore him),  could  expect  to  see  any  mathematical  in- 
quiries conducted  in  so  loose,  so  obscure,  and  so  ex- 
traordinary a  manner.  The  investigations  are  tc . 
diously  and  unnecessarily  prolix  ;  crowded  with  use- 
less repetitions,  and  a  variety  of  unmeaning  quanti- 
ties. All  which  might,  indeed,  be  excused,  if  the  re- 
sulting/<//7w«/tf' had  been  at  once  simple  and  correct : 
instead  of  which,  we  find  the  grossest  errors  commit- 
ted, not  only  as  to  their  form,  but  as  to  their  accu- 
racy.  They  are,  mostly  unnecessarily  long ;  abound- 
ing with  useless  quantities,  (which  render  their  numer- 
ical solution  exceedingly  intricate  and  difficult);  and 
offen  times  (7/ t;^r/V//?ce  with  the  particulars  mentioned 
in  the  investigation  :  which,  together  with  the  erro- 
neous manner  in  which  they  are  printed,  renders  them 
of  little  or  no  use  to  the  public.  Most  of  his  prob- 
lems are  investigated  in  two  different  ways,  and  are 
solved  by  the  means  oUwo  distinct  formulae :  but,  not- 
withstanding the  similarity  of  these  methods  is  stu- 
diously kept  from  the  observation  of  the  reader,  and 
although  these  double  formulae  are,  in  each  problem, 
totally  diflTcrent  in  appearance  ;  yet  they  will  be  found 


^■CT 
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in  aii  cases  to  be  precisely  the  same  disguised  under 
different  symbols!  A  curious  and  interesting  branch 
of  the  science  has  been  thus  strangely  distorted  and 
enveloped  in  mystery ;  a  depraved  taste  in  mathe- 
matical reasoning  has  been  introduced ;  and  (what 
is,  by  far,  of  the  greatest  importance)  m^ny  false  so- 
lutions have  probably  resulted  from  too  great  a  de 
pendance  on  the  general  forniulse*. 

Mr.  Morgan  and  myself  are  the  only  persons  who 
have  ever  yet  attempted  to  give  correct  solutions  in 
the  several  cases  of  Contingent  Annuities  and  Assu- 
rances. These  cases  have  been  fully  investigated  in 
the  fifth  and  eighth  Chapters  of  the  following  treatise 
But,  in  conducting  those  investigations,  I  could  not 
avoid  a  frequent  reference  to  the  preceding  labours 
of  Mr.  Morgan  on  this  subject :  not  only  with  a  view 
of  censuring  the  culpable  method  which  he  has  adopt 
ed,  in  pursuing  his  inquiries ;  but  also,  in  order  to  ob- 
viate any  objection  that  might  be  made  to  ?}ii/  formulae, 
because  they  do  not  correspond  with  his.     It  is  need- 

*  The  Pliilosopliical  Transactions  not  being  witliin  the  reach  of  every 
person,  Mr  Morgan  has  inserted  liis/ormula;  for  the  solution  of  the  several 
I>roblcfD8  hero  alluded  to,  in  the  last  edition  of  Dr.  Price's  Oba.  on  Rev. 
Pay.  note  (P).  liut,  the  errors  of  the  original  are  mulliplicd  in  the  copy: 
and  Mr.  Morgan,  if  he  studies  his  own  reputation  as  a  luathcinatician,  had 
better  expunge  them  altogcihcr  in  future,  than  suffer  thciu  to  remain  in 
(bcir  present  voorsc  than  useless  siute. 
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less,  however,  in  this  place,  for  tnc  to  add  to  the  com- 
ments which  I  have  already  made  in  the  two  chapters 
above  alluded  to*. 

The  above  are  the  principal  Englishf  authors  that 
have  written  on  the  subject  of  Life-Annuities  and 
Assurances.  They  are  few  in  number;  and  the 
whole  of  their  productions,  taken  collectively  by  no 
means  contain  a  complete  view  of  the  science.  And, 
moreover,  the  late  improvements  have  rendered  them. 


*  Sec  tlic  Observations  in  pages  195,  214,  and  241 ;  also  the  scrcral 
Notes  in  pages  IOC,  107,  210,  257,  259,  2G1,  203,  273,  279,  208  and  308; 
wlierc  the  charges,  above  insisted  on,  arc  fully  explained  and  dciuonstratcd. 
Sec  likewise  the  Notes  in  pages  114,  118,  120  and  137. 

f  With  respect  to  the  foreign  writers  on  this  science,  their  productions 
ore  more  numerous  than  ours,  but  their  enquiries  arc  not  so  extensive.  The 
subject  of  Life-Annuities  was  treated  by  Van  Hudden  of  Amsterdam  ;  and 
likewise  by  the  celebrated  Jean  de  Witt,  in  his  treatise  entitled  De  vardye 
van  de  lifrentcn  S;c  (1071).  M.  Struyck  also  inserted,  in  the  Introduction 
to  his  Universal  Qeogrophy  (1740),  some  conjectures  on  the  state  of  human 
mortality ;  and  a  long  treatise  oo  the  method  of  calculating  the  value  of 
Life-Annuities.  ButM.  Kcrseboom  carried  his  researches  much  further,  in 
his  treatise  published  in  1740;  and  afterwards  in  1752. 

Whilst  these  inquiries  were  pursuing  in  Holland,  M.  De  Parcicux  was 
occupied  with  the  same  subject  iu  France.  In  his  Essai  sur  la  Probabilile 
de  la  Duree  de  la  Vie  Uumaine  (174G)  he  has  endeavoured  to  establish 
the  rate  of  mortality  which  exists  amongst  Lifc-Annuilants  only\  and  has 
adopted  it  as  a  proper  standard  (or  determining  the  value  of  Life-Annuities. 
But  besides  this  important  point,  he  has  discussed  a  number  of  other  in- 
teresting subjects  connected  with  this  science:  and  his  work  will  be  read 
with  much  profit  and  advantage.    In  1779  M.  St.  Cyran  publi&hcd  bis 
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in  a  great  measure,  either  obsolete  or  useless :  and 
have  shown  the  necessity  of  a  general  revision  of  the 
subject.  Under  these  circumstances  I  was  induced 
to  form  a  new  treatise,  which  should  comprehend  not 
only  all  that  is  useful  and  important  in  either  of  the 


Calcul  det  Rentet  Viageret^  which  contains  manj  useful  and  valuable 
Tables.  M.  de  P&rcieux  (the  nephew  of  the  preceding;  author,  of  tlic  same 
imnic)  published  also  a  treatise  on  this  subject,  entitled  Traitc  des  Annuites 
(1781).  But  the  most  useful  work  on  this  science  is  that  published  by 
M.  DuTillard,  under  the  title  of  Recherches  sur  tes  Rentes  S{c  (17S7). 

The  researches  of  M.  Wargcnlin  and  M.  Sussmilch  are  well  known  in 
this  country,  from  the  frequent  mention  of  their  labours  by  Dr.  Price  in 
his  Ob*,  on  Rev.  Pay,  The  immortal  Euler  has  also  condescended  to 
illustrate  the  first  principles  of  this  science  in  a  paper  inserted  by  him  in 
the  Jlistoire  de  V  Acad.  Roy.  de  Berlin  for  1760:  wherein  a  method  is 
given  (similar  to  that  of  Mr.  Simpson)  for  determining  the  value  of  an  an- 
nuity on  a  life  one  year  younger,  from  the  value  of  an  annuity  on  a  life  one 
yew  older.  The  same  authcr  has  likewise  inserted,  in  his  Opuscula 
Anatgtiea  (1786).  the  solution  of  a  question  relative  to  Reversionary  Au- 
iraitiet. 

t  But  notwithstanding  the  list  of  authors  which  is  here  adduced,  it  will  be 
found  that,  as  far  as  the  a.ia/^««*  of  the  suject  is  concerned,  the  science 
remained  nearly  stationary  under  their  hands.  Their  inquiries,  in  this  res- 
pect, were  confined  principally  to  the  method  of  deducing  the  value  of 
annuities,  on  single  and  joint  lives,  from  given  tables  of  observations  ;  thaf 
is,  to  such  subjects  as  are  detailed  in  the  second  Chapter  of  the  present 
work.  Thoie  useful  and  interesting  paits  of  the  science  which  relate  *to 
Ihc  subject,  of  Reversions,  Survivorships,  and  Assurances,  together  witli 
thcii  several  applications  to  the  various  purposes  of  life,  do  not  enter  into 
•ny  of  the  foreign  treatises  which  I  hove  had  an  opportunity  of  seeing. 
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preceding  works,  but  also  such  additional  information 
as  a  more  improved  analysis  and  more  recent  dis- 
coveries in  the  science  have  been  able  to  afford. 

The  following  is  the  outline  of  ray  plan. 

The  First  chapter  contains  a  few  elementary  prin- 
ciples of  the  Laws  of  Chance ;  some  remarks  on  the 
ProbabiiUles  of  Lifc^  with  an  account  of  the  several 
Tables  of  Obset'vatiom  made  at  different  parts  of  the 
world ;  and  an  explanation  of  the  general  method 
adopted  to  express  those  probabilities  in  all  cases. 
This  preliminary  chapter  will  prevent  much  unneces- 
sary repetition  in  the  course  of  the  work. 

The  Second  chapter  shows  the  method  of  deter- 
mining the  Value  of  Annuities  on  any  Single  or  Joint 
lives ;  on  the  Longest  of  any  number  of  lives ;  &c,  &c. 
The  second  corollary  to  the  first  problem  is  of  con- 
siderable importance  in  enabling  us  to  deduce,  in  a 
very  easy  and  expeditious  manner,  the  value  of  an- 
nuities, on  any  single  or  joint  lives,  from  real  obser- 
vations*. For,  it  should  be  particularly  observed  that 
Tables  of  such  values  being  once  formed,  the  solutions 
to  the  subsequent  problems  become  extremely  easy ; 
since  the  formulse  are  expressed  in  terms  denoting  the 
value  of  such  annuities. 

The  Third  chapter  contains  the  four  necessary  pro- 
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blenis  for  the  solution  of  all  cases  of  absolute  TJewr- 
sionarif  anmiUlcs :  and  at  the  end  of  that  chapter  I 
have  selected  all  the  possible  cases  of  two  and  three 
lives,  in  order  that  they  may  be  more  easily  referred 
to.  The  formula)  there  given  will  be  found  of  con- 
siderable utility  also  in  enabling  us  to  determine  the 
value  of  the  Fines  that  ought  to  be  paid  for  the  Re 
fiaval  of  Leases  held  on  two  or  three  lives  :  as  I  have 
fully  explained  in  the  Examples  given  in  page  397- 

The  fourth  chapter  comprehends  various  cases  ot 
annuities  depending  on  Survivorships  between  two 
and  three  lives.  These  cases  might  have  been  con- 
siderably augmented,  but  without  any  real  benefit : 
since  the  most  frequent  ones  are  there  inserted ;  and 
any  other  (which  may  arise)  is  easily  solved  by  the 
same  method  of  proceeding. 

The  Fifth  chapter  relates  to  such  cases  of  Contin- 
gent Reversionajy  Annuities  as  could  not,  for  want 
of  some  previous  information,  be  inserted  in  the  two 
preceding  chapters  :  and  I  believe  that  the  method  of 
solution,  which  I  have  there  adopted,  will  come 
nearer  to  the  correct  value  than  any  that  has  hitherto 
been  published. 

*  The  Specimen,  inserted  in  page  3G,  is  not  the  same  as  that  given  by 
Dr.  Price  in  his  Obs.  on  Rev.  Pay.,  but  an  improved  method  deduced  from 
the  formula  there  alluded  to. 
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The  Sixth  chapter  treats  of  Assurances :  a  subject 
of  great  importance  aud  extensive  utility  at  the 
present  day.  A  full  explanation  of  the  doctrine  is 
given  in  the  two  problems  inserted  in  that  chapter. 

The  Seventh  chapter  contains  the  method  of  deter- 
mining the  value  of  annuities  on  Successive  lives ;  the 
value  of  Fmes'm  Copyhold  estates  held  on  lives  ;  the 
value  of  PresentatiouSj  AdvowsonSy  and  things  of  a 
like  kind.  It  likewise  enables  us  to  determine  the 
value  of  the  i^>/ej  that  ought  to  be  paid  for  Renewing 
or  Exchanging  any  lives  held  on  a  lease  originally 
granted  for  three  lives  afid  aftei^ards  for  a  number 
of  years  certain :  a  practice  pursued  by  several  cor- 
porations in  this  country*. 

The  Eighth  chapter  is  devoted  to  an  investigation  of 
the  value  oi"  Contingent  Assurances;  wherein  I  have 
considered  every  possible  case  in  which  not  more  than 
three  lives  are  concerned.  In  this  branch  of  the 
science  I  flatter  myself  that  I  have  made  considerable 
improvements.  I  have  divested  the  subject  of  all  ex- 
traneous matter;  have  not  introduced  more  cases 
than  were  absolutely  necessary ;  have  exposed  the 
singular  formulae  given  by  Mr.  Morgan  (the  only  per- 

*  See  some  singular  errors  and  absurdities,  into  which  the  Corporation 
6[Liwrpool  had  fallen  upon  this  subject,  pointed  out  in  pa£[e  418. 
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son  who  has  preceded  me  in  these  inquiries) ;  and 
have,  for  the  most  part,  introduced  more  correct 
expressions  for  the  value  of  the  several  cases  there 
alluded  to. 

The  three  remaining  chapters  complete  the  analysis 
of  the  science,  and  relate  to  such  subjects  as  could 
not  properly  be  introduced  into  either  of  the  pre- 
ceding ones.  The  Ninth  is  confined  to  an  ex- 
planation of  the  celebrated  hypothesis  of  M.  De 
Moivre :  wherein  its  great  utility  and  convenience, 
in  many  obvious  cases,  is  defended  against  the  recent 
attacks  of  Dr.  Price  and  Mr.  Morgan.  The  Tenth 
treats  of  the  method  of  determining  the  value  of  life- 
annuities  payable  Half-yearly y  Quarterly y  &c :  also 
of  the  value  of  life-annuities  &cwrefi?  ^j/  Land:  and  of 
^he  value  of  Assurances  of  sums  of  money  payable 
immediately  on  the  extinction  of  any  given  lives.  The 
Eleventh  shows  the  method  of  finding  in  Annual  Pay- 
ments the  value  of  any  assurance  or  of  any  Deferred 
Annuity :  problems  which  will  be  found  of  very  ex- 
tensive use  in  practice. 

The  Twelfth  chapter  contains  a  variety  of  very 
useful  Questions  connected  with  this  subject:  to 
which  are  added  the  Rules  for  the  solution  of  the 
same ;  and  a  numerous  collection  of  Ed-amples,    These 
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are  thrown  together  into  one  chapter  for  two  obvious 
reasons :  in  the  first  place,  by  being  separated  from 
the  body  of  the  work,  they  do  not  interrupt  the 
analytical  investigations  ;  and  secondly  they  may  be 
used  (together  with  the  Tables  which  follow)  by  such 
persons  as  are  not  acquainted  with  mathematics. 
Consequently,  the  present  work  will  be  accommo- 
dated to  the  use  of  both  classes  of  readers ;  and 
(although  some  repetition  is  unavoidably  occasioned 
thereby)  may  be  thus  rendered  doubly  valuable. 
The  questions  in  this  chapter  are  such  as  most  fre- 
quently occur :  but,  others  of  less  public  utility,  or 
the  solution  to  which  could  not  be  conveniently  ex- 
pressed in  words  at  length,  are  to  be  met  with  in  the 
body  of  the  work,  subjoined  to  the  respective  pro- 
blems. 

The  Thirteenth  chapter  shows  the  direct  applica- 
tion of  the  sixth,  thirteenth  and  eighteenth  questions, 
in  the  preceding  chapter,  to  some  of  the  most  useful 
and  important  concerns  of  life :  namely,  to  the  me- 
thod of  forming  the  best  Schemes  for  providing  annu- 
ities for  the  benefit  of  Old  Age,  and  for  Widows, 
These  observations  are  brought  together  under  one 
head,  in  order  that  they  might  not  interrupt  the  re- 
gular arrangement  of  the  questions :  and  because  it 
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gives  me,  thereby,  an  opportunity  of  enlarging  more 
fully  on  this  very  interesting  subject. 

The  Last  chapter  contains  an  account  of  the  various 
Societies  or  Companies  that  have  been  formed  in  this 
metropolis  for  the  purpose  of  granting  Annuities, 
Assurances  and  Endowments ;  together  with  a  review 
of  their  several  plans  and  constitutions.  By  this 
statement  the  world  maybe  enabled  to  judge  of  their 
comparative  merits,  and  will  easily  decide  on  their 
respective  claims  to  public  patronage.  This  ad- 
ditional chapter  cannot  be  considered  foreign  to 
the  nature  of  the  present  work.  For,  after  ex- 
plaining the  principles  of  the  science,  and  after 
entering  at  large  into  the  value  of  such  subjects,  it 
becomes  me  not  only  to  show  where  a  person  might 
apply  who  is  desirous  of  negotiating  for  such  things, 
but  likewise  to  point  out  those  Offices  at  which  he 
may  do  it  with  the  greatest  security  and  advantage  to 
himself.  And  I  am  the  more  induced  to  do  this,  as 
I  have  lately  observed  several  mean  attempts  to  mis- 
lead and  deceive  the  public.  Uninterested  in,  and 
unconnected  with,  any  of  these  Societies,  I  have 
been  anxious  only  to  give  a  clear  and  unprejudiced 
account,  deduced  from  their  own  plans  and  proposals, 
as  submitted  by  them  to  the  publjc*.    At  the  end  of 
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this  chapter  I  have  also  inserted  a  brief  account  of 
the  recent  plan,  adopted  by  Government,  for  con- 
verting- the  3  per  cent  stocks  into  Life-Annuities. 
The  ])ropriety  and  advantage  of  a  measure  of  this 
kind,  I  had  suggested  in  my  Doctrine  of  Interest  and 
Annuities. 

Respecting  the  Tables  of  observations,  and  of  Life- 
Annuities  deduced  therefrom,  which  are  inserted  at 
the  end  of  this  work,  I  can  only  observe  that  they  are 
a  collection  of  all  that  have  hitherto  been  published, 
in  this  country,  on  the  subject :  and  that  they  are 
here  carefully  reprinted  from  the  authorities  men 
tioned   in  the  note  in  page  41.     The  necessity  of 

*  Whilst  the  present  work  was  at  the  press,  I  struck  off  500  copies  of 
this  Founcentli  Ciiapter,  which  I  published  as  a  pamphlet,  in  a  scpcratc 
fonn,  under  the  title  of  Jn  Account  of  the  teveral  Li/e-Atturance 
Companies  established  in  London.  The  whole  impression  has  been  already 
sold :  but  I  may  probably  reprint  it  at  some  future  opportunity. 

From  the  tenor  of  that  pamphlet  many  persons  have  imagined  that  I 
bare  given  an  unqualified  approbation  of  tho  plan  and  constitution  of  the 
Equitable  Society :  whereas  my  intention  was  merely  to  represent  it  as  the 
moftt  equitable  and  advantageous  Society  now  existing.  The  exclusion 
(except  in  very  rare  instances)  of  persons,  assured  for  a  term  of  years^ 
from  the  benefits  of  the  Society,  as  well  as  the  use  of  disproportionate  rates 
for  a  particular  class  of  the  assured,  are  not  consonant  to  the  original 
views  and  intentions  of  the  Society.  Moreover,  the  long  interval  between 
each  division  of  profits,  as  well  as  the  mode  of  dividing  those  profits,  arc 
'not  such  as  (in  my  opinion)  ought  to  be  adopted  by  any  new  society  : 
although  we  might  justly  pause  before  any  alteration  could  be  safely 
proposed  (or  the  adoption  of  the  Equitable  Society  iu  its  present  state. 
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othei^  tables  I  have  often  had  occaskm  to  mention ; 

but  I  fear  it  will  be  long  before  I  shall  be  able  to 
congratulate  the  public  on  this  point.    It  consequently 

becomes  the  more  necessary  to  have  all  those,  which 
do  exist,  brought  in  one  view,  in  order  that  they  may 
be  more  conveniently  consulted.  The  Tables  of  the 
value  of  Assurances  for  Single  and  Joint  Lives,  ac- 
cording to  the  observations  made  by  M.  De  Parcieua; 
and  in  Sweden^  have  been  calculated  expressly  for 
this  work ;  and  will  be  oftentimes  found  extremely 
useful. 

It  now  remains  only  to  explain  and  to  justify  the 
method  of  notation  adopted  thoughout  the  present 
work :  and  (since  it  is,  for  the  most  part,  novel  in  its 
nature)  to  obviate  any  objections  that  may  be  made 
to  its  introduction  into  the  analytical  science.  It  is 
needless  for  me,  at  the  present  day,  to  point  ont  the 
great  advantage  attending  a  convenient  and  simple 
notation :  since  it  is  notorious  to  every  one,  conversant 
with  mathematics,  that  some  of  the  greatest  improve- 
ments in  the  science  (and  in  the  most  abstruse  parts 
of  it,  too)  have  arisen  from  this  very  source.  The 
expressions  for  the  probabilities  of  life,  inserted 
in  §  23,  are  an  improvement  on  the  method  adopted 
by  Mr.  Simpson.     For,  he  denotes  the  probabilities 
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of  the  life  A  continuing  1,  2,  3,  &c,  years,  by  the 
characters  j,  a,  a,  &c  :  whereas  I  make  a,  a,  j,  &c, 
to  denote  the  number  of  persons  living  at  the  end  of 
those  years,  whereby  the  probabilities  of  the  life  A 
continuing  1,  2,  3,  &c  years,  will  be  represented  by 
the  fractions  ±  _«    «_   &c.     This  method  of  denoting 

a      a     a 

those  quantities  keeps  the  several  parts  distinct,  which 
will  be  found  of  considerable  use  in  many  of  the  in- 
vestigations which  arise  in  the  progress  of  the  work. 
In  the  next  place,  I  have  selected  the  Greek  characters 
«*  Pf  y*  to  denote  the  number  of  persons  living  at  an 
age  n  years  older  than  A,  B,  C,  respectively;  whereby 
the  solutions  of  all  cases  relative  to  Deferred  or  Tem- 
porary annuities  are  rendered  extremely  simple,  and 
easily  to  be  remembered  :  all  the  investigations  of  such 
cases,  by  preceding  authors,  being  rendered  ex- 
tremely confused  and  unscientific,  for  want  of  some 
general  principle  of  this  kind*.  I  cannot  anticipate 
any  objection  to  this  measure. 

Throughout  the  whole  of  this  work  I  have  uni- 
formly represented  the  lives,  which  are  the  subject 
of  discussion ,  by  the  Roman  capitals  A,  B,  C,  &c; 
reserving  the  Italic  capitals  A,  B,  C,  &c,  to  denote 
the  value  of  an  a?muiti/  on  those  lives.     This  improve- 

*  8«e  particularly  the  methods  pursued  by  Pr.  Price  and  Mr.  Morgan  in 
Obt,  91%  Btv.  Poy.  D01C3  (B),  (C)  and  (D). 
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ment,  though  apparently  trifling,  is  however  more 
correct  than  the  uniform  practice,  hitherto  pursued, 
of  making  the  same  letters  denote  two  different 
quantities  in  the  same  investigation.  I  have  also 
adopted  a  more  accurate  mode  expression,  when 
speaking  of  the  value  of  annuities  on  lives,  than  has 
hitherto  been  followed  by  preceding  authors.  I  never 
use  the  ambiguous  phrase  the  value  of  a  life,  when  I 
mean  to  express  the  value  of  an  annuity  on  such  life  : 
neither  do  I,  when  speaking  of  more  than  one  life, 
leave  it  doubtful  whether  the  expression  alludes  to 
i\iQ  joint  lives,  or  to  the  longest  of  such  lives.  These 
vague  and  equivocal  expressions  ought  to  be  banished 
from  all  true  science  ;  and,  they  would  scarcely  have 
been  considered  worthy  of  refutation,  had  they  not 
been  so  generally  adopted  by  every  author  who  has 
hitherto  written  on  this  subject  (not  excepting  even 
the  accurate  Simpson  himself) :  whereby  a  vicious 
and  corrupt  mode  of  expression  has  been  introduced, 
without  any  corresponding  advantage  to  compensate 
for  so  gross  an  error. 

Since  every  series  which  expresses  the  value  of  an 
annuity  on  the  whole  continuance  of  life,  may  be  di- 
vided into  two  parts,  which  (separately  taken)  denote 
the  value  of  a  Deferred  and  Temporary  annuity. 
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and  since  those  cases  are  of  frequent  occurrence,  it 
becomes  exceedingly  desirable  to  be  enabled  to  ex- 
press such  partial  series  by  some  general  character. 
The  method  which  I  have  adopted  has  been  to  enclose, 
in  a  parenthesis,  the  value  of  an  annuity  on  the  given 
lives ;  and  to  affix  the  Roman  letter  d  or  t  (according 
as  the  annuity  is  Deferred  or  Temporary),  in  order 
to  show  that  the  series,  represented  by  the  quantity 
within  such  parenthesis,  is  not  complete.  This  plan 
I  have  found,  in  a  variety  of  cases,  extremely  useful 
and  convenient.     See  pages  43  and  45. 

In  deducing  the  value  of  Deferred  annuities,  how- 
ever, in  any  practical  questions,  it  is  always  requisite 
to  know  the  value  of  similar  annuities  on  the  same 
number  of  lives  older  by  the  given  term  than  such 
lives :  it  is  therefore  useful  to  be  enabled  also  to  de- 
note the  value  of  such  annuities  by  some  convenient 
expression ;  as  well  in  order  to  avoid  circumlocution 
Bs  to  render  the  resulting  formulae  more  simple  and 
elegant.  Such  values  I  have,  throughout  the  fol- 
lowing work  denoted  by  affixing  the  small  Italic  let- 
ter *  to  the  characters  denoting  the  value  of  annuities, 
on  the  given  lives.  Whereby  these  new  values  may 
be  easily  distinguished  from  the  values  of  annuities 
on  the  original  lives;  and  their  meaning  may  be 
easily  retained  in  the  memory.     See  page  43. 
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With  respect  to  the  new  characters  introduced  in 
the  twenty-seventh  and  twenty-ninth  Problems,  (see 
pages  186,  189,  190,  and  211)  they  are  adopted  more 
for  the  sake  of  a  convenient  reference  than  for  any 
analytical  purpose.  With  this  view,  I  have,  in  the 
use  of  them,  chosen  such  as  will  most  readily  assist 
the  memory :  the  life  on  which  the  assurance  is  made 
being  always  expressed  by  the  largest  letter:  the 
smaller  ones  being  added  merely  to  denote  the  num- 
ber and  value  of  the  lives  on  which  the  contingency 
depends.  Thus,  the  value  of  an  assurance  on  the 
life  A,  provided  he  dies  the  first  of  two  lives  A  B, 
is  denoted  by  •/!  :  but  if  it  depends  on  his  dying 
the  first  of  three  Wves  A  B  C,  it  is  denoted  by  t^^^ 
In  like  manner,  the  value  of  an  assurance  on  the  life 
B,  provided  he  dies  the  first  of  two  lives,  B  C,  is 
denoted  by  X*  :  but  if  it  depends  on  his  dying  the 
first  of  thyre  lives  A  B  C,  it  is  denoted  by  JtS  , 
For  a  similar  reason  also  I  have,  in  the  thirty-fifth 
Problem,  (see  page  240)  denoted  the  value  of  an 
assurance  on  the  decease  of  A  or  B,  provided  either 
of  them  be  the  first  that  dies  of  three  lives  A  B  C,  by 
the  character  JS^*  It  will  be  found  that  many  of 
the  problems  in  the  eighth  chapter  may  be  expressed 
in  a  very  simple  manner  by  means  of  these  symbols ; 
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which  can  be  my  only  apology  for  introducing  them. 
Mr.  Morgan  (who  is  the  only  person,  besides  myself, 
that  has  attempted  to  give  correct  solutions  to  such 
problems)  has  arbitrarily  adopted,  in  his  formulae,  the 
unmeaning  letters  £,  Z,  M,  Q,  &c.  to  denote  the 
values  here  alluded  to.  But,  when  compound  quan- 
tities are  represented  by  more  simple  expressions, 
those  characters  ought  to  be  preferred  which  will, 
most  readily  and  with  the  least  effort  of  memory, 
bring  to  our  recollection  the  original  quantity  intended 
to  be  expressed* :  and  I  should  have  been  much  bet- 
ter satisfied  if  I  could  have  pursued  the  same  plan  in 
the  thirty-ninth  and  subsequent  Problems. 

Such  is  the  nature  ofthe  present  work,  which  will 
most  probably  terminate  ray  labours  on  this  subject. 
Much  of  my  time  is  taken  up  in  answering  ques- 
tions, which  are  laid  before  me  for  solution,  rela- 
tive to  Annuities  and  Assurances.     Those  solutions 

*  This  principle  has  guided  me*in  the  choice  of  the  characters  inserted 
in  the  Scholiam  to  the  first  Lemma  in  the  fifth  chapter  (see  page  116).  I 
mention  thcbc  things  merely  to  obviate  the  objections  of  some  hyper-critics, 
who  may  probably  complain  cf  the  work  as  being  disfigured  by  Qretk 
eharaetert,  and  uncouth  symboU. 

■  ■        '  ■  Si  forte^icccsse  est 

Lidiciis  monstrar«  rccentibus  abdita  rerum, 
Fingcre  cinctutis  non  exaudita  Ccthegis 
Contingtt ;  dabiturquc  lioeatia  lumta  pudt nter. 
L.  Mor  • 
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are  oftentimes  different  from  such  as  arise  from  the 
ordinary  rales  and  methods  laid  down  by  preceding 
writers :  and  it  is  on  this  account  that  I  have  been 
more  particular  in  my  inquiries  on  this  subject;  as 
well  as  desirous  of  explaining  the  cause  of  the  differ- 
ence, in  order  to  remove  any  doubt  as  to  their  accu- 
racy or  propriety.     The  theorems,  from  which  my 
pi^ctical  rules  are  deduced,  are  strictly  and  mathe- 
matically demonstrated  in  the  course  of  the  present 
work  :  and  in  the  numerical  enunciation  of  those  rules 
(when  applied  to  the  solution  of  such  cases  as  are 
submitted   to   my  consideration)  I  discard  the   i«- 
discriminate  use  of  the  Life-^Annuity-Tables,  deduced 
from   the   Northampton  Observations;  so  generally 
adopted  by  the  different  Assurance  Offices,  and  so 
much  recommended  by  their  immediate  supporters. 
The  motives,  which  have  influenced  me  to  this  deter- 
mination, it  is  unnecessary  here  to  enter  into  :  since 
they   are  fully  explained  in  the  course  of  present 
work.     And  1  can  only  add  that  they  will  continue 
to  be  my  rule  of  conduct,  as  long  as  I  am  appealed 
to,  by  the  public,  as  an  arbiter  on  these  subjects. 

FRANCIS  BAILY, 

df/^,  No.  13,  Angel  Court, 
fhrogmorton-Streetf 
Feb.  12, 1810. 
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CHAPTER  I. 


On  the  Laws  of  Chance;  and  the  Probability  oj 
Human  Life. 

§  1.  It  is  not  my  intention  here  to  enter  into  a 
full  investigation  of  the  nature  and  laws  of  chance, 
but  merely  to  explain  those  principles  of  the  doctrine 
which  are  more  essentially  connected  with  the  sub- 
ject of  the  present  work ;  in  order  to  prevent  any 
misunderstanding  in  the  terms  which  are  occasionally 
made  use  of. 

^  2.     The  probability  of  the  happening  of  any 

event  is  to  be  understood  as  the  ratio  of  the  chances, 

by  which  that  event  may  happen,  to  all  the  chances 

by  which  it  may  either  happen  or  fail :  and  it  may 

be  expressed  by  a  fraction  whose  numerator  is  the^ 

number  of  chances  whereby  the  event  may  happen, 

and  whose  denominator  is  the  number  of  chances 

whereby   it  may  either  happen  or   fail.     Thus,  if 

4    B 
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their  be  a  chances  for  the  happening  of  any  event, 
and  b  chances  for  its  not  happening ;  then  will  the 
probability  of  such  event  taking  place  be  truly  re- 

a 

presented  by  ITfi 

§  3.     In  like  manner,  the  probability  of  any  event 

failing  (or  of  its  not  happening)  may  be  expressed 

by  a  fraction  whose  numerator  is  the  number  of 

chances  whereby  it  may  fail,  and  whose  denominator 

is,  as  before,  the  whole  number  of  chances  whereby 

it  may  either  happen  or  fail.     Thus,  the  probability 

ot  the  above  event  failing  will  be  truly  expressed 
h 

by  a-f6. 

^  4.  Since  the  sum  of  the  two  fractions,  repre- 
senting the  probabilities  of  the  happening  and  of  the 
failing  of  any  event,  is  equal  to  unity ;  it  follows  that, 
one  of  them  being  given,  the  other  may  be  found  by 
subtraction.     Tlius,  the  probability  of  an  event  hap- 

a 

pening  being  denoted  by  '^Zft,  the  probability  of  the 
same   event   failing  will   be   truly  represented   by 

a  b 

1  —  ^rpfc  =  ^TjTfc ;  and  vice  versa. 

§  5.  If,  upon  the  happening  of  an  event,  a  per- 
son be  entitled  to  a  given  sum  of  money,  his  expecta- 
tion of  receiving  that  sum  has  a  determinate  value 
before  the  happening  of  the  event;  and  such  value  is 
ascertained  by  multiplying  the  present  value  of  the 


\ 
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sum  expected  by  the  frkction,  which  represents  the 
probability  of  obtaining  it.  Thus,  if  a  person  has  a 
chances  of  obtaining,  and  b  chances  of  losing  a  cer- 
tain sum  of  money,  the  present  value  of  which  is 

equal  to  j,  then  will  s  X  ^^  denote  his  expectation 
of  receiving  such  sum,  and  will  be  the  true  value  of 
his  interest  therein*. 


*  Tbese  principles  may  be  more  familiarly  txplained  by  the  followiog 
example.  Suppose  that  a  person  baa  3  chances  in  6  to  obtain  £100,  the 
present  ralue  of  bis  expectation  is  the  product  of  XlOO  by  the  fraction  1, 
and  consequently  it  is  worth  £60.  For,  supposing  that  an  event  may 
equally  happen  to  any  one  of  6  different  persons,  and  that  the  person  to 
whom  it  does  happen  should,  in  consequence  of  it,  obtain  the  sum  of  £100* 
it  is  pbin  that  the  right  which  each  of  them  in  particular  has  upon  the  sum 
expected  is  ^  of  £100  ;  which  right  is  founded  on  this  principle,  that  if  5 
persons  concerned  in  the  happening  of  the  event  should  agree  not  to  stand 
the  chance  of  it,  but  to  divide  the  sum  expected  among  themselves,  then 
each  of  them  must  have  ^  £100  for  his  pretension.  Now,  whether  they 
agree  to  divide  that  sum  equally  among  themselves,  or  rather  choose  to  stand 
the  chance  of  the  event,  no  one  has  thereby  any  advantage  or  disadvantage, 
since  they  are  all  upon  an  equal  footing  :  and  consequently  each  person's 
€xpeclatwn  is  worth  |.  of  £100.  Let  ns  further  suppose  that  two  of  ihe 
five  persons  concerned  in  the  happening  of  the  event,  should  be  willing  to 
resign  their  chance  to  one  of  the  other  three  ;  then  the  person  to  whom  these 
two  chances  are  thus  resigned  has  now  3  chances  that  favour  him,  and  con- 
sequently he  has  now  a  right  triple  of  what  he  bad  before,  and  therefore  his 
expectation  will  in  such  case  be  worth  ^  of  £100.  Now,  if  we  consider  ihat 
the  fraction  4.  expressed  the  probability  ofobtainiuj  the  sum  of  i-'lOO,  and 
that  J  of  100  is  the  same  as  4  4*  i^»  ^®  tnust  naturally  fall  into  fhd  oon- 
dusionlaid  down  In  the  text,  that  the  expectation  of  receiving  any  sum  is 
determined  by  multiplying  such  sum  by  the  probability  of  obtoioiiig  it : 
and  though  this  method  of  reasoning  is  deducea  from  a  particular  case,  it 
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§  6.  The  probability  of  the  happening  of  severat 
events,  that  are  independantof  each  other,  is  equal' to 
the  product  of  the  probabilities  of  the  happening  of 
each  event  considered  seperately.  Thus,  if  the  pro- 
bability of  the  happening  of  the  first  of  any  number 

of  independant  events  be  denoted  by  ~j^;  that  of  the 
second,  by  ~^;  that  of  the  third,  by  jqj^;  &c,  &c  : 

then  will  ~j  x  ^4-^  X  "^Tf  X  &c,  denote  the  pro- 
bability of  the  happening  of  all  those  events.  And 
this  expression,  multiplied  by  the  present  value  of 
the  given  sum,  will  denote  the  value  of  the  e.vpectation 
of  receiving  such  sum  ou  the  happening  of  all  those 
events*. 


will  easily  be  perceived  that  it  is  general,  and  applicable  to  any  other  case. 
See  De  Moivre's  Doctrine  of  Chances,  p.  3. 

*  For  example  :  Suppose  that,  in  order  to  obtain  £100,  two  events  must 
happen,  the  first  whereof  has  3  chances  to  happen  and  2  to  fail,  and  the  se- 
cond whereof  has  4  chances  to  happen  and  6  to  fail  :  the  value  of  the 
expectation  will  in  such  case  be  A  X  -Aj  X  100  =  24  pounds.  The  demon- 
stration of  which  will  be  very  easy  if  it  be  considered  that,  supposing  the 
first  event  had  happened,  the  expectation  (then  depending  entirely  upon 
the  second)  would,  before  the  determination  of  the  second,  be  worth 
ij.  X  100  r=  40  pounds.  We  may  therefore  look  upon  the  happening  of 
the  first  as  a  condition  of  obtaining  an  expectation  worth  £40 :  but,  the 
probability  of  the  first  event  happening  has  been  supposed  |.,  wherefore  the 
expectation  sought  for  is  to  be  estimated  by  |.  X  -j^  =  100 ;  that  is,  by  the 
product  of  the  two  probabilities  of  happening,  multiplied  by  the  sum  expec- 


Ch.   1.  PRODAniLITlES    OF    LIFE.  /> 

§  7.  By  a  similar  method  of  reasoning  it  will  be 
evident  that  the  probability  of  the  failing  of  any 
number  of  independant  events  is  equal  to  the  product 
of  the  probability  of  the  failing  of  each  event  consi- 
dered  seperately.  Thus,  if  the  probability  of  the 
failing  of  the  first  of  any  number  of  independant 

events  be  denoted  by  ^nr^ ;  that  of  the  second,  by 

jx^;  that  of  the  third,  by  t^t^;  &c,  &c  :  then  will 

^^  X  ^^  X  TZ/^  &c,  denote  the  probability  of 
the  failing  of  all  those  events.     And  this  expression, 
multiplied  by  the  present  value  of  the  given  sum, 
will  denote  the  value  of  the  crpcctation  of  obtaining 
such  sum  on  the  failing:  of  all  those  events. 


^  8.  Moreover,  the  probability  of  the  happening 
of  either  of  any  number  of  independant  events  is  de- 
noted by  the  difference  between  unity  and  the 
expression  mentioned  in  the  last  article.     For,  since 

j^r^  X  j^^  X  -^rr^  X  &c,  denotes  the  probability 
that  any  given  number  of  events  shall  fail,  it  follows 
(from  ^  4)  that  1  -^'x  ^  X  -^r^x  &c,will  de- 
note the  probability  that  they  shall  7iot  all  fail ;  but 
that  some  one  or  other  of  them  will  happen.     And 


ted.  The  same  method  of  reasoning  may  be  applied  to  the  happening  of 
three,  or  any  other  number  of  eventa,  as  may  be  seen  more  at  large  in  tha 
authors  who  havt  treated  on  this  tabject. 
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this  expression,  multiplied  by  the  present  value  of 
the  given  sum,  will  denote  the  value  of  the  expecta- 
tion of  receiving  such  sum,  on  the  happening  of  either 
of  those  events. 


§  9.  In  like  manner,  if  the  expectation  of  re- 
ceiving any  sum  depends  upon  the  happening  of  any 
number  of,  independant  events,  and  upon  the  failing 
of  any  number  of  other  independant  events,  its  value 
will  be  equal  to  the  present  value  of  such  sum,  mul- 
tiplied by  the  probability  of  all  the  former  happening, 
and  also  by  the  probability  of  all  the  latter  failing. 
And  from  these  principles,  we  may  determine  the 
value  of  an  expectation  depending  on  the  happening 
or  failing  of  as  many  independant  events  as  may  be 
assigned. 

§  10.  Hitherto  I  have  considered  only  such  events 
as  are  independant  of  each  other :  but,  if  we  wish  to 
determine  the  probability  of  the  happening  of  two 
events  that  are  independant  on  each  other*,  we  must 
multiply  the  probability  of  the  happening  of  one  of 


*  Two  events  are  independant,  when  they  hare  no  connection  with  each 
other,  and  the  happening  of  one  neither  forwards  nor  obstructs  the  happen- 
ing of  the  other :  as  the  continuance  or  failure  of  any  given  lives.  On  the 
other  hand,  two  events  may  be  considered  as  dependant,  when  the  proba- 
bility of  cither's  happening  is  altered  by  the  happening  of  the  other ;  as  the 
continuAnce  or  Oulure  of  the  same  life  in  different  periods  of  its  duratioa : 
see  §  2. 
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them,  by  the  probability  which  the  other  will  have 
of  happening  when  the  first  is  considered  as  hav- 
ing happened  :  and  the  same  rule  will  extend  to  the 
happening  of  as  many  events  as  may  be  assigned. 

§  11.  If  there  are  several  expectations  upon  se- 
veral sums,  it  is  evident  that  the  expectation  upon 
the  whole  will  be  equal  to  the  sum  of  the  expectations 
upon  each.  But  if  only  one  sum  is  to  be  received 
on  the  happening  or  failing  of  the  given  events,  the 
method  of  determining  the  value  of  the  expectation 
will  be  somewhat  altered.  The  process,  however, 
which  is  to  be  pursued  in  such  cases  will  be  more 
fully  explained  in  the  course  of  the  present  work : 
what  has  been  already  said  being  merely  introductory 
to  the  various  probabilities  and  contingencies  that 
occur  in  the  following  sheets. 

§  12.  Now  with  respect  to  the  probability  that  a 
person  of  a  given  age  will  or  will  not  live  to  any 
other  given  age,  or  till  a  certain  sum  of  money  gran- 
ted him  becomes  due,  it  is  obviously  in  all  cases  a 
matter  of  very  great  uncertainty,  and  will  be  often 
very  different  in  different  persons  of  the  same  age. 
The  chan?e  which  a  man  of  thirty  years  of  age,  who 
is  in  good  health  and  lives  a  temperate  and  quiet 
life  in  the  country,  has  to  live  twenty  years,  or  till 
he  is  fifty  years  of  age,  is  evidently  much  greater 
than  that  of  another  man  of  the  same  age,  and  of  tho 
same  degree  of  health  and  vigour  of  body,  who  lives 
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in  a  great  city  and  in  scenes  of  riot  and  dissipation ; 
and  it  is  likewise  greater  than  that  of  another  man 
of  the  same  age  and  of  the  same  degree  of  health  vi- 
gour, but  who  is  going  into  an  unhealthy  climate  to 
which  he  has  not  been  accustomed  :  and  still  more 
evidently  it  is  greater  than  that  of  another  man  of 
the  same  age  who  is  of  weak  and  sickly  constitution, 
or  who  by  his  daily  occupation  is  exposed  to  many 
dangers  of  his  life  from  which  the  generality  of  man- 
kind is  exempt ;  as  is  the  case  with  soldiers  and 
sailors  in  time  of  war  or  actual  service.  These  are 
circumstances  beyond  the  reach  of  calculation  ;  and 
all  that  can  be  done  by  any  general  rules  upon  this 
subject  is  to  estimate  the  degree  of  probability  with 
which  it  may  be  reasonably  expected  that  a  person 
of  any  given  age  will  live  to  any  other  given  age, 
upon  a  supposition  that  he  has  neither  a  better  nor  a 
worse  chance  of  so  doing  than  the  majority  of  other 
persons  of  the  same  age.  This  medium  or  average 
chance  of  living  is  determined  by  tables  that  exhibit 
the  number  of  persons  which,  out  of  a  certain  num- 
ber of  children  born  (usually  not  less  than  a  thousand), 
are  found  by  a  long  series  of  observations  to  be  living 
at  the  end  of  every  subsequent  year  of  human  life  to 
its  extreme  period  :  which  period  in  some  of  the  ta- 
bles js  carried  to  86,  and  in  others  to  more  than  90 
years.  The  instances  of  the  prolongation  of  human 
life  to  100  years,  or  more,  are  so  few  that  they  are 
not  thought  to  be  worth  attending  to  in  forming  any 
general  rules  on  this  subject. 
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§  13.  Various  observations  on  the  mortality  of 
human  life  have  been  made  by  different  persons,  and 
indifferent  places;  and  several  tables  of  the  kind 
above-mentioned  have  been  calculated  and  formed  by 
the  different  writers  on  this  subject,  such  as  Dr. 
Halley,  Mr.  Thomas  Simpson,  M.  Kersseboom,  M. 
De  Parcicux,  Dr.  Price,  M.  Susmilch,  M.  Wurgentin, 
M.  Muret,  and  others.  But  the  same  table  of  the 
probabilities  of  life  will  not  suit  every  place  :  for,  long 
experience  has  shown  that  all  places  are  not  equally 
healthy;  or  that  the  number  of  persons  who  die  an- 
nually is  different  in  different  places.  Dr.  Halley 
formed  his  table  from  observations  on  the  births  and 
burials  of  the  inhabitants  of  the  city  of  Breslaw  (the 
capital  of  the  duchy  of  Silesia  in  Germany),  during 
a  series  of  five  years;  viz.  from  1687  to  1691.  Mr. 
Thomas  Simpson,  Irom  observations  on  the  bills  of 
mortality  in  London  for  ten  years,  from  1728  to  1737*. 
M.  Kersseboom,  from  the  registers  of  certain  assign- 
able annuities  for  lives  in  Holland,  which  had  been 
kept  there  for  one  hundred  and  twenty-five  years, 
and  in  which  the  ages  of  the  several  people  dying  in 
that  period  had  been  truly  entered.  M.  De  Parcieux, 
from  a  similar  use  of  the  lists  of  the  tontines  in  France, 


•  In  Table  T,  at  the  end  of  the  present  work,  the  column  denoting  the 
probabilitiefl  of  Life  in  London,  is  not  tlic  one  iierc  mentioned ;  but  »  more 
correct  one  rormed  by  Dr.  Pric;;,  from  th«  oills  of  mortality  for  ten  ycnr«, 
from  1760  to  I7G8.  The  same  author  likewise  formed  one  firom  the  bills 
of  mortality  for  ten  years,  from  1771  to  1780. 

C 
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the  numbers  of  which  were  verified  by  the  Necro/oges, 
or  mortuary  registers,  of  several  religious  houses  of 
both  sexes*.  Dr.  Price,  from  a  register  of  mortality 
kept  at  Northamptoju  for  forty-six  years,  from  1735 
to  1780:  the  same  author  has  also  formed  a  table 
from  a  similar  register  kept  at  Norwich  for  thirty 
years,  from  1740  to  1769:  another  from  a  similar 
register  kept  by  Mr.  Gorsuch  at  Holy  Cross  near 
Shrewsbury,  for  thirty  years  from  1751  to  1780: 
another  from  a  similar  register  kept  by  Dr.  Aikin 
at  Warrington  in  Lancashire,  for  nine  years,  from 
1773  to  1781  :  another  from  a  similar  list  kept  by  Dr. 
Haygarth  at  Chester;  for  ten  years,  from  1772  to 
1781  :  another  from  the  register  of  mortality  at 
Vienna^  for  eight  years  :  another  from  the  register  of 
mortality  at  BerUn^  for  four  years,  1752  to  1755: 
another  from  a  similar  register  at  Brandenburghy  for 
fifty  years,  from  1710  to  1759  :  each  of  the  last  three 
being  from  tables  given  by  M.  Susmilch  :  also  an- 
other from  the  tables  of  mortality  at  Stockholm,  for 
nine  years,  from  1755  to  1763,  as  given  by  M.  War- 
gentin :  and  another  from  seven  different  enumera- 


*  In  the  table  alluded  to  in  the  last  note,  the  column  denoting  the  pro- 
babilities of  life  in  France,  is  not  the  one  given  by  M.  De  Moivre  and  Mr. 
Ferguson  ;  but  a  more  correct  one  published  by  M.  Florencourt  at  the  end 
of  his  Treatise  on  Political  Arithmetic.  Referring  however  tu  the  last  note, 
it  may  be  necessary  here  to  remark  that  in  Tables  III  and  XLV,  I  have 
preserved  the  original  values  as  given  by  M.  De  Pareieux  and  Mr.  Simp- 
6on ;  because,  the  Life  Annuity  Tables  being  deduced  ihcrcfrou),  I  con- 
sider them  as  the  most  proper  to  be  used  in  conjunction  therewith. 
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tions  of  the  whole  population  of  the  kingdom  of5tMr- 
(len,  each  repeated  at  the  end  of  three  years,  viz.  in 
1757.  1700,  17G3,  17.3G.  1769,  1772,  and  1775. 
M.  Muret  formed  his  table  from  registers  kept  in 
forty-three  parishes  in  the  district  of  Vaud  in  Switzer- 
land, for  ten  years,  from  1756  to  1765. 


§  14.  All  these  tables  differ  from  each  other ;  and 
in  many  cases  so  materially  as  to  leave  us  in  great 
doubt  whether  the  subject  has  attained  that  degree 
of  accuracy  and  correctness  to  which  it  is  capable  of 
being  carried.  It  should  be  observed  that  there  are 
two  sorts  of  data  for  forming  tables  of  the  probability 
of  the  duration  of  human  life:  one  is  furnished  by 
the  registers,  or  bilis  of  mortalityy  which  show  the 
numbers  dying  at  all  ages  ;  the  other,  by  the  propor- 
tions of  deaths  at  all  ages  to  the  numbers  living  at 
those  ages,  as  discovered  by  surveys  or  enumerations. 
Those  tables  which  are  deduced  from  the  former  of 
these  data  are  correct  only  when  there  is  no  consider- 
able fluctuation  among  the  inhabitants  of  a  place,  and 
when  the  births  and  burials  are  equal :  for,  when 
there  are  more  removals /ro/w,  than  to  a  place,  and 
the  births  exceed  the  burials  (as  is  almost  always  the 
case  in  country  parishes  and  villages)  tables  so 
formed  give  the  probabilities  of  living  too  low :  and 
when  the  contrary  happens  (as  is  generally  the  case 
in  cities  and  large  towns)  they  give  the  probabilities 
of  living  too  high.     But  tables  formed  from  the  latter 
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of  these  data  are  subject  to  no  errors  :  they  must  be 
correct  whatever  the  fluctuations  are  in  a  place,  and 
how  great  soever  the  inequalities  may  be  between 
the  births  and  the  burials. 

^  15.  Most  of  the  tables  above  mentioned  have 
been  deduced  from  the  former  of  these  data ;  and  in 
most  of  them  due  allowance  have  been  made,  as  far 
as  circumstances  would  admit,  for  the  fluctuations 
arising  from  emigration  &c.  But  I  believe  there  are 
no  observations  extant  which  will  enable  us  to  form 
tables  from  the  latter  of  these  data,  except  those 
published  by  M.  Wargentin*  of  the  population  of  the 
kingdom  of  Sweden :  and  it  is  much  to  be  regretted 
that  similar  observations  are  not  made  in  other  coun- 
tries. 

§  16.  It  is  a  singular  circumstance  that  not  only 
diO  females  live  longer  than  males,  but  married  women 
live  longer  than  single  women.  All  the  tables  of  ob- 
servations intimate  this  :  but  the  fact  has  been  more 
fully  confirmed  by  the  observations  made  by  Dr. 
Aikin  at  Warrington,  and  by  Dr.  Haygarth  at  Ches- 
ter;  each  of  whom  kept  distinct  registers  of  the  rate 
of  mortality  amongst  males  and  females.  Similar 
registers  also  were  kept  at  Stockholm :  and,  in  the 
enumeration  of  the  whole  population  of  the  kingdom 
of  Sweden,  this  circumstance  was  particularly  atten- 
ded to      These  latter  observations  therefore  beine- 


o 


•  In  the  Afemoiri  of  the  Academy  of  Sciences  at  Stockholm,  in  1776. 
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formed  on  such  unerring  principles,  furnish  sufficient 
data  for  calculating  distinct  tables  of  the  value  of  an- 
nuities on  lives  among  mates  and  females,  taken  se- 
parately or  conjunctly:  and  which  tables  might  be 
applied  with  good  effect  in  determining  the  value  of 
annuities  or  assurances  where  the  lives  odvidowsare 
concerned*. 

§  17.  The  tables  of  observations  most  used  in 
this  country  at  present,  are  those  which  were  formed 
by  Dr.  Price  from  the  bills  of  mortality  at  North- 
ampton: but  they  derive  their  importance  principally 
from  those  numerous  tables  of  the  value  of  annuities 
on  single  and  joint  lives,  which  are  computed  there- 
from ;  and  which  afford  great  facility  to  the  solution 
of  the  various  cases  connected  with  this  subjectf. 
In  every  other  point  of  view  it  must  appear  ex- 
tremely incorrect  to  take  the  rate  of  mortality  in  one 
particular  town,  as  a  criterion  for  that  of  the  whole 
country.  The  observations  ought  to  be  made  on  the 
kingdom  at  large,  in  the  same  manner  as  in  Sweden  ; 
more  particularly  as,  in  the  real  business  of  life,  the 
calculations  are  general  and  uniform,  and  adapted  to 
persons  in  every  situation.  But  till  the  legislature 
thinks  proper  to  adopt  some  efficient  plan  lor  fur- 
nishing these  dataj,  we  must  rest  contented  with  the 

*  See  Tables  XIV  to  XMV. 

t  Sec  Tables  XXV  to  X LI V. 

^  Bj  virtue  uf  an  Act  of  Parlinmeot  which  pasitfcd  in  1800,  a  surrej  vm 
made  oF  the  population  of  thiii  kingdom  iii  the  following  year :  but,  from 
the  manner  in  which  that  survey  was  formed  and  coaducte<J,  it  haa  afforded 
little  or  DO  ioformation  respecting  the  subject  of  the  present  work. 


•■■eiB^RVSIP 
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laudable  exertions  of  public-spirited  individuals  ;  and 
avail  ourselves  of  the  best  light  which  they  afford  us 
on  this  subject. 

^  18.  With  respect  to  the  several  tables  of  mor- 
tality above-mentioned,  I  do  not  think  that  any  of 
them  (with  the  exception  of  those  given  by  M.  Kersse- 
boom,  and  M.  De  Parcieux)  afford  the  proper  grounds 
for  calculating  the  value  of  annuities.  For,  it  is  evi- 
dent that  no  person,  in  an  ill  state  of  health,  or  who 
is  conscious  of  any  thing  in  his  constitution  that 
might  tend  to  the  shortening  of  life,  would  give  that 
value  for  an  annuity  which  the  tables  indicate  : 
neither  am  I  inclined  to  think  that  he  would  become 
a  purchaser  at  all.  The  lives,  therefore,  of  such 
persons  as  do  become  annuitants  will  consequently 
be  good  lives  :  or  a  certain  part  only  of  the  general 
mass  of  mankind.  The  principles,  upon  which  M. 
Kersseboom  and  M.  De  Parcieux  have  formed  their 
tables,  enable  us  to  ascertain  pretty  accurately  the 
rate  of  mortality  among  this  class  of  people  :  and 
therefore  form  a  proper  basis  for  determining  the 
value  o(  annuities. 

^  19.  The  same  observations  may  be  applied, 
with  nearly  the  same  propriety,  to  the  method  of 
computing  the  value  of  assurances*.     For,  it  is  well 


•  This  fact  is  indubitable  :  for  "  during  the  last  33  years,  from  January 
**  1768  to  January  1801,  the  number  of  assurances  on  single  IItcs  fat  the 
**  Equitable  Society)  has  been  83,201  ;  of  which  number  sixty  thousand 
**  five  hundred  and  ninety^seven  hare  been  on  the  lives  of  persons  under  60 
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known  that  the  assurer  endeavours  to  guard  as  much 
as  possible  against  a  badW^e  :  and  the  law  of  the  land 
justly  punishes  any  fraud  in  this  respect.  Never- 
theless, as  avarice  or  negligence  may  induce  a  re- 
laxation of  duty,  the  lives  on  which  assurances  are 
made  are  more  liable  to  be  miitd  than  those  on  which 
annuities  are  granted.  In  either  case,  however,  we 
might  often  deduce  a  more  correct  value  from  know- 
ing the  situation  of  life,  the  residence,  and  mode  of 
living  of  the  parties  concerned. 

%  20.  But  in  many  instances,  both  of  annuities 
and  assurances,  the  ages  and  conditions  of  the  lives 
are  so  involved  that  we  must  proceed  upon  general 


**  years  of  nge,  among  wliom  tlie  deaths  hnve  been  fewer  than  those  in  tlie 
'*  Northampton  table  in  the  proportion  of  four  to  seven  /"  (See  Dr.  Price** 
Obi.  on  Rev.  Pay.  vol.  ii.  p.  443.)  No  foct  can  more  clearly  show  the 
inaccuracy  ot  those  tables  for  general  use?  and  though  it  may  \>g prudent 
for  an  Insurance  company  to  adopt  them,  as  well  as  to  make  use  of  the 
lowest  rate  of  interest  in  calculating  the  values  of  annuities  thererrotn 
(whereby  large  profits  are  secured  to  the  society)  ;  yet  the  public,  who 
bare  no  interest  therein,  and  who  occasionally  seek  for  informaiion  on  this 
head,  should  be  cautious  in  using  them,  unless  they  appear  to  be  applicable 
to  the  case  in  question.  The  grounds,  on  which  the  calsulations  are  made, 
ought  to  be  OS  correct  as  the  prei<cnt  state  of  information  will  allow,  in  order 
that  the  public  may  be  satisfied  with  the  accuracy  of  the  result.  The 
contrary  however  is  the  fact :  and  Dr.  Price  himself  has  nt  length  acknow- 
ledged it ;  although  in  rather  a  surreptitious  manner.  lie  introduces 
Id.  Kursaeboom's  and  M.  De  Parcicux's  tables  of  observation*  in  order 
**  that  nothing  on  this  subject  may  be  wanting  ;"  ai  if  it  were  a  work  of 
8U|ercrogution,  and  not  one  of  the  most  essential  at  wellu  one  of  themoal 
valuable  parts  of  bit  treatise. 
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principles,  without  reference  to  the  particular  situa- 
tion of  the  parties :  and  therefore,  were  it  on  this 
ground  only,  it  would  be  extremely  desirable  to 
ascertain  the  rate  of  mortality  in  the  kingdom  at 
large.  It  would  enable  us  to  determine  how  far  the 
tables,  now  in  use,  might  be  depended  upon;  and 
furnish  the  basis  for  others  more  numerous  and 
comprehensive. 

§  21.  For  the  information  of  the  reader  I  have 
inserted  acomparitive  view  of  all  the  principal  tables 
that  have  been  given  of  the  rate  of  mortality  in  dif- 
ferent parts  of  the  world;  being  Table  I.  at  the  end 
of  this  work.  The  first  column  shows  the  ages,  and 
the  other  columns  the  number  of  persons  living  at 
those  ages,  out  of  1000  born*  at  the  different  places 
mentioned  at  the  head  of  each  column:  and  these 
places  are  arranged  according  to  their  degree  of  mor- 
tality amongst  them.  London  and  other  cities  are 
therefore  placed  first;  and  the  rest  in  their  order,  as 


*  The  origii.al  tables  commence  with  numbers  differing  from  each  other  ; 
but  are  here  reduced  to  the  same  number  at  the  beginning,  viz.  1000:  by 
which  mean  we  are  enabled,  by  insj)ection,  to  compare  the  numbers 
together  at  any  age,  and  immediately  perceive  the  relative  degrees  of  mor- 
tality at  the  several  ^)lace8  given.  The  reader  will  observe  that  1  have  given 
other  tables  of  the  probabilities  of  life  for  France,  Stoeden,  Northampton 
and  London,  together  with  the  decrements  or  number  of  persons  dying  an- 
nually ;  which,  being  on  a  more  enlarged  scale,  may  be  used  with  greater 
accuracy  in  the  solution  of  the  several  problems  which  occur  in  the  present 
work.    These  Tables  are  III,  XIV,  XXV,  and  XLV. 
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nearly  as  possible,  to  the  most  healthy,  which  arc 
the  country  provinces.  This  table  will  consequently 
serve  to  illustrate,  in  a  striking  manner,  the  great 
difTerence  between  the  duration  of  life  in  large  cities 
and  in  the  country :  for  it  will  be  seen  that,  in  pro- 
portion as  we  recede  from  the  former,  the  probability 
of  life  is  greater,  and  the  chance  of  arriving  at  old 
age  is  considerably  increased.  Thus,  it  appears  that, 
out  of  a  thousand  persons  born  at  Vienna,  not  half 
of  them  live  to  be  two  years  of  age ;  whereas  at  Nor- 
wich, that  number  will  live  to  be  eight  years  of  age; 
and  at  Holy  Cross,  they  live  to  be  above  twenty- 
seven  years  of  age  ;  whilst  in  the  province  of  Vaud 
in  Switzerland,  they  live  to  be  forty-one  years  old.  It 
will  also  fully  confirm  the  observation,  which  has 
been  made  in  §  18,  respecting  the  probability  of 
living  amongst  those  persons  who  purchase  annuities 
on  their  own  lives :  for  it  appears  from  the  obser- 
vations of  M.  De  Parcieux  that  the  chance  of  living 
amongst  a  set  of  govcrninent  mmuitants  is  in  almost 
every  period  of  their  existence  much,  if re^^en  than 
amongst  an  equal  number  of  indifferent  persons 
living  iti  the  most  healthy  part  of  the  globe :  and  which 
consequently  shows  that  the  Northampton  tables  are 
a  very  inaccurate  index  of  the  rate  of  mortality 
amongst  a  set  of  persons  who  purchase  annuities  on 
their  own  lives. 

^  22.     But,  however  inaccurate  these  tables  of  ob- 
servations may  be,  or  however  inapplicable  to  exist- 

D 


«*»^^^»^^^^=g'     T  .     L       J* 


18  Laws  of  chance,  and  CA.  1. 

ing  circumstances,  the  subject  of  the  present  work  is 
not  at  all  affected  thereby.  For,  since  the  principles 
here  laid  down,  and  the  rules  thence  deduced,  are 
all  treated  generally,  without  allusion  to  any  parti- 
cular table  of  observations,  the  reader  may  apply 
them  to  any  of  the  tables  above  mentioned ;  or  to 
any  others  which  may  be  hereafter  found  to  be  more 
correct,  or  more  suited  to  any  given  circumstances. 

^  23.     Ill   atiy  table   of  observations,  therefore, 

"^liich  expresses  the  number  of  persons  living  at  every 

age  of  human  life,  let  the  number  of  the  living  at  the 

age  of  A  be  denoted  by  a ;  and  those  answering  to 

,  I    II    III 

the  next  succeeding  ages  m  the  table,  by  a,  a,  a,  &c, 

respectively.     Further;  let  the  number  of  the  living 

at  the  age  of  B  be  denoted  by  h ;  and  those  answer- 

I     ^t)      ni 

ing  to  the  next  succeding  ages  in  the  table,  by  hy  h,  b, 
&c,  respectively.  Again ;  let  the  number  of  the  living 
at  the  age  of  C  be  denoted  by  c ;  and  those  answer- 

ing  to  the  next  succeding  ages  m  the  table,  by  c,  c,  c, 
&c,  respectively.  In  like  manner,  let  the  number  of 
persons  living  at  the  end  of  7^  years  from  the  age  of 
A  be  denoted  by  a ;  and  those  answering  to  the  next 

succeeding  ages  in  the  table,  by  a,  o,  a,  &c.  Also  let 
the  number  of  persons  living  at  the  end  of  n  years 
from  the  age  of  B  be  denoted  by  /3 ;  and  those  an- 
^w'ering  to  the  next  succeding  ages  in  the  table  by 

/3,  /8,  ^,  &c.    Moreover,  let  the  number  of  persons 
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living  at  the  end  of  n  years  from  the  age  of  C  be 
denoted  by  7 ;  and  those  ausw^rin^  to  the  next  sue- 

ceeding  ages  in  the  table  by  7,  y»  7*  &c.  And  so  q^ 
for  any  other  lives.  Then  considering  that,  out  of 
a  persons  alive  at  the  age  of  A,  only  a  of  them  will 
be  alive  at  the  end  of  the  year,  it  is  evident  that  the 
number  of  chances  for  the  life  of  A  continuing  one 
year  will  bft  a ;  and  that  the  whole  number  of 
chances  for  its  living  or  dying  will  be  a :  conse- 
quently the  probability  that  A  will  live  to  the  end 

of  the  first  year  will  be  denoted  by  —.  And  by  a  simi- 
lar method  of  reasoning  it  will  be  seen  that  the  pro- 
bability of  his  living  to  the  end  of  the  second  year 

will  be  denoted  by  -^ ;  and  of  his  living  to  the  end  of 

HI 

the  third  year,  by  — ;  and  so  on  :  for,  c,  a,  8cc,  will 

be  resp^tively  the  pumber  q(  chances  for  the  life 
continuing  2,  3,  &c,  years,  and  a  will  still  be  the  to- 
tal number  of  chances  for  his  living  or  dpng  in  any 
year.  In  like  manner,  the  probability  of  the  life  B 
continuing  1,2,  3,  &c,  years,  will  be  respectively 

represented  by  y  -^  -^,  &c  :  and  that  of  the  life  C, 

I  It         ut 

by  y,  — ,  — ,  &c,  respectively :  (See  ^2).  By  a  simi- 
lar method  of  reasoning  it  will  be  found  that  the  pro- 
bability of  the  life  A  continuing  7i,  (w  +  1),  («'4-2}, 
(n4-3),  &c,  years  will  be  respectively  denoted  by 
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/        //      III 

' ""»  "a"'  "o »  "o »  ^^  *  ^^*^  ^^^^  ^^^  probability  of  the  life 
B  continuing  the  same  periods  will  be  respectively 

denoted  by  -y,  -^,  y,  y,  &c :   and  that  the  proba- 
bility of  the  life  C  continuing  the  same  periods  will 

be  respectively  denoted  by  —,  J^,  ^,  —,  &c. 


§  24.     Moreover,  the  probability  of  any  two  lives, 
A  and  B,  continuing  in  being  together  for  1,  2,  3,  &c. 


/  /     //  //     ///  III 

a  b       a  b       a  b 


years,  will  be  respectively  denoted  by  yy,  •^,  — r-, 


&c  :  and  that  of  three  lives  A,  B,  C,  by  — r-,  - 

'       '       '      J   a  0  c*    a 


III      II II II 
a  b  e      a  b  c 


be* 


III  III  III 

|j^,  respectively :  (See  §  6).  Further,  the  proba- 
bility of  any  two  joint  lives  A  and  B  continuing  in 
being  together  for,  w,  (»+l),  («+2),  («4-3),  &c, 

years,  will  be  respectively  denoted  by  yy,  -^,  ^, 

III  III 

-^,  &c :  and  that  of  three  lives  A,  B,  C,  for  the 

11/    II II II  III  III  III 
same  terms,  by -^,  -^,  -^,  -^,  &c.* 


*  I  would  here  observe  that,  when  several  lives  are  involved  in  a  ques- 
tion, A  is  generally  supposed  (unless  otherwise  expressed)  to  be  the 
youngest ;  B  the  older  than  A  ;  C  older  than  B ;  and  so  on.  This  rule, 
however,  is  dispensed  with  in  the  fifth  and  eighth  chapters  of  the  present 
work. 
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§  25.  This  being  premised,  it  is  evident  (from  ^  4) 
that  the  probability  of  A  dying  before  the  end  of  the 

first  year  will  be  denoted  by  1 — ^.     For,  since — 


—  denotes  the  probability  of  his  living  to  the  end 

of  that  period,  if  we  substract  this  value  from  unity 
it  will  give  the  probability  of  his  not  living  so  long. 
And  by  a  similar  method  of  reasoning  it  will  be 

found  that  (1 ^),  (1 — ^),  &c,  will  denote  the 

probability  of  the  same  life  dying  before  the  end  of 
the  second,  third,  &c,  year,  respectively.  In  like 
manner  the  probability  of  the  life  B  or  C  failing  in 
1,  2,  3,  &c,  years,  will  be  respectively  represented 

^y  (1-t)^  (1-t).  (i-4)»  &c  ••  °'  (i~t)'  (1-t)' 


(1—-),  &c.     Moreover,  the  probability  that  either  of 
of  two  lives  A,  B,  or  of  three  lives  A,  B,  C,  will  fail 


/  / 


in  1,  2,  3,  &c,  years,  will  be  denoted  by  (1— y^-), 

//  //  ///   //;  '    '    '  "   ''   '' 


III  III  II 
a  b 


(1 — ^~),  &c,  respectively.  And  universally,  if  we 
subtract  from  unity  the  probability  of  the  lives  con- 
tinuing together  to  the  end  of  the  given  term,  the 
remainder  will  express  the  probability  that  they  shall 
not  all  continue  together  to  the  end  of  that  period ; 


■    '    .■■.il.t-- 
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but  that  one  or  other  of  them  will  die  previous 
thereto. 

§  26.     But,  the  probability  that  all  the  lives  A,  B, 
C,  &c,  shall  fail  in  one  year  will  (by  ^  6)  be  denoted 

by  (i-^i)  X  (1-j)  X  a~)  x&<^;  i^two 

years,    by   (1-^)    x    (1  -f)  x  (1-f )    x    &c  ; 

///  III  III 

in  three  years,    by  (1 — ^)  x  (1— ^)X   (I — 3)  X 

&c,  &c.  And  the  probability  that  this  event  shall 
not  happen,  but  that  some  one  or  other  of  the  lives 
shall  continue  in  being  to  the  end  of  the  first,  se- 
cond, third,  &c,  year,  will  (by  §  8)  be  represented 

by  1  _  (l_i)      X      (1-4)  X  (1-b  X   &c,    1- 

(l-S  X  (1_|)X(1-^)X&C,  l-(l-f 
X  (  1— '-J-)    X    (  1 — -)  X  &c,  &c,  respectively. 

§  27.  Hitherto,  in  deducing  the  probability  of  a 
life  failing  in  any  given  time,  I  have  had  regard  only 
to  such  event  taking  place  at  any  time  before  the  end 
of  that  period :  but  if  we  wish  to  determine  the  pro- 
bability of  the  life  failing  in  any  particular  year  the 
exegesis  will  be  materially  different.  The  probability 
that  A  will  die  in  the  second  year,  after  having  out- 
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lived  the  first  year,  is  evidently  equal  to  1  —  ~  =; 

a 

•— «' .  because  —  ^*^^  ^''^''  denote  the  probability  of 

a  a 

its  living  to  the  end  of  that  year,  and  this  value,  being 
snbtracted  from  unity,  will  give  the  probability  of  its 
then  dying  in  that  year  :  but  since  this  event  ?iow  de- 
pends upon  its  living  through  the  preceding  year  (the 


probability  of  which  is—)  the  value  above  found 
must  be  multiplied  by  such  probability,  in  order  to  give 
its  true  value :  whence,  the  present  value  of  the  pro- 
bability that  the  life  A  will  fail  in  the  second  year,  is 

I     II        I         I     II 
truly  denoted  by  '^^  x    —  n:  " — -.    In  like  manner 

a 

the  probability  of  its  failing  in  the  third  year  is  ex- 

pressed  by  ^^  X  —  =.  '^ :  and  so  on  to  the  n 

II  I 

a 

(n  +  ly,  (n  4-  2)nJ,  (ti  +  3)^^,  &c,  years  ;  when  the 
probabilities  of  the  given  life  A  failing  in  those  years 


a — a     a — a      a — a        a — a 


will  be  respectively — ,  — ,    — ,     — ,  &c:  and 

where  a  denotes  the  number  of  persons  living  at  the 

I 

end  of  n — 1  years  from  the  age  of  A.  The  same  ob- 
servations will  apply  to  the  case  of  any  numberof  joint 
lives  :  for,  by  pursuing  the  same  method  of  reasoning, 
it  will  be  found  that  the  present  probability  of  e/Mtr  of 
the  three  lives  A,  B,  C,  failing  in  the  second  year  will 


T^««^ 
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'    i     '         II  II  II  III  III  II   II   II 

be  denoted  by  llJzilA^  x-^zi'LLIiz^Ai.   ,•„ 

•'  ,  ,  ,  a  b  c  a  b  6         ?*'• 

ab  c 

II    /»  //   ///  //;  //,      //  //  //       //  //  //   ///  ///  i„ 

A.\        xU  •   J  V       <*  0  c —  a  b   c         a  b  e  a  b  e-^   b  'c 

the  third  year,  by  —  x — r-  i=   .      ' 

•I         'J  //////  a  b  c  a  b  c 

a  b  c 

and  so  on  to  the  w^\  (w  +  l)^  («+2)"d,  (w  +  3>^,&c, 
year ;  when  the  probabilities  of  the  lives  failing  in 

in  those  years  respectively  will  be  — ^^3- — ' — a/i"   ^ 

'  a  '     "  'A  "      "  I'  "     I"  I"  'II  •     ^n 

"^ir/''  "Ur^"'  &c:  and  where  a^^  denote 
the  number  of  persons  living  at  the  of  n — 1  years 
from  the  ages  of  A,  B,  C,  respectively. 
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CHAPTER  II. 

On  Life  Annuities  in  treneral. 

y  ""•  iHE  method  of  determining  the  present  value 
of  any  annuity  is,  to  find  the  present  value  of  each 
year'srentasit  becomes  due;  and  the  sum  of  all  these 
will  be  the  total  present  value  of  the  annuity  required. 
Such  value  will  in  all  cases  depend  on  the  annual  rate 
of  interest  concerned  ;  and  throughout  the  whole  of 
the  present  work  I  have  denoted  this  annual  rate  by 
9*  :  consequently  the  «;/ioww/ of  £l  at  the  end  of  a 
year  will  be  denoted  by  (I +3);  and  the  present 
value  of  £1  certain  to  be  received  at  the  end  of  1,  2, 
3,  &c,  years  will  be  respectively  denoted  by  (I  +g)'-*, 
(1+)"',    (1  +  g)^',  cScc-t      The  sum  of  which  con- 


*  The  annual  rate  should  in  all  cases  of  compound  interest, 
be  careFuIly  distinguished  from  the  nomiaal  rate  :  but  such  annual  rate 
may  always  be  expressed  in  terms  of  the  nominal  rate,  as  I  hare 
distinctly  shown  in  another  work.  See  Doctrine*  of  Interest  and 
Annuities,  p.  10. 
t  As  we  shall  often  have  occasion  In  the  course  of  this  treatise  to 
find  the  present  raluc  of  £1  certain  to  be  received  at  the  end  of  any 
number  of  years,  and  also  the  present  value  of  £1  per  annum  foi  any 
number  of  years,  at  different  rates  of  int.rest ;  I  have  (in  order  to  avoid 
the  necessity  of  referring  to  any  other  work)  inserted  at  the  cnd^  two 
tables,  which  show  the  values  here  alluded  to  ;  being  Tables  LVllI  and 
LIX,  at  ihe  enil  of  thii  work. 

B 


2(J  ON    LIFE   ANNUITIES.  Ch.  2. 

tinued  to  n  terms,  or  (1 +2)-^' +(!+§)-'• +(1 +8)-» 
^  (1  4.  n)~"~-^-n-^?)~".    will     denote    the 

present  value  of  an  annuity  of  £1  per  annum  for  n 
years :  and  if  this  series  be  continued  to  infinity,  the 

sum  of  it,  or—,  will  express  the  present  value    of  the 

perpetuity  of  the  same  annuity.  The  principles,  on 
which  these  observations  are  founded,  have  been  fully 
explained  in  my  treatise  on  the  Doctrine  of  Interest 
and  Annuities ;  but  I  have  thought  it  necessary  to 
mention  them  here, in  order  to  prevent  circumlocution 
in  the  investigation  of  the  following  problems. 

§29.  In  life  annuities,  however,  the  rent  of  each 
year  is  to  be  received  only  on  certain  contingencies; 
consequently  the  present  values  above  mentioned 
must  be  diminished  in  proportion  to  the  probability  of 
receiving  them:  and  the  sum  of  such  values,  for  each 
successive  year,  will  be  the  total  present  value  of  the 
life  annuity  required.  Throughout  the  whole  of  this 
work  I  have  supposed  the  annuity  to  be  £1  per 
annum ;  in  which  case,the  present  value  deduced  will 
denote  the  number  of  years  purchase  that  such  annuity 
is  worth  :  and  which  being  multiplied  by  any  other 
annuity,  will  give  the  present  value  of  such  other  an- 
nuity accordingly. 
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PROBLEM  I. 

^  30*.  To  find  the  valuet  o^  a"  annuity  granted 
upon  any  number  of  lives  ;  that  is»  for  as  long  as  they 
shall  all  continue  in  being  together. 

SOLUTION. 

Let  A,  B,  C,  &c,  be  the  lives  upon  which  the  an- 
nuity is  granted  ;  and  let  the  probability  of  each  life 
continuing  1,  2,  3,  &c,  years,  be  as  denoted  in§  23; 
then  it  will  follow,  from  what  has  been  said  in  ^  24, 
that  the  probability  of  all  the  lives  continuing  to  the 

endof  the  first  year  will  be.lAl±l'    :    which,    being 

**  a  6  c  &c. 


*  This  fundamental  proposition,  upon  which  the  wholo  doctrine 
of  annuities  in  a  great  measure  depends,  may  be  found  in  most  authors 
who  have  treated  on  this  subject.  In  the  investigation  of  the  sub- 
equent  Problems  &  tlicir  Corollaries,  I  siiall  refer  to  the  similar  propositions 
in  the  works  of  the  tivo  following  authors  ;  viz.  Simpson's  Z>oc/rin0  of  Ati' 
nuitie*  and  Bevertiont  1775  ;  and  his  Supplement  to  the  same,  1791. 
De  Mt'tvere's  Doctrine  of  Chance*,  3rd  edit.  1760.  Dodscn's  Mathe- 
matical Repository.  Dr.  Price's  Obtervationt  on  Revertionary 
Payments,  Gtli  edit.  1803  Morgan's  Doctrine  of  Annuities  and 
Assurances  Philosophicat  Transactions  for  17QB,  1789,  1791,  1794,  and 
1800.  Whereby  the  reader  moy  the  more  reaJily  compare  them  together, 
and  judfc  of  the  respective  merits  of  ttic  rules  which  they  have  given  for 
tlie  (ulution  of  the  same. 

t  By  the  term  valutt  I  mean  the  nnmbcr  of  yeara  purchase 
that  the  annuity  is  worth,  agreeable  to  what  I  have  just  observed. 
This  mode  of  expression  will  be  used  throughout  the  preeeni 
work. 
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multiplied  byn+8j"~S  or  the   present  value  of  £1 

certain  to  be   received  at  the   end  of  one  year,  will 

/  /  / 

ab  c  &c. 

prod ucc^i _j_ ^^abc Ac.for  the  present  valueof  the  first 
year's  rent  ;  or  the  expectation*  of  receiving  such 
sum  on  the  contingency  that  all  the  lives  continue 
to  the  end  of  the  first  year.     In  like  manner,  since  the 

probability  that  all  the  lives  will  continue  to  the  end 

//  //  // 

a  b  c  &c. 

of  the  second  year  is  a  be  ike. ,  if  this  expression  be 
multiplied  by  (1+g)- a  ,  or  the  present  value  of  £1 
certain  to  be  received  at  the  end  of  two  years  it  will 

//  //  // 

ab  c  &c. 

produce  (Th-^F^TTT&'c-  for  the  present  value  of   the 

second  year's  rent ;  or  the  e.vpectation   of  receiving 

such  sum   on   the   contingency    that   all   the    lives 

will  continue  to  the  end   of  the  second  year.     By 

the  same  method  of  reasoning  it  will  be  found   that 
///  ///  III 

a  b  c  &c. 

"(1-1-5)3  a6c&c.5^'i^l    denote  the  present  value  of  the 

third  year's  rent ;  or  the  ea'pectation  of  receiving  such 

sum  on  the  contingency  that  all  the  lives  will  continue 

to  the  end  of  the   third  year.     And  in  this   manner 

we  must  proceed  for  all  the  subsequent  years  of  hu- 

1 

man  life,  the  sum  of  all  which  termsf,  or  -q  6  c  &c  + 

*See  Ch.  1   C  and  6. 

tWhen  the  sum  of  this  series  is  to  be  determined  in  numbers,  the  terms 
of  it  must  be  carried  to  the  extinction  of  the  oldest  life  C,  involved  in  the 
coiabination;    at  which  period  nil   the  subsequent  terms  vanish  because 

y,  y,  &c,  become  equal  to  nothing.  This  observation  will  apply  to  all  cases  of 
combined  livsi. 
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[ 


III  II  II  II  in  III  III  •  -\ 

abeift       ,      ab«t^  a  b  t  ^  a  fi  7  ^«  jU 

(li-  P)     "*■    ('-♦•?)•  "^   (l-f?)»  "^ (1+  ,^n   ,  ^"* 

be  the  total  present  value  of  the  annuity :  where  n 
in  this  case  denotes  the  number  of  years  between  the 
age  of  the  oldest  of  the  given  lives,  and  the  age  of 
the  oldest  life  in  the  table  of  observations. 


COROLLART.    I. 

^31.    Now,  when  only  one  life  A  isconcerned,  this 

p       /  II  ,11  —I 

J  o  a  a  J, 

series  will  be-— _  (i-»-;  +  {i-ti*  '*"(i+^J'*  "*■  I 

when  two   lives,    A   and  B  are  concerned,  it  will 

-    r'    ' '  " "  '" ",'  ~i 

V  1'         ah         .  a  b         .         a  b         .„ 

become-^  (7TF  +  TTT^  +  TTTT)' +  ^^  J- 
Hence,  if  we  make  the  italic  capitals  A,  By  C,  &c, 
to  denote  the  value  of  an  ammity  on  any  single  life  A, 
B,  C,  &c;  and  AB,  AC,  BC,  &c,  to  denote  t/ie 
value  of  an  annuiti/  on  any  two  joint  lives  AB,  AC, 
BC,  &c ;  and  ABC,  &c,  to  denote  the  value  of  an 
annuitj/ on  diuy  three  joint  lives  ABC,  &c :  then  in 
the  case  of  a  single  life,  we  shall  have 


a  a 


+  TTrm  +  &c    =  ^ 


H+g)*    ^     Il  +  ?J3 
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and  in  the  case  of  two  joint  lives,  we  shall  have 


ah 


ab 


1 
—  a  o         , 

+ 


if      ic 


(i+?)s 


II II 

a  • 


II  II 
b  e 


+ 


a    b 


(»-4-^) 


3  +  &C 


]= 


AB 


III  III 

a  c 


1 


+  &c 


=  AC 


III  III 

b  c 


zz  BC 
&c: 


&c  &c  &c 

and  in  case  of  two  joint  lives,  we  shall  have 


6  c 


//  '/  II 
a  b  c 


aftc  L_(l  -f  J) 
&C 


(l-*-2)"- 
&C 


+ 


///  ///  /// 
a  b   c 

&c 


+  &c 


]= 


ABC 

&c. 


COROLLARY    II. 

^  32.  Although  there  is  no  method  of  summing  up 
these  terms,  or  of  abridging  the  general  expression 
above  given  for  finding  the  value  of  annuities  on  sin- 
gle and  joint  lives,  but  each  respective  term  must  be 
actually  reduced  to  numbers,  and  the  whole  of  them 
added  tosrether  in  order  to  determine  the  total  value 
of  the  annuity;  yet  in  finding  the  valne  of  annuities 
on  a  number  of  single  or  joint  lives,  that  is  on  lives 
of  several  successive  ages,  the  process  may  be  con- 
siderably abridged  by  deducing  the  value  of  an  an- 
nuity on  the  next  younger  life  from  the  value  of  an- 
nuity on  a  life  or  lives  each  one  year  older.  For, 
let  ABC  denote  the  value  of  annuity  on  any  number 

of  joint  lives  A,  B,  C* ;  and  ABC  the  value  of  an 

III 

*  In  the  investigation  I  shall  confine  the  cose  to  three  Joint  lives :  but 
it  it  easy  to  ice  that  th«  method  is  general,  whatever  number  be  take*. 


Pr.   1.  ON    LIFB    ANNUITIES.  31 

on  the  same  number  of  joint  lives   each  one  year 

Younser  than  A,  B,  C  ;  and  \ci  a  be  &c  be  the  num- 

*       ~  III 

ber  of  persons  living  at  the  ages  of  those  younger 

lives,  as  found  in  any  table  of  observations :   then, 

1   I     III  II II II 

for  the  very  same  reason  that— r-  J11-.  4.  _«±L    4. 

«"*"«  +  &c     1=  ABC,  we  shall  have-4-     -^^   + 

_«ii_+_l*jL  +  &c~]=^BC.     Wherefore,  mul- 
tipiying  the  first  equation  by  j  ^c,  and  the  latter  by 

(l+o)  a  6  c,  we  have 

III 

JlL^yil-  +  &c  =  ABC  X  fl3c 

.J!AfL+_i±L+  &€=  i4£Cx  (l  +  2)fl6c— jk: 

whence  il £C(1 4- .)j6c  —  abc=  ABC  x  abc.     Con- 

III  III 

sequently  i4BC  =  (1  '\-ABC)  x  ~jt^\+2)"^  whence 

the  following  rule  for  finding  the  value  of  an  annuity 
on  any  singie  life,  the  principle  of  which  it  is  easy  to 
apply  to  the  case  o{  any  joint  lives.  Begin  with  the 
oldest  life  in  the  table  of  observations ;  add  unity  to 
the  value  of  an  annuity  on  that  life  (usually  equal  to 
0)  and  multiply  the  sum  by  the  expectation  of  a  life 
one  year  younger  receiving  £1  at  the  end  of  a  year; 
the  product  will  be  the  value  of  an  annuity  on  the 
life  one  year  younger:  this  value  being  substituted 
for  the  value  of  an  annuity  on  the  oldest  life,  and 
the  process  repeated,  will  give  the  value  of  an  an- 
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nuity  on  the  next  youngest  life :  and  so  on  till  we 
come  to  the  age  of  the  given  life".  Now,  though  the 
method  of  deducing  the  value  of  an  annuity  on  any 
given  life  by  means  of  this  foriiula  is  rather  more 
laborious  than  finding  the  numerical  value  of  each 
term  of  the  series  given  in  the  last  corrollary ;  yet 
the  present  formula  has  this  advantage,  that  the 
several  steps  of  the  process  give  the  values  of  an- 
nuities on  lives  of  all  the  ages  between  the  given  life 
and  the  oldest  life  in  the  table  of  observations : 
whence,  the  calculation  of  the  value  of  an  annuity 
on  lives  of  all  those  ages  becomes  scarcely  more 
troublesome  than  the  calculation  of  the  value  of  an 
annuity  on  the  youngest  life. 

^  33.  Example  1.  Let  it  be  required  to  find  the 
value  of  an  annuity  on  a  life  aged  90  years,  allowing 
interest  at  the  rate  of  5  per  cent  per  annum,  and  ac- 
cording to  the  probabilities  of  life  in  general  as 
observed  in  Sweden. 

The  value  of  an  annuity  on  a  life  aged  96  is  evi- 
dently equal  to  0 : 

aged  95,  =      (l+O)      +|-  X  -9524  z=  -4762 

94,  =  (I +  -4762)  X  |-  X  -9524  z=  -5624 

93,  =  (l-f5G24)  xfj  X  -9524  -  -6764 

92,  =  (1  +  -C7C4)  X  ^  X  -9524  =   -8303 

91,  zz  (1  +-8363)  X  H  X  '9524  zz  M129 


33 
33 
47 


90,  =(1  +  M129  X  g  X  -9524  =  1-4129 
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whence  it  appears  that  the  value  required  it  equal 
to  1-4129*. 


§  34.  Example  2.  What  is  the  value  of  aa  an- 
nuity on  the  joint  lives  of  a  man  aged  90,  and  a  wo- 
man aged  84  ;  reckoning  interest  at  4  per  cent  and 
the  probabilities  of  living,  among  males  and  females 
respectiveij/  as  observed  in  Swedeul 

By  beginning  with  the  oldest  life  in  the  table   of 

observations,  joined  to  another  whose  difference  of 

ago  is  6  years,  it  will  be  found  that  the  value  of  an 

annuity  on  two  similar  joint  lives  aged  95  and  89   is 

equal  to  0  : 

1    X  76 
94  and   88=       ("I+O)     X  4^  99    X'6915z=-1845 

4    X    99 

93  and    87=  CI+'1845)xio  x  129  X-9615=-34  6 

10  X    129 

92  ^ and    86=   (l  +  -3496)xi7  x  Jou  X-9615  =  -5827 

17  X    169 

91    and    85=  (l+-5827)x26  x  224    x '9615=7507 

26    x224 

90    and    84=(l+-7507)x3a~xaw   x'9615=-8629 

Whence,  the  value  of  the  annuity  required  is  equal 
to  -8629.1 

*  Dr.  Price  has  given  incorrect  values  for  annuities  on  Utsea  ia 
generaly  according  to  the  table  of  observations  for  Sweden.  See 
Obt.  on  Rev.  Yay.  vol.  ii.  p.  422.  He  has  taken  a  mean  between 
the  value  of  annuities  on  male  and  female  lives,  which  is  evidently 
erroncouif. 

X  In  Tables  XVII  to  XXIV  at  the  end  of  this  work,  i!he  values 
are  deduced    from    the    probabilities    of    living^    amo^^it     males    and 

F 
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§  35.  But  the  best  mode  of  computing  the  values 
of  annuities  is  by  means  of  logarithms  :  and  the  me- 
thod of  doing  this  will  be  sufficiently  evident  from  an 
inspection  of  the  formula  in  page  31,  and  from  the 
principles  which  have  been  just  laid  down.  For,  since 

ABCz:z(\-\-A  BC)  X  ^77(1  +  8  )-\  it  is  manifest 

III  III         III 

that  Log.  ABCzzluO^.a  +  Log.  b  +Log.  c  +  Log. 

(1+9)-'+  Log.(l  +  ABC)  — [Lo^.  a  +  Log.  b  + 

Log.  c]  :  whence  the  calculations,  which  appear  so 
laborious  and  intricate  when  2  or  3  joint  lives  are  in- 
volved, are  reduced  to  the  simple  operationsof  addi- 
tion and  subtraction. 

§  .30.  In  calculating  the  values  of  annuities  ac- 
cordingto  this  methoj,  the  following  directions  should 
be  observed.  Begin  wiih  the  oldest  life,  C;  and 
write  down  horizontally  on  a  paper  (divided  into  co- 
lumns as  in  the  annexed  specimen)  the  logarithms  of 
the  number  of  persons  living  at  the  end  of  n,  {n — 1), 
(w— •2),  &c,  years  from  birth  ;  n  denoting  the  number 
of  3  ears  between  biii/raud  the  age  of  the  oldest  life  in 
the  table  of  observations.  Then,  proceeding  to  the  next 
oldest  life  B, writedown  in  asimilarmanner.under  the 
former,  the  logarithms  of  the  number  of  persons  living 

females  collectively  :  but  it  would  be  very  desirable  to  hare  tables 
of  the  values  of  annuities  on  joint  lives,  where  the  ages  of  the  two 
sexes  are  distinct  from  each  other.  See  the  note  to  the  second  esampi* 
in  Question  lY,  Chapter  XII. 
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at  the  end  of  («— A),  («— A— 1),  (n— A— 2).  &c. 
years  from  birtii :  A  denoting  the  difference  of  age 
between  B  and  C.  And  so  on  to  the  next  oldest 
life,  according  to  the  number  of  joint  lives  required. 
Add  these  several  perpendicular  values  together,  and 
write  down  under  each  of  them  the  logarithm  of 
(1  f  s)''.  This  being  done,  the  subsequent  opera- 
tions become  extremely  easy,  as  will  sufficiently  ap- 
pear from  the  following  specimen,  which  shows  the 
method  of  obtaining  the  values  of  annuities  on  two 
joint  lives  of  all  ages  whose  difference  of  age  is  10 
years ;  reckoning  interest  at  4  per  cent,  and  the 
probabilities  of  living  as  at  Northampton. 
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§  37.  In  taking  out  these  logarithms  from  the 
Tables,  the  decimal  \mt is  only  arc  to  be  retained  :  and 
the  same  observation  will  apply  to  the  addition  and 
subtraction  of  the  logarithms  in  the  specimen.  No 
error  is  likely  to  arise  from  thus  omitting  the  index, 
because  in  the  last  logarithms  resulting  from  the  pro- 
cess (and  which  are  the  logarithms  of  the  values  of 
the  annuity  required  in  line  L)  the  index  when  posi 
tive  never  exceeds  1  ;  and  when  negative  it  cannot 
well  be  mistaken. 

In  every  column,  the  number  in  the  lines  D,  E,  F, 
G,  H,  I,  K,  L,  show  the  process  for  finding  the  vaiue 
of  the  annuity  :  and  are  all  that  are  required  (or  that 
purpose.  The  last  line  L  shows  the  logarithms  of 
such  values  :  and  the  natural  numbers  corresponding 
to  those  logarithms  (that  is,  the  true  values  of  the 
annuity  required)  are  set  down  in  the  line  S.  The 
reason  for  their  being  thus  kept  detached  will  appear 
in  the  sequel ;  when  I  come  to  notice  the  subsequent 
lines  M,  N,  O,  P,  Q,  R  ;  and  which  for  the  present, 
we  must  suppose  not  to  be  in  existence.  ' 

§  38.  This  specimen  may  be  accommodated  to 
the  calculation  of  the  values  of  annuities  on  single 
lives,  by  striking  out  the  logarithms  in  the  line  £  and 
F.  Or,  it  may  be  accommodated  to  the  calculation 
of  the  values  of  annuities  on  any  three  joint  lives 
ABC,  if  to  the  logarithms  in  the  lines  D  and  E  we 
add  (in  order  to  obtain  the  line  F)  the  logarithms  of 
the  number  of  persons  living  at  the  end   of  (n — S), 
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(n — 8 — 1),  {n — 8 — 2),  &c  years  from  birth  :  8  de- 
noting the  difference  between  the  age  of  A  and  C. 
Hence  it  is  evident  that,  by  this  method  the  compu- 
tations of  the  values  of  annuities  on  any  twOy  three, 
or  four  joint  lives,  are  nearly  as  easy  as  the  compu- 
tations of  the  values  of  annuities  on  any  single  lives  : 
and  that  the  principal  labour  will  consist  in  taking  out 
the  logarithms  of  the  number  of  persons  living  at  tiie 
respeciive  ai^es  ;  and  in  Hnding  the  natural  numbers 
corresponding  to  the  values  in  the  line  L. 

§  39.  It  is  obvious  that  an  error  in  any  one  of 
the  numbers  will  cause  an  error  in  all  the  subsequent 
numbers  :  and  therefore  since  the  detection  of  an 
error  at  the  end  of  the  process  might  be  attended 
with  infinite  trouble,  it  would  be  a- great  satisfaction 
to  be  enabled  to  prove  the  accuracy  of  the  numbers 
in  each  column,  as  we  go  on.  A  method  of  doing 
this  has  been  pointed  out  by  Mr.  Morgan,  in  his 
Doctrine  of  A?uiuiteis,  &c,  page  58  ,  from  which  I 
have  deduced  the  following  rule. 

§  40.     In  the  horizontal  line    M  write   down  the 

logarithms   of  (H-S)-(  » i)>  (1+8)  -n-^-2), 

(l+g)-n— a— 3),  &c*  :   8  denoting    the    difference    of 


•     The  best  and  most   expeditious    method   of    findin*   the     subse- 
quent   logarithms    of    these    quantities,  after  having  obtained  the   io- 

garithmof(I-».^)-^""^-^^*      '"    '°     *^^      ^^"•"*      ***'     ^**""'"" 


Pr.  1.  ON    LIPE    ANNUITIES.  39 

age  between  the  oldest  and  the  youngest  life  involved 
Add  these  to  the  logarithms  in  the  lincK  and  set  down 
the  sum  of  them  in  the  line  N  ;  add  them  also  to  the 
logariihmsin  the  line  I,  and  set  down  the  sum  of 
these  in  the  line  O.  Next  take  out  the  natural  num. 
bers*  to  the  logarithms  thus  set  down  in  the  lines  N 
and  O  ;  and  place  these  in  the  lines  P  and  Q  rcspec. 
tively.  Then  if  the  natural  number  in  the  line  Q,  in 
any  column,  is  equal  to  the  sum  of  the  natural  num- 
bers in  the  lines  P  and  Q,  in  the  preceding  column, 
all  the  values  thus  farhave  been  correctly  determined. 
But,  if  the  first  5  or  G  figures  of  such  number  in  Q 
donot  agree  with  the  first  5  or  G  figures  of  the  num- 
ber in  the  line  R,  in  the  preceding  column,  it  will 
show  that  there  is  some  inaccuracy  in  the  numbers 
cm\i\o^ ed  since  the  last  [ixooi :  and  consequently,  a 
revision  of  the  process/roM  that  point  becomes  ne- 
cessary."j* 


of  (1-^;)  for  cnch  succeeding  yr&r.  Tliu-i,  in  tlie  preccdipj 
specimen,  the  logariihm  of  (  1  -f.^)~r"— *— ^]«  or  [1043**,  in  rq<ial 
to  -652  i()61  ;  and  tlic  logaritlim  of  i  .04  is  iqual  tu  .0  I  7()3S>'<  ;  ilnri-toro 
.01  70333  added  continuully  tu  .552100  I,  will  {^ivcall  the  subiitqueut  vulucs 
in  tlie  line  M. 

*  In  crdcr  to  tnkc  out  tlicee  Icgaiitlinas  in  a  proper  manner,  it  migbt 
seem  necewary  to  retain  thi  indices  of  the  logarithms  throughout  the  whoU 
process  :  but,  after  a  short  trial,  thecomputist  will  find  that  be  is  not  likely 
to  be  led  into  any  error  by  omitting  tbem,  and  that  it  will  sare  much  tims 
and  labour  if  h«  reject  them  altogether. 

t  In  revising  the  process  here  alluded  to,  it  will  be  necessary  to  rzamint 
tb«  numbers  in  tbe  lines  N,  P,  R,  8,  in  the  preceding  column  ;  tbe  nuns- 
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"§  41.  Now  though  tlie  labour  of  computing  the 
values  of  annuities  on  any  lives  is  somewhat  increased 
by  this  method  ofproceeding.yetthe  additional  trouble 
is  more  than  compensated  by  the  satisfaction  which 
results  from  a  knowledge  of  the  accuracy  of  the  value^ 
obtained  ;  as  well  as  by  the  time  and  labour  which 
are  saved  in  consequence  of  detecting  every  error  as 
it  arises. 

§  42.  I  have  entered  thus  fully  into  the  best 
method  of  deducing  the  values  of  annuities  on  single 
and  joint  lives,  because  we  are  still  in  want  of  many 
accurate  tables  upon  this  subject,  not  only  to  complete 
those  we  are  already  possessed  of ;  but  more  particu- 
larly some  netoones  founded  on  the  probabilities  of 
life  in  this  country  as  observed  amongst  annuitants 
onlyy  and  also  on  the  probabilities  of  life  as  observed 
in  the  kingdom  at  large.  Such  tables  would  be  ex- 
tremely valuable  for  general  use  ;  but  the  trouble  of 
calculating  them,  even  with  the  aid  of  logarithms,  is 


bcrs  in  the  lines  D,  E,  F,  in  the  subsequent  column  ;  and  the  numbers  in 
the  lines  G,  H,  I,  K,  L,  M,  O,  Q,  in  the  column  where  the  proof  is  found 
to  fail. 

Dr.  Price  observes  {Ohs.  on  Rev.  Pay.  vol.  i.  p.  218)  that  in  calculating 
the  last  value  (that  is,  when  we  come  to  the  age  of  the  youngest  life  in  the 
table  of  observations)  this  proof  will  change  into  a  new  proof,  verifying  all 
the  precediiig  values.  This,  however,  is  not  the  case  :  the  rule  which  he 
has  given  for  this  purpose  is  still  the  same  proof  differently  worded  ;  and, 
in  common  with  each  proof  in  its  respective  column,  verifies  all  the  preced- 
ing values. 
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SO  great  that  few  individuals  (were  they  possessed  of 
sufficient  data,  whereon  to  proceed)  would  be  dis- 
posed to  undertake  so  laborious  a  task :  and  it  unfor- 
tunately happens  that  those  Societies,  whose  province 
it  seems  more  peculiarly  to  be  to  patronize  an  under- 
taking of  that  kind,  would  find  little  interest  in  giving 
the  public  any  additional  information  on  this  subject. 

^  43.  At  the  end  of  the  present  work  I  have  in- 
serted a  collection  of  all  the  tables  of  the  values  of 
annuities  on  single  and  joint  lives,  that  have  hitherto 
been  published*  :  from  which  the  computist  may 
select  such  as  appear  to  relate  more  particularly  to 
the  cases  laid  before  him.  Or,  he  may  occasionally 
make  use  of  them  all,  according  to  the  condition, 
situation,  and  circumstances  of  the  parties  concerned. 
The  use  and  application  of  these  tables  will  be  more 
fully  explained  in  the  last  chapter. 

COROLLARY    1X1.^ 

§  44.  By  means  of  the  general  expression  in  the 
problem,  for  finding  the  value  of  an  annuity  on  any 

•  Tables  V  to  XIII  are  (by  permission  of  Barron  Maseres)  taken  from 
his  valuable  Treatue  on  Annuities :  Tables  XVI  to  XXIV,  and  from 
XXVII  to  XLIV  arc  taken  from  Dr.  Price's  Obtervation*  on  Rev.  Pay. 
Yol.  ii.  edit.  1803:  Tables  XLVII  and  XLVIII  are  taken  from  Mr. 
Simpson's  TreaUte  on  Annuities.  Table  XLIX  is  taken  from  Mr. 
Dodson's  Mathematical  Repository,  vol.  ii :  and  Table  L  is  taken  from 
Dr.  Price's  work  above  mentioned. 

t   Price,  Note  (B).    Simpson's  Sup.  Prob.  13. 

G 
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given  lives,  we  may  determine  the  value  of  a  Deferred 
life  annuity;  tiiat  is,  of  an  annuity  which  is  not  to 
commence  till  the  end  of  a  given  number  of  years 
(z:w)  provided  the  given  lives  are  then  in  being,  and 
to  continue  from  that  period  to  the  extinction  of  such 
given  lives.     For,  let  A,  B»  C,  &c,  be  the  given  lives ; 


/   //   /// 


and  let  a,  a,  o,  a,  &c ;  /3,  /3,  /3,  /3,  &c  ;  y,  7,  7,  7,  &c;  &c 
denote  the  number  of  persons  living,  according  to  any 
table  of  observations,  at  the  end  of  w,  («  +  l),  (w  +  2), 
(w  +  3),  &c,  years,  from  the  several  ages  of  A,  B,  C, 
&c,  respectively,  as  explained  in  §  23  :  then  will  the 
value  of  an   annuity  of  the  lives  ABC  &c,  be  ex- 

)  i~  ' '  ' 

pressed  by  the  following  series  7y^-T^  X   ,    ah_ejio_ 

L    (1  +  ?) 

//  //  //  /// '/'  ///  I  L  '  ,       II  m  II 

a  b  c  S^c    j_    a  b  c  S^c     .  a  $y  S^e  a  p  y  S^c 

(1  +?)»  "^  (1+5)^  "*" (i+^y^"  "^  (1 +?)"+- 

Ill  III  III  I 

H-  "^y.'s   +  &c    ';  where  the  first  part  is  to  be 

continued  to  n  terms,  and  where  the  latter  part  (or 
that  which  is  deferred)  is  to  be  continued  to  the  ut- 
most extent  of  human  life.     Consequently  this  latter 

1  '      '      '     m  II   II   II 

,  . X  a^y  e^c  a  P  y  Sfc      , 

part,  or  the  series  abcS;c  (1+2)"^'       li+sr^'  "*" 

,;/   ///   /// 

7T-T-^^-^+&c  will  express  the  value  of  an  annuity 
to  be  entered  on*  at  the  end  of  n  years  ;  and  the  sum 

*  The  first  payment  of  which,  however,  will  not  take  place  till  the  end 
oi  the  («  T  1)"  year.    See  my  Doctrine  0/ Interest  and  Annuities,  p.  66, 

note. 
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of  which  I  shall  dtnote  by  (i4fiC&c)^.*  Now.  n 
we  have  tables  of  the  values  of  annuities  on  single 
and  joint  lives  of  all  ages,  we  may  easily  deduce  the 
value  of  this  series  (without  the  actual  calculation  of 
each  separate  term)  fivm  the  value  of  an  annuitj/  on 
the  satne  number  of  lives  each  n  t/ears  older  than  the 
given  lives.  .  For,  if  this  latter  value  be  denoted  by 
A'B'C'&Ct't  W6  shall  have,  according  to  the  prin- 


*  C«rc  should  be  taken  not  to  miatake  the  new  character,  here  introduce'I 
for  the  index  of  the  quantity  within  the  vinculum.  In  the  doctrine  of 
annuities,  the  notation  is,  in  several  instancct,  diffe  rent  from  that  of  the 
common  analysis  of  quantities  :  for  instance,  the  juxtaposition  of  tin:  letters 
ABCitC,  does  not  denote  the  multiplication  of  the  quant-ties  represented  by 
those  letters,  because  those  letters  jointly  represent  but  one  quantity  ; 
neither  docs  A  ,  as  used  by  Mr.  Morgan,  denote  the  drth  power  of  an 
annuity  on  the  life  of  A.  These  new  methods  of  notation,  after  a  proper 
explanation  do  not  cause  any  ambiguity  ;  as  will  be  readily  felt  by  those 
who  are  acquainted  with  the  Differential  and  Integral  Calculus  :  and  with 
respect  to  the  symbol  here  introduced,  I  would  observe  that  (eiinilar  to  the 
like  character  in  the  Differenlitil  Calculus)  it  does  not  altogether  represent 
a  quantity  but  merely  an  operation.  This  operation  consists  in  substi- 
tuting, for  th?  value  of  an  annuity  on  the  given  lives  within  the  vincuiaui, 
the  value  of  an  annuity  on  the  same  number  of  lives  each  older  by  the 
given  term,  and  in  multiplying  the  same  by  the  expectation  that  the  original 
lives  will  receive  £1  at  the  end  of  that  term. 


t  I  would  here  sbserve  that  I  denote  the  value  of  an  annuity  on  a  life  m 
Tears  older  than  A,  B,  C,  *c,  by  the  characters  A't  B't  C;  &t :  aod  on 
two  joint  lives,  each  n  years  older  than  AB,  AC.  BC,  &c  ;  by  the  charac- 
ters A'B*.  A'Cf't  B'C*  &c  :  .ind  on  three  juiut  lives,  each  n  years  older  than 
ABC,  fcc,  by  A'B'Of  *c. 
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ciples  laid    down    in    the    problem,  A'B'O  ^c  = 

1    X  r^^i-+«.?y^^^+|i%-+  &c1  :  therefore. 

multiplying  both  sides  of  this  equation  by   "^^^  . 
(1+2)-",  we  produce  ^"J^'C&c  x  l^(+2r"= 
{ABCkc)^  :  whence  the  following  general  rule. 


§  45.  Find  the  value  of  an  annuity  on  the  same 
number  of  lives,  each  as  many  years  older  than  the  given 
lives  as  are  equal  to  the  number  of  years  during  which 
the  annuity  is  defetTed  ;  find  also  the  ejcpectation*  of  the 
given  lives  j^eceiving  £1  at  the  end  of  that  term:  the 
product  of  these  two  quantities  will  be  the  value  ?'e- 
quii^ed.li 


*  The  expectation  of  receiving  any  sum  of  money  at  the  end  of  any 
given  terna  is  equal  to  the  present  value  of  such  sum  multiplied  by  the  pro- 
bability that  the  given  lives  will  continue  in  being  so  long  :  that  is,  equal  to 
a  /3  y  <Sfc 


a  b  c  S^c 


X  (1  +  ?)         See  Chap.  1.  §  5  and  6. 


t  The  periods  for  which  any  annuity  may  be  deferred,  and  the  variety 
of  ages  with  which  the  same  may  be  combined,  would  render  it  an  endless 
labour  to  compute  a  ta'ole  of  the  value  of  deferred  life  annuities  to  suit  every 
case.  Mr.  Baron  Maseres  has  given  a  partial  table  of  this  kind,  which 
shows  the  present  value  of  annuities,  on  single  lives,  to  commence  at  the 
end  of  thirty  years,  adapted  to  every  age  from  8  to  64  years,  founded  on 
M.  De  Parcieux's  tables  of  observations,  and  at  the  several  rates  of  85,  4. 
4^,  ftdd  5  per  cent  interest.    Sec  his  Doctrint  of  Annuitiety  p.  288  to  287. 
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For  examples  of  the  use  and  application  of  this  co* 
rollary,  see  question  VI  in  ("liaptcr  XII. 


COROLLARY    IV.* 


§  46.  By  the  help  of  the  series  in  the  last  corollary 
we  may  determine  the  value  of  a  Temporary  life 
annuity  ;  that  is,  of  an  annuity  which  is  to  commence 
immediately,  but  to  continue  only  for  a  given  number 
of  years  (ziw)  which  is  less  than  that  to  which  it  is 
possible  that  the  given  life  or  lives  may  extendf,  and 
then  to  cease.  For  supposing  every  thing  to  remain 
as  in  the  last  corollary,  it  is  evident  that  the  first  n 


terms  of  the  series  there  given,  or 


ab  c  S^e       L  (1  +  ?) 


a  b  e 

LTTT 


SiC 


//  H   //  lit  III  III  g  ^  y  4rc  ■"! 

ajbj^       a_b_c__  „    Kyjll    bg    tjjg 

0+2)*  ^  (1  +  P)'^ (14-?)  J 

value  of  the  temporary  annuity  required,  and  which 
I  shall  denote  by  (ABCkc)  'X      Now  by  means  of 

*  BimpsoD's  Sup.  Prob.  G.  De  Moivre,  Prob.  26.  Morgan,  Prob.  4. 
Dodson,  vol.  iii.  Qucs.  2,  7,  and  10. 

t  This  is  always  understood  in  cases  of  this  kind  :  and  it  may  be  here 
useful  to  remark  that  the  term  during  which  it  is  possible  any  given  life 
may  be  prolonged  is  equal  to  the  difference  between  the  age  of  that  life, 
and  the  age  of  the  oldest  life  in  the  table  of  observations.  In  the  case  of 
joint  lives,  it  is  equal  to  the  difference  between  the  oldest  of  such  joint  lives, 
and  the  age  of  the  oldest  life  in  the  table  of  observation*. 

X  Agreeably  to  what  has  been  said  in  the  note  in  page  4d,  the  reader 
must  be  careful  not  to  mistake  this  character  for  the  indeM  of  the  quantity 
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the  tables  above  mentioned,  we  may  easily  deduce  the 
value  of  this  series  without  the  actual  enumeration  of 
its  several  terms  :  for,  it  is  evident  on  inspection  that 
the  value  of  the  first  n  terms  of  the  series  in  the  last 
corollary  is  equal  to  the  value  of  the  whole  series 
minus  the  sum  of  all  the  terms  after  the  n^^  term. 
But  the  sum  of  all  the  terms  after  the  w^'^  term  has 
been  found,  by  the  last  corollary,  to  be  equal  to 
{ABCkc)  :  consequently  the  sum  of  the  first  n  terms 
is  equal  to  ABCScc — {ABC&c)^ ;  whence  the  fol- 
lowing rule. 

§  47.  Find  the  value  of  an  annuity  on  the  given 
lives  deferred  during  the  given  period,  and  deduct  this 
value  from  the  value  of  an  annuity  on  the  given  lives : 
the  difference  will  be  the  value  required. 

For  examples  of  the  use  and  application  of  this 
corollary,  see  Question  VII  in  Chapter  XII. 

COROLLARY    T. 

§  48.  By  a  similar  method  of  reasoning  we  may 
find  the  value  of  a  Deferred  and  Temporary  life  an- 
nuity ;  that  is,  of  an  annuity  which  is  not  to  com- 
mence till  the  end  of  a  given  number  of  years  (=w,) 

within  the  vincalum.  For,  the  symbol  here  introduced  denotes  also  rather 
an  operation  to  be  performed  :  and  which  operation  consists  in  substituting, 
for  the  original  quantity,  the  difference  between  such  quantity  and  the  new 
one  found  by  the  method  laid  down  in  the  note  above  alluded  to. 
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and  tlicn  to  cuiitinue  only  during  another  period  (zzv,) 
which  is  less  than  that  to  which  it  is  possible  the  given 
lives  may  then  be  prolonged.     And,  from  what  has 
been  said  in  the  third  corollary,  the  truth  of  the  fol- 
lowing rule  will  be  evident. 

\  49.  From  the  value  of  an  annuity  on  the  given 
iives,  deferred fo  the  term  n,  subtract  the  value  of  the 
same  annuity  on  such  lives,  deferred  for  the  term 
(w  +  v) :  the  difference  will  be  the  sum  of  the  required 
V  terms  of  the  series,  or  the  value  of  the  annuity 
proposed. 


COROLLARY    VI.' 

^  50.  If  the  annuity  is  to  be  enjoyed  for  a  term  cer- 
tain (=w)»  ^"^  ^^^^'"  ^^^^  during  the  continuance  of 
any  given  lives,  its  value  will  be  expressed  by  the  fol- 

lowing  series  jj^^  +  (TT?T^  +  (T^  +••  ,7^  + 


'   hi   '  "  i's  "  '"  A"  '"  "~1 

»"*«  (,+,)■-+'    +    (!+,)»+•+  (!+»)»+'         J 

But,  the  first  n  terms  of  this  series,  or  jr:^  +  nj^.^ 

4.  —L—  4.        _1_ ,  are  equal  to  ^-<^  +  g>'""    q^ 

to  the  present  value  of  an  annuity  of  £1  per  annum 
for  n  years ;  and  the  remaining  part  of  the  series  is, 

•  Mor^n,  Prob.  15. 
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by  the  third  corollary,  equal  to  (ABCkc)^  :  whence 
the  following  rule. 

§51.  To  the  present  value  of  an  annuity  certain 
for  the  given  term,  add  the  value  of  an  annuity  on  the 
given  lives  deferred  for  that  term  :  the  sum  will  be 
the  answer  required. 

For  examples  of  the  use  and  application  of  this  co- 
rollary, see  Question  XXII  in  Chapter  XII. 


COROLLARY     VII. 

§  52.  If,  in  the  general  expression  for  the  value 
of  an  annuity  on  a  single  life  A,  we  suppose  §  to 
vanish,  or  that  money  does  not  bear  any  interest ; 
then  will  such  expression  be  reduced  to  the  series 

.— (fl  +  fl[+a+  &c),  and  which  is  the  value  of  an  an- 
nuity on  the  life  A  considered  as  a  yearly  annuitant 
without  interest  of  money  :  whence  the  following  rule. 
Divide  the  sum  of  all  the  living,  at  every  age  after  the 
age  of  the  given  life,  by  the  number  of  persons  living 
at  that  age ;  and  the  quotient  will  be  the  value  re- 
quired. 

In  a  subsequent  chapter  I  shall  show  that  we  must 
add  :|  or  f  to  the  value  thus  found,  in  order  to  obtain 
the  value  of  a  similar  annuity  on  the  life  A  considered 
as  a  half  yearly  or  ^'war^e?'/?/ annuitant*  :  but  when 

*  See  Chapter  X. 
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the  lite  is  considered  as  a  immtentltf  nniuiitant,  we 
nuist  add  ^  to  such  value.  In  this  last  ca»e  the  re- 
quired value  Coincides  with  tlie  wuns  of  the  probabi- 
lities that  such  life  will  attain  to  the  end  of  the  !»',  2'"', 
3'J,  &c,  moments  from  the  present  time  to  the  end  of 
its  possible  existence  :  and  is  the  same  with  what  is 
denominated,  by  writers  on  this  subject,  the  ETpecta- 
tion  of  Life  ;  or,  tlie  number  of  years,  which,  taking 
lives  of  the  same  age  one  with  another,  any  one  of 
those  lives  may  be  considered  as  sure  of  enjoying ; 
those  who  live  bei/o/ui  that  period,  enjoying  as  much 
ffiorc  in  proportion  to  their  number,  as  those  who  fait 
short  of  it  enjoy  /c.v.v.  Consequently  the  rule  for 
finding  the  Expectation  of  Life  will  be  as  follows. 

§  53.  Divide  the  sum  of  all  the  livif/g,  at  every 
age  after  the  age  of  the  given  life ;  by  the  number  of 
persons  living  at  that  age  :  half  unity  added  to  the 
quotient  will  be  the  value  required. 

§  54.  Aswemay  sometimes  have  occasion  to  deter- 
mine this  value  in  order  to  compare  the  probabilities  of 
life,  or  the  values  of  annuities,  according  to  different 
tablesof  observations,  as  well  as  for  various  purposes  of 
aproxiniation  to  be  explained  hereafter,  I  have  here  in- 
serted the  rule  for  finding  such  values  accordingto  any 
table  of  observations.  But  in  Table  II  at  the  end  of 
the  present  treatise,  I  have  given  the  Expectation  of 
Life  for  eyery fifth  year  as  deduced  from  the  several 

tables  of  observations  mentioned  in  page  9  :  and  io 

a 
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Tables  IV,  XV,  XXVI  and  XLVI,  1  have  given  the 
Expectations  of  Life  for  every  year  as  deduced  from 
the -tables  of  observations  immediately  preceding.* 

PROBLEM  Il.f 

§  55.  To  find  the  value  of  an  annuity  granted 
upon  the  longest  of  any  number  of  lives  ;  that  is,  for 
as  long  as  any  one  of  them  is  in  existence. 

SOLUTION. 

Let  A,  B,  C,  &c,  be  the  lives  upon  which  the  an- 
nuity is  granted,  and  let  the  probability  of  each  life 
continuing  1,  2,  3,  &c,  years,  be  as  denoted  in  §  23  : 
then,  the  probability  that  some  one  or  other  of  these 
vi^ill  live  to  the  end  of  the  first  year  will  (by  §  26)  be 

expressed    by    1 — (1 — — )  x  (I — ^)  x  (1 — ^x  &c 

II  I         I  I        I  I  III 

^^_  d    ,    b     ,    c    ,      o  o  b         a  c         be  o         ,    a  b  c    , 

— \-~-\ h    &C r 1 &C  H 7- + 

a       b         c  a  b        a  o        be  a  be 

&c  ;  which,  being  multiplied  by  (1  +2)  S  or  the  pre- 
sent value  of  £1  certain  to  be  received  at  the  end  of 
one  year,  will  give  the  present  value  of  the  first  year's 
rent  or  the  ei'pectation  of  receiving  such  sum  on  the 

*  I  would  here  observe  that  according  to  the  hypothesis  of  M.  De  Moivre 
which  will  be  explained  hereafter,  -the  expectation  of  any  single  life  is 
equal  to  ha]f  the  complement  of  that  life  :  consequently  the  Complement 
of  any  life  is  equal  to  twice  the  Expectation  of  that  life.  This  mode  of  ex- 
pression is  sometimes  used,  even  when  speaking  of  values  deduced  from 
real  obseivat'ions. 

t  Simpson,  Prob.  2.  De  Moivre,  Prob.  4  and  6.  Dobson,  vol.  ii. 
Ques.  76  to  86  :  vol.  iii.  Ques.  14. 
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contingency  that  any  one  of  the  lives  continues  to  the 
end  of  the  first  year.  In  like  manner,  since  the  pro- 
bability that  some  one  or  other  of  the  lives  will  live 

to  the  end  of  the  second  year  is  1 — (I —  ^  )  x  (1  ^  ) 


//  /* 


X  (  1—  i- )  X    &c  =-  +  x  +  -*c 

^  /•   '  /I  ft     '     « 


a  b       ac       be 
b  ^^  c****  a  b        a        be 


—  &c  -r-  -^  +&C  ;  it  follows  that  if  this  expression 

be  multiplied  by  (1  f  g)  *,  or  the  present  value  of  £1 
certain  to  be  received  at  the  end  of  two  years,  it  will 
give  the  present  value  of  the  second  year's  rent,  or  the 
expectation  of  receiving  such  sum  on  the  contingency 
that  some  one  or  other  of  the  lives  will  live  to  the  end 
of  the  second  year.     By  the  same  method  of  reason- 

ing  it   will   be  found  that   1— (1— -1)  x  (1— y) 


(l-i.)  X  &c  =  ^+  *  +±+&c- 

^  •   ■'  a  b     '     c 


III  III    III  III    III  III 
a  b     a  e     be 

a  b     ac      be 


III  III  III 
a  b  c 


—  &c  +  f^  +  &c.  —  being  mulitipled  by  (1  +3)"  , 

will  give  the  present  value  of  the  third  year's  rent,  or 
the  expectation  of  receiving  such  sum  on  the  contin- 
gency that  some  one  or  other  of  the  lives  will  live  to 
the  end  of  the  third  year.  And  so  on  for  all  the  sub- 
sequent years,  to  the  utmost  extent  of  human  life : 
the  sum  of  all  which  expectations,*  or  the  series. 

*  When  the  ages  of  the  gircn  lives  differ,  the  namber  of  terms  com* 
posing  those  screrul  scrios  will  also  differ  :  but,  I  would  here  observe,  once 
for  all,  that  in  every  case  of  combined  lives  the  terms  must  be  continued  to 
the  extinction  of  the  oldest  life  in. 


rzrr 
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II  I  I         I  ,>       I  I  III  I 

—  H h  &c J r &c+-r-4-occ  rt- 

6e  a  b      a  c      b  c  ub  c^^         _| 

a    ,    h    ,    c    ,     n  ab      ac      be        «  a  be        o  , 

'_«6c'  ab      a  e      be  '  abe  _J  * 


I        ///  ///  ///  /;/  ///         //;  //;         /"  /"  iiiiiiiu  ] 

Ut-  ^;8^  a        6'c  a  b      a  c       a  c  ab  e  _J 

&c  &c  &c 

will  be  the  total  present  value  of  the  annuity  required. 


§  56.  But,  the  first  collateral  coUumn  in  this  ge- 
neral expression  denotes  the  value  of  an  annuity  on 
the  life  A  ;  the  second  denotes  the  value  of  an  an- 
nuity on  the  life  B  ;  the  third  denotes  the  value  of  an 
annuity  on  the  life  C  ;  &c.  In  liketnanner,  the  fourth 
fifth  and  sixth  collateral  columns  denote  the  values  of 
an  annuity  on  the  joint  lives  AB,  AC,  BC,  &c,  re- 
spectively :  and  so  on.  Whence,  if  we  substitute  for 
these  respective  values  the  characters  mentioned  in 
Prob.  I.  cor.  1,  the  whole  expression,  or  the  sum  of  all 
the  terms  in  the  above  series,  will  become  equal  to 
A+B^C^kc  —  AB  —  AC—BC—^c  -^  ABC-^ 
&c  :  consequently,  the  value  of  an  annuity,  to  continue 
as  long  as  any  one  of  the  given  lives  is  in  existence,  is 
equal  to  the  sum  of  the  values  of  an  annuity  on  all 
the  single  lives,  m'uiiis  the  sum  of  the  values  of  an 
annuity  on  all  the  joint  lives  combined  two  and  two, 

volvcd  in  the  combination  ;  or  universally,  each  series  must  be  continued 
till  the  terms  vimisli,  \\\\\c\\  will  Iiujipcn  when  either  of  the  lives  involved 
in  such  series  has  arrived  at  the  extremity  of  human  life. 
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plui  the  sum  of  the  values  of  an  annuity  on  all  the 
joint  lives  combined  three  and  three,  minus  the  sail 
of  the  values  of  an  annuity  on  all  the  joint  lives  com- 
bined four  and  four  ;  and  so  on.  Therefore,  when 
the  values  of  an  annuity  on  the  single  and  joint  lives 
are  given,  the  value  of  an  annuity  on  the  longest  life 
may  be  very  easily  determined  :  and  for  the  sake  of 
a  more  convenient  reference,  I  shall  take  L  to  denote 
the  value  found  by  this  rule  ;  the  number  of  lives, 
which  it  is  intended  to  represent,  being  always  ex- 
plained when  the  character  is  used. 

For  examples  of  the  use  and  application  of  this 
problem,  see  Questions  VIII  and  IX  in  Chapter  XII. 

COROLLARY   I.* 

§  57.  If  the  lives  are  all  equal,  or  of  the  same 
age  A,  and  their  number  be  represented  by  n  ;  then 
the  probability  that  some  one  or  other  of  such  lives 
will  continue  to  the  end  of  the  first,  second,  third, 
&c,  years  respectively,  will  be  severally  denoted  by 

an  an  an 

1-(1-— )'1-(1-— )»l--('-— )>&c.  Let 

these  quantities  be  severally  expanded  by  means  of 
the  binomial  theorem,  in  order  to  reduce  them  to 
simple  terms,and  then  be  respectively  multiplied  into 
the  present  value  of  £i  due  at  the  end  of  those  years ; 
the  sum  of  them,  or  the  series 

*  Dod»oD,  vol.  ii.  Qucs.  78,  85  au J  86  :—Yv\.  iii.  Que*.  11. 


TOg 
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—  y  '    /  $   I   t  -  I 

£_ ^^  a         n.(n — l)aa-|_n.(n — 1)     n — 2aaa — &c    | 

(l-^^)     n.~;r — ~2       "T^  2        •      3     aaa  H" 

}_J~n.    "  n(n— l)aa      n.(n— ),n— 2    aag SccH, 

///  ///  /// 

(l-j-o)',  a  2      •  aa  2  3*     aaa  P" 

&C  &C  &C 

will  be  the  total  present  value  of  the  annuity  required. 

§  68.  Whence  (if  we  take  AA,  AAA,  &c,  to  de- 
note the  value  of  an  annuity  on  two,  three,  &c,  equal 
joint  livesj  it  is  manifest  that  the  value  of  an  annuity 
on  the  longest  of  any  number  of  lives,  all  equal  to  A 

n.(n — 1)  ji.(n — 1)  ^n — 2 

will  be  ?iA— — 2 AA-^—2 •— 3— ^^^— &c. 

Therefore  if  the  number  of  lives  be  two,  this  ex- 
pression will  become  2A — AA  ;  if  three,  it  will  be- 
come 3 A — SAA-\-AAA  ;  if  four,  it  will  become 
4A — 6AA-\-4AAA — A  AAA  ;  and  so  on. 

For  examples  of  the  use  and  application  of  this  co- 
rollary, see  Question  VIII  in  Chapter  XII. 


COROLLARY  II 


.* 


§  59.  If  we  wish  to  determine  the  value  of  an  an- 
nuity on  the  longest  of  any  number  of  livesf  ,Z)<?/erredf 


*   Dodson,  vol.  Hi.  Ques.  13  15. 

+  The  investigations  in  the  present  corollary  are  confined  to  the  case  of 
three  lines  :  but  it  is  easy  to  apply  the  sams  method  of  reasoning,  whatever 
be  the  number  oflives  involved. 
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for  a  given  term  r=  n),  it  will  be  evident  (from 
what  has  been  suid  in  Prob.  I,  cor.  3)  that  the  several 
perpendicular  series  in  page  52  must  not  commence 
till  after  the  w'*'term  ;  and  thence  be  continued  to  the 
utmost  extent  of  human  life.  Consequently,  there- 
quired  value  of  such  deferred  annuity  will  be  equal  to 

d  d  d  d  d  d 

(^)    +(B)   4-(C)  -(AB)  -r^C;-(BC)  + 

d 
(ABC)  :  an  expression  which  I  shall,  for  the  sake  of 

d 
a  more  convenient  reference,  denote  by  (L).     Now 
if  for  each  of  these  several  quantities  we  substitute  its 
corresponding  value,  agreeably  to  the  principles  laid 

d 
down  in  page  44,  the  formula  denoted  by  (L)  will  be 

a  —n  _fi_  —n 

come  equal  to  i4' X  «  (I+2)  -i-B'X  b  (1 +§)  + 
C-xT-(l+2;  "—A-BTxTT  (1+2)    "  —A-O    x 

a  y  — n  /3  y  — n  a  /3  y 

Tr(l+8)     — £»ex-6T(l+?)        +A'RO  X  -^jz 

—n 

(1+?)  '  which  is  an  expression  more  convenient 
for  practice  ;  and  from  either  of  which  we  deduce  the 
following  rule. 

§  60.  Substitute  the  values  of  deferred  annuities 
on  the  single  and  joint  lives ,  in  the  general  rule  in 
the  problem,  instead  of  the  values  of  annuities  on  the 
whole  continuance  of  those  lives;  and  proceed  with 
these  substituted  values  according  to  the  directions  given 
in  such  rule :  the  result  will  be  the  answer  required. 
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For  examples  of  the  use  and   application    of  this 
corollaiy,  see  Question  XI  in  Chapter  XII. 


COROLLARY  III. 

§  Gl.  If  an  annuity  on  tiie  longest  of  any  num- 
ber of  lives,  deferred  for  any  given  term,  depends  on 
the jr'oiw/ continuance  of  all  those  lives  to  the  end  of 
that  term  ;  the  value  of  it   will   be  equal   to    L"  x 

n  P  y  71 

«Tr  (1+  8 )  •  ^^^^^  ^s»  equal  to  the  value  of  an  an- 
nuity on  the  longest  of  the  same  number  of  lives,  each 
older  by  the  given  term  than  the  given  lives,*  multi- 
plied by  the  expectation  that  the  Joint  lives  shall  re- 
ceive £1  at  the  end  of  that  term  ;  and  this  case  must 
be  carefully  distinguished  from  the  onemenlioned  in 
the  preceeding  corollary. 


d 

*    Upon     the    same    principal   that     I   have   taken  (ABC  &c.)     and 

t 
(ABC&c)   ,  in  Prob.  I,  cor.  3  and  4,  to  denote  the  value  of  a  deferred  and 

d  t 

temporary  annuity  on  the  joint  lives  ABC&c,  I  sliall  take  (L)  and  (L)  as 

tlie  expressions  for  the  value  of  a  deferred  and   temporary  annuity   on   the 

longest  of  those  lives.      Having   also    taken  A"  B"  C   &c  to   denote   th© 

tftluo  of  an  annuity  on  the  same  number  o?  joint  lives,  each   older  by   the 

given  t«rui  than  the  lives  ABC  &c,  I  shall  in  like  manner  take   L"  as   the 

expression  for  the  value  of  a  similar  annuity  on  the  longest  of  such    lives» 

This  method  of  notation  will  be  found  very  convenient  in  many  of  the  sub. 

asequcnt  problems  :  and,  being  very  simjde  in  its   principle,  will    not  cause 

aoy  confusion  or  intricacy  from  its  novelty*     The   number  of  lives  denoted 

by  L  will  be  always  mentioned  whenever  the  character  is  used  ;  as   I   have 

have  already  observed  in  page  53. 
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For  examples  of  the  use  and  application  of  this  co- 
rollary, see  the  Scholium  to  Question  XI  in  Chapter 
XII. 


COROLLARY  IV. 

§  G2.  Having  found,  by  means  of  the  second  co- 
rollary here  given,  the  value  of  a  deferred  annuity  on 
the  longest  of  any  number  of  lives,  we  may  easily  de- 
termine the  value  of-  a  Temjyorary*  annuity  on  the 
longest  of  such  lives  :  it  being  nothing  more  than  the 
difference  between  the  value  of  such  deferred  annuity 
and  the  value  of  a  similar  annuity  on  the  whole  con- 
tinuance of  the  lives,  as  found  by  the  problem.    That 

d 
is,  the  formula  L — (Z)   will   in  all  cases  denote  the 

value  of  such  temporary  annuity  :    similar   to  what 

takes  place  with  respect   to  joint   lives,  as   already 

explained  in  page  46. 

For  examples  of  the  use  and  application  of  this 
corollary,  see  Question  XII  in  Chapter  XII. 


*  That  i*,  of  an  annuity  which  is  to  commence  immediately,  but  to 
continue  only  during  a  pivcn  number  of  years  (=n)  which  is  less  than  that 
to  which  it  is  possible  ei7A«r  of  the  given  lives  may  extend.  Therefore 
such  term  must  not  be  greater  than  the  difference  between  the  age  of  the 
youngest  life  involved,  and  the  age  of  the  oldest  life  in  the  table  of  obser- 
vations :  for,  in  such  case,  the  value  is  found  by  the  P^blcm.  S^e  what 
has  been  said  respecting  single  and  joint  lives  in  the  note  in  page  45. 

I 
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PROBLEM   III.* 

§  63.     To  find  the  value  of   an   annuity  granted 

upon  any  number  of  lives,  but  to  continue  only  as 
long  as  any  number  (z=  n)  of  them  are  in  being  to- 
gether. 

SOLUTION. 

Let  the  lives  on  which  the  annuity  is  granted  be 
A,  B,  C,  &c  :  and  the  probability  of  each  life  con- 
tinuing 1,2,  3,  &c,  years  be  as  denoted  in  ^23.  Now 
if  we  confine  this  case  to  that  of  an  annuity  granted 
upon  three  lives,  and  to  continue  as  long  as  any  two 
of  them  (viz.  AB,  AC,  or  BC)  are  in  being  togetherf, 
it  is  evident  that  the  chance  of  an  annuity  being  re- 
ceived in  any  one  year  will  depend  upon  either  of 
these  four  different  events  :  Pthat  all  the  lives  con- 
tinue in  being  together  to  the  end  of  that  year,  the 

III 
probability  of  which  in  the  first  year  is  |y^  :  2°  that 

A  and  B  are  then  alive  and  C  dead,  the  probability 

of  which  in  the  same  year  '^s-~-  x  ( 1 — —  )  :   3**   that 
A  and  C  are  then  alive  and  B  dead,  the  probability 

or  which  in  the  same  year  is  ^x  (1 — |-) :   4°  that 

*  Simpson,  Prob.  3.  Morgan,  Prob.  7.  Dobson,  vol.  ii.  Ques.  87. 
t  All  the  cases  of  ttco  lives,  and  likewise  the  remaining  cases   of  thrt§ 
liv9Sf  may  be  solvtd  by  means  of  the  preceding  problems. 
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B  and  C  are  then  alive  and  A  dead,  the  probability 

of  which  in  the  same  year  is-^  x  (1  —  — ).  The 
sum  of  all  these  chances,  therefore,  or  -^^  -f  -^  x 

I  II  I  II  I  II         It 

{ 1 ]  H X  (1  -  -r)H--r—  x  (  1 )=— r-H 1- 

V  c*        at        ^  6'       6c        ^  o'       a6    '    ao 

|i — Ll^  being  multiplied  by  (I  +g)-^  will  give  the 
present  value  of  the  first  year's  rent,  or  the  expecta- 
tion of  receiving  such  sum  on  the  contingency  that 
any  two  of  the  original  lives  will  outlive  the  first  year 

By  a  similar  method  of  reasoning  it  will  be  found  that 

//  II      II II      II II        II  II  II 

Tb'^irr'^  Vc  ^a  n-"^"^^^P^^^^  by(^  +2)-  will  give 
the  present  value  of  the  second  year's  rent,  or  the 
expectation  of  receiving  such  sum  on  the  contingency 
that  any  two  of  the  original  lives  will  outlive  the  se- 

*//  ///  /;/  ///  III  III  III  III  lit 

cond  year.  Also  that^+-^+-ii — i^multiplied 

•'  a  b        a  c       b  c  a  b  e  -^^ 

by  (1  +?)'' »  will  give  the  present  value  of  the  third 
year's  rent ;  and  so  on,  for  all  the  subsequent  years  to 
the  utmost  extremity  of  human  life ;  the  sum  of  all 
which  expectations,  or  the  series 


(l+9r  ^ 
(1  +  8)-*  X 


'-"1 


a6  ,  oj;  ,  be      2abc 


ab      ae      bo         a6c_J. 

//  //      //  //      //  //         //  II II    \ 

ab  ,  oc  ,  b  e      2  ab  e 
—  -f'  -—  -i«  _.^— ^____ 

.a  b      ac      be         a  be 


Cm  III  III  III  III  III  III  III  III     j 

±b        ae^       ae___2ab^c 
ab    *    ac    *    ac  ab  c  _J 

will  be  the  total  present  value  of  the  annuity  required. 
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§  64.  But,  if  we  take  the  value  of  each  perpen- 
dicular series,  as  in  the  last  problem,  and  substitute 
the  characters  given  in  Prob.  I,  cor.  1,  the  above  ex- 
pression will  become  AB  +  AC  +  BC  — 2  ABC: 
whence  the  following  rule  for  this  particular  case. 
From  the  sum  of  the  values  of  an  annuity  on  each 
pair  of  joint  lives,  take  twice  the  value  of  an  annuity 
on  the  three  joint  lives ;  the  difference  will  be  the 
required  value  of  an  annuity  to  continue  as  long  as 
any  two  of  the  lives  are  in  being  together. 

For  examples  of  the  use  and  application  of  this 
problem,  see  Question  X  in  Chapter  XII. 

§  Q5.  By  a  similar  method  of  proceeding  we  might 
ascertain  the  value  of  an  annuity  granted  on  four 
lives,  but  to  continue  only  as  long  as  any  two  or  three 
of  them  are  in  being  together  (the  other  cases  of  such 
lives  being  already  solved  by  the  two  preceding  pro- 
blems) ;  and,  in  general,  the  value  of  an  annuity  on 
any  number  of  lives,  to  continue  only  as  long  as  any 
number  of  them  are  in  being  together.  As  it  rarely 
happens,  however,  that  more  than  three  lives  are  con- 
cerned in  any  practical  cases,  I  shall  not  trouble  the 
reader  with  the  steps  of  the  process,  but  shall  merely 
state  the  result  of  the  investigation  in  one  general 
formula,  which  will  comprehend  in  one  view  all  the 
possible  cases  mentioned  in  the  three  problems  here 
given*.     Let  the  sum  of  the  values  of  an  annuity  on 

'*  It  will  be  readily  seen  that  Problem  I  II  are  only  particular  cases  of 
this  third  problem. 
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every  7J  joint  lives  be  denoted  by  S  ;  on  every  (;j  +  l) 

I  It 

joint  lives,  by  S  ;  on  every  (;j +2)  joint  lives,  by  S  ; 

111 
on  every  (;/-{- 3)  joint  lives,  by  S;  &c  :*  then  will 

the  value  of  an  annuity  granted  upon  any  number  of 

lives,  to  continue  only  as  long  as  any  ;i  of  them  are  in 

I  n  ^  »4-l.  i« 

being  together,  be  expressed  by  S — ;/.S  4.T   ~Y~  S 

n  .  n-f- 1  »4-2  111 
~  T*  "2~'*"2r'S+&C. 

COROLLARY    I. 

§  QG.  If  the  annuity  is  not  to  continue  during  the 
whole  period  of  the  given  lives,  but  is  either  Deferred 
or  Temporary^  we  must  pursue  the  same  method  of 
reasoning  which  has  been  adopted  in  Prob.  II,  cor. 
2  and  4 :  whereby  it  will  appear  that  the  value  of  a 
deferred  annuity,  to  continue  as  long  as  any  two  out 
of  three  given  lives  are  in  being,  will  be  expressed 

by  {AB)'^+{Acf-{-{^BC)^—2{ABC)^.  There- 
fore if  we  substitute  the  values  of  deferred  annuities 
on  the  given  lives  (in  the  formula  in  \  64)  instead  of 
the  values  of  annuities  on  the  whole  continuance  of 
those  lives,  we  shall  obtain  the  value  of  the  deferred 
annuity  depending  on  the  contingency  alluded  to  in 
the  problem. 

*  That  is,  on  every  combioatiun  which  can  be  made  of  the  given  lively 
by  combiniog  n,  (n-f-l),  (n-f  2),  (n-t>3),  &c,  lives  together  at  a  tunc* 
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And  this  value,  being  subtracted  from  the  value 
of  a  similar  annuity  on  the  whole  continuance  of  the 
lives,  will  give  the  value  of  a  similar  Temporary  an- 
nuity on  any  two  out  of  three  lives. 

COROLLARY   II. 

§  67.  If  such  deferred  annuity  however  depends 
on  i\\Q  joint  continuance  of  all  the  given  lives  to  the 
end  of  the  given  term,  the  value  of  it  will  be  equal 
to  the  value  of*a  similar  annuity  on  the  same  num- 
ber of  lives  each  older  by  the  given  term  than  such 
lives,  multiplied  by  the  expectation  that  t)iQ  joint 
lives  shall  receive  £l  at  the  end  of  that  term  :  and 
this  case  must  be  carefully  distinguished  from  that 
mentioned  in  the  first  part  of  the  preceding  corollary. 
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CHAPTER  III. 

On  Reversions 

§  68.  A  REVBR8IONARY  life  annuity  is  a  term  ap- 
plied to  such  periodical  sums  of  money,  depending  on 
any  given  lives,  as  are  not  payable  till  after  a  given 
term,  or  till  after  the  extinction  of  any  other  given 
lives.  Of  the  former  kind  are  all  deferred  life  an- 
nuities, mentioned  in  Prob.  1,  cor.  3  ;  but  it  is  my  in- 
tention now  to  treat  only  of  the  latter  kind  :  and  1 
would  here  observe,  that  I  shall  continue  to  designate 
the  former  by  the  title  of  Deferred  life  annuities,  ap- 
plying the  term  Reversionary  life  annuities  to  such 
life  annuities  only  as  are  not  to  be  enjoyed  till  after 
the  extinction  of  some  other  life.  The  several  cases 
relating  to  this  subject  may  be  comprised  in  the  four 
following  problems. 

PROBLEM  IV.* 

§  69.  To  find  the  value  of  an  annuity  depending 
on  any  number  of  joint  lives  ABC  &c,  after  the  ex- 
tinction of  any  number  of  other  joint  lives  P  Q  R&c.f 

*  Simpton,  Prob  5. 

f  The  lirefl  P,  Q,  R,  are  said  to  be  in  potMuion  ;  in  opposition  to 
A,  B.  C,  which  arc  said  to  be  in  revertioiu. 


64  ON    REVERSIONS.  Ch.    3. 


SOLUTION. 


Let  the  probability  of  the  joint  lives    ABC*   con- 
tinuing 1,  2,  3,  &c,  years,  be  respectively  denoted  by 


/  /  /     II  II  II     III  III  III 

a  b  c      a  be      a  b  c 


—r-,    —i-j    — r— .  &c,  as  in  §  24  ;  and  let  the  proba- 

a  b  c      a  be      a  b  c  '  ^  '  ^ 

bility  ofthe  joint  lives  P  Q  R  continuing  1,  2,  3,  &c. 


/  /  /    II II II   III  III  III 


years  be  denoted  by  pjJH  p_RJL  P-H  Scc,  respectively 

Now  the  chance,  which  the  joint  lives  iVBC  have  of 
receiving  the  annuity  in  any  one  year,  will  depend 
upon  their  living  to  the  end  of  that  year  and  on  the 
joint  lives  P  Q  R  becoming  extinct  before  the  end  of 
that  period.     The  probabilityof  this  event  happening 


/  /  /  /  /  / 


in  the  first  year  is^^-^(  1 — ^-^);  which  beinar  mul- 

''  a  0  c  ^         p  q  r  ^  ^  ° 

tiplied  by  (1  +g)-iwill  give  the  present  value  of  the 
first  year  rent,  or  the  expectation  of  receiving  such 
sum  at  the  end  of  the  first  year.  By  a  similar  method 


//  /;  //  //  //  // 


of  reasoning  it  will  be  found  that  ^-7-^(1  — ^-^  ), 

multiplied  by  (1  +8)"'  will  denote  the  present  value 

///  ///  ///  ///  ///  /// 

ofthe  second  year's  rent;  and  that  ^^-^)1  —  ^-^  ), 

•^  '  a  h  c'  p  q  r  ''' 


*  In  the  solution  of  this  and  the  foUowing'problems,  I  shall  confine  the 
case  to  three  lives  only,  in  order  to  avoid  confusion  by  the  constant  repetition 
of  the  character  &c.  From  what  has  preceded,  it  will  plainly  appear  that 
the  conclusions  which  are  drawn  from  this  assumption  will  be  true,  what- 
ever be  the  number  of  lives  involved  in  the  process. 


Pr.  4.  ON    REVERBIONB.  66 

multiplied  by  (1  +?)"',  will  denote  the  present  value 
of  the  third  year's  rent ;  and  so  on  for  all  the  subse- 
quent years  to  the  utmost  extent  of  human  life :  the 
sum  of  all  which  terms,  or  the  series 


• abe  a  b  «  p  q  r     I. 

'^-H^)   L.a6«  u  b  e  p  q  r  \_J 

r0  II   II  II    II    It    II    II    II    ^1 

»6c  a  b  e  p  q  r     j, 

(l'^g)*L.'abe  a  b  0  p  q  r  _\ 

[HI  III  III  III  III  III  HI  I"  III         I 

a  be a  b  c  p  q  r      1. 

a  b  c  a  b  c  p  q  r  _\ 


&c.  &c. 

will  be  the  total  present  value  of  the  annuity  required. 
But  the  sum  of  these  two  perpendicular  series  is  evi- 
dently equal  to  ABC—ABCPQR, 

§  70.  Whence  it  follows  that  if  we  subtract  the 
value  of  an  annuity  on  all  the  joint  lives,  from  the 
value  of  an  annuity  on  the  joint  lives  in  reversion ; 
the  remainder  will  be  the  value  of  the  reversionary 
annuity  required. 


PROBLEM  v.* 

§  71.  To  find  the  value  of  an  annuity  depending 
on  any  number  of  joint  lives  ABC  &c,  after  the  ex- 
tinction of  the  longest  of  any  number  of  other  lives 
P,  Q,  R,  &c. 

Simpson,  Prob.  G. 

K 
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SOLUTION. 

Let  the  probabilities  of  the  given  lives  continuing 
1,  2,  3,  &c,  years  be  denoted  by  the  same  characters 
as  in  the  last  problem.  Now  the  chance,  which  the 
joint  lives  ABC  have  of  receiving  the  annuity  at  the 
end  of  any  one  year,  will  depend  upon  their  living  to 
the  end  of  that  year,  and  on  all  the  lives  P,  Q,  R,  be- 
coming extinct  before  the  end  of  that  period.  The 
probability  of  this  event  happening  in  the  first  year  is 

«|i(l_£.)   X  (1— i)  X  (1—-^)*,    which     being 
multiplied  by  (l+g)~^  will  give  the  present  value  of 


//  //  // 


the  first  year's  rent.     In  like  manner,-^y^(l — — )  x 

(l—X)  X  (1— f)  multiplied  by  (l  +  g)"',  and 
///  III  III  III  III  III 

f^(l-f)x(l-i-)x  (1-^)  multiplied   by 

(^+g)  ^»  ^Jll  give  the  present  value  of  the  second 
and  third  year's  rents  respectively  :  and  so  on  for  all 
the  subsequent  years,  to  the  utmost  extent  of  human 
life;  the  sum  of  all  which  terms  will  be  the  present 
value  of  the  annuity  required.  But  these  expressions, 
reduced  to  their  simplest  terms,  are  equal  to  the  series 


/  / 


a  h  c      I,         p        q        T    .    p  q     .    p  r 


abc(l+2)  L_  p        q        r    ^    pq        pr 

II 1/  ti       j    •  //        //         //         II  II         II II 

o*<'(I+*)*_  P       q        r  "^  p  q~^  pr 

III  III  III         I  ///     ///     /;/     iif  III  III  III 

«  ^  c  I  1  p_ q_ »•  \  P^  \   ^-  + 

a6c(l-f-^)3i_-*    p        q        r^pq'*'pr~qr 
Sic.  &c. 

*  See  Chapter  I,  §  0. 
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the  sum  of  which  is  evidently  equal  to  ABC — 
ABCP  —  ABCQ—ABCR-\-ABCPQ-{-ABCPR-\- 
ABCQR—ABCPQR. 

§  72.  Whence  it  follows  that  the  value  of  a  rever- 
sionary annuity  on  any  number  of  joint  lives  ABC 
&c,  after  the  extinction  of  the  longest  of  any  number 
of  other  lives  P,  Q,  R,  &c,  is  equal  to  the  value  of 
an  annuity  on  all  the  joint  lives  in  reversion;  minus  the 
sum  of  the  values  of  an  annuity  on  all  the  joint  lives, 
arising  from  the  combination  of  all  the  joint  lives  in 
reversion  with  each  one  of  the  other  lives ;  plus  the 
sum  of  the  values  of  an  annuity  on  all  the  joint  lives, 
arising  from  the  combination  of  all  the  joint  lives  in 
reversion  with  each  two  of  the  other  lives ;  miniis 
the  sum  of  the  values  of  an  annuity  on  all  the  joint 
lives,  arising  from  the  combination  of  all  the  joint 
lives  in  reversion  with  each  three  of  the  other  lives; 
and  so  on. 

PROBLEM  VI.* 

§  73.  To  6nd  the  value  of  an  annuity  on  the  long- 
est of  any  number  of  lives  A,  B,  C,  &c,  after  the 
extinction  of  any  number  of  joint  lives  P  Q  R  &c. 

SOLUTION. 

Let  the  probabilities  of  the  given  lives  continuing 
I,  2,  3,  &c,  years  be  denoted  by  the  same  characters 

*  Simpson,  Prob.  7. 
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as  in  the  preceding  problems.  Now,  the  chance  which 
any  one  of  the  lives  A,  B,  C,  has  of  receiving  the  an- 
nuity at  the  end  of  any  one  year,  will  depend  upon 
either  of  them  living  to  the  end  of  that  year,and  on 
the  extinction  of  the  joint  lives  P  QR  before  the  end  of 
of  that  period.      The  probability,  of  this  happening  in 

first  yearis[l-(l-i.)  x  (1-|)  x  (l-f)]>^ 

/  /  / 

(1 — £-i^),  which  being  multiplied  by  (l+8)"\  will 

give  the  present  value  of  the  first  year's  rent.     In  like 

Cii  II 

1  —  (  1 — -^)  X  (1 — y) 

//  //  // 


x(l-|)Jx(l-ff-;),  multiplied,  by    (l+aT. 

r*  ///  ///  ///     I 

and  that[_l-(l_^)  x  (1-i)  x  (1_|)      ^ 


( 1 — .^XI)  multiplied  by  (1  +2)"^ ,  will  give  the  pres- 

sent  value  of  the  second  and  third  year's  rents  re- 
spectively ;  and  so  on  for  all  the  subsequent  years, 
to  the  utmost  extent  of  human  life  :  the  sum  of  all 
which  terms  will  be  the  total  present  value  of  the 
annuity  required.  But  these  annual  expectations 
being  reduced  to  their  simplest  terms,  and  arranged 
under  each  other  as  in  the  preceding  problems,  will 
form  fourteen  collateral  series,  the  sum  of  all  which 
will  be  found  equal  to  A^-B^-C—AB^AC—BC^- 
ABC  —  PQRA  ^  PQRB  —  PQRC  +  FQRAB+ 
PQRAC-^  PQRBC-^PQRABC, 
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§  74,  Whence  it  follows  that  the  value  of  a  re- 
versionary annuity,  on  the  longest  of  any  number  of 
Jives  after  any  number  of  joint  lives,  is  equal  to  the 
value  of  an  annuity  on  the  longest  of  all  the  lives  in 
reversion  ;  minus  the  sum  of  the  values  of  an  annuity 
on  all  the  joint  lives  arising  from  the  combination  of 
on  all  thejoint  lives  in  possession  with  each  one  of  the 
other  lives ;  plus  the  sum  of  the  values  of  an  annuity 
on  all  the  joint  lives  arising  from  the  combination  of 
all  the  joint  lives  in  possession  with  each  two  of  the 
other  lives  ;  rmmts  the  sum  of  the  values  of  an  an- 
nuity on  all  thejoint  lives  arising  from  the  combina- 
tion of  all  the  joint  lives  in  possession  with  each 
TiJAEE  of  the  other  lives  ;    and  so  on. 

PROBLEM  VII.* 

^  75.  To  find  the  value  of  an  annuity  on  the 
longest  of  any  number  of  lives  A,  B,  C,  &c,  after  the 
extinction  of  the  longest  of  any  number  of  other  lives 

P,  Q,  R,  &c. 

SOLUTION. 

From  what  has  been  already  said  in  the  preceding 
problems,  it  will  be  evident  that  the  annuity  here  al- 
luded to,  is  to  continue  during  the  longest  of  all  the 
given  lives  A,  B,  C,  P,  Q,  R ;  and  such  would  be  the 

*  Simpsoo,  Piub.  4. 
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value  of  it,  were  the  lives  A.  B,  C,  to  come  into  pos- 
session immediately.  But  as  they  are  to  receive 
nothing  during  the  existence  of  any  one  of  the  lives 
P,Q,R ;  the  value  of  an  annuity  on  the  longest  of 
their  lives  must  consequently  be  subtracted. 

Whence  it  follows  that,  if  we  subtract  the  value  of 
an  annuity  on  the  longest  of  the  lives  in  possession 
from  the  value  of  an  annuity  on  the  longest  of  all  the 
lives  concerned,  the  remainder  will  be  the  value  of 
the  reversionary  annuity  required. 

SCHOLIUM 

§  76.  By  the  help  of  these  four  problems  may  all 
the  various  cases  in  reversionary  annuities  be  solved. 
They  have  been  stated  at  length,  in  order  to  give  a. 
general  view  of  the  subject:  but  it  will  readily  appear 
that  the  combinations  of  lives,  thence  arising,are  much 
more  numerous  than  occur  in  any  practical  cases  ; 
and  a  ready  solution  may  therefore  not  immediately 
present  itself  amidst  the  multiplicity  of  symbols.  It 
rarely  happens  that  more  than  three  lives  are  involved 
in  any  questions  of  this  kind  :  and  in  order  to  pre- 
vent any  difficulty  or  confusion  in  referring  to  the  pro- 
blems for  a  solution  of  such  questions,  I  have  selected 
all  the  possible  cases  in  which  not  more  than  three  lives 
are  concerned  ;  to  which  I  have  added  the  algebraic 
solution  of  the  same  :  where  A,  B,  P,  Q,  denote  the 
same  as  in  the  preceding  problems.      The  cases  are 
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five  in  number:*  viz. to  find  the  value  of  an  annuity 

1**     On  a  single  A  after  another  single  life  P  ;   in 
which  case  the  value  of  the  reversionary  annuity  is 
equal  ioA — AP. 

2^  On  a  single  life  A  after  the  longest  of  two 
lives  P,Q.in  which  case  the  value  of  the  reversionary 
annuity  is  equal  to  A — AP — AQ-{-APQ. 

3**  On  the  longest  of  two  lives  A,  B,  after  a  single 
life  P:  in  which  case  the  value  of  the  reversionary  an- 
nuity is  equal  to  A'\-B—AB—AP—BP-\-ABP, 

4"  On  a  single  life  A  after  two  joint  lives  PQ  : 
in  which  case  tlie  value  of  the  reversionary  annuity  is 
equal  to  A — APQ. 

5"  On  two  joint  lives  AB  after  a  single  life  P: 
in  which  case  the  value  of  the  reversionary  annuity  is 
equal  to  AB—ABP, 

For  examples  of  these  several  cases,  see  Questions 
XIII  to  XVII  in  Chapter  XII. 

COROLLARY     1. 

§  77.  If  the  contingency  of  receiving  the  annuity 
is  not  to  continue  duringthe  whole  period  of  the'given 
\\wQsh\x\.'\SQ\i\iQt  Defer rcd-\  ox  Temporary t  we  must 
revert  to  what  has  been  said  in  Prob.  1,  cor.  3  and  4, 
and  substitute  the  values  of  such  deferred  and  tem- 

*  Simpson,  Prob.  13  to  I7  ;  anUliisSu/).  Prob.  lo  to  10  ;   Dodson,  toI. 
ii.    Quc8.  94,  9.5,  97,  90,  and  101  ;  and  vol.  iil.  Qiics.  20,  27,  28  and  20. 
Also  Dc  Moivre,  Prob.  7  and  8,  for  the  first  and  second  cases. 

t  Price,  Note  (D). 


72  ON  REVERSIONS.  Ch.  3. 

porary  annuities,  deduced  from  the  rules  there  given, 
instead  of  the  values  of  annuities  on  the  whole  con- 
tinuance of  those  lives  ;  whence  by  proceeding  with 
these  substituted  values  according  to  the  rules  above 
stated,  we  shall  obtain  the  required  value  of  the  re- 
versionary annuity  accordingly. 

But  this  rule  may  be  rendered  more  convenient  for 

practice  by  adopting  the  principles  laid  down  in  Prob. 

II,  cor.  2  and  4.  Thus,  in  the  first  case  given  in   the 

Scholium,  if  the  contingency  is  deferred  for  n  years, 

d 
the  value  of  the  reversionary  annuity  will  be  {A)      — 

And  this  value  subtracted  from  A — AP  will  give  the 
value  of  a  similar  temporari/  reversionary  annuity. 
The  same  method  of  solution  will  apply  to  the  re- 
maining cases  given  in  the  Scholium. 

For  examples  of  the  use  and  application  of  this  co- 
rollary, see  Questiions  XVIII  and  XIX  in  Chapter 
XII. 

COROLLARY  Il.f 

§  78.  If  a  reversionary  annuity,  the  contingency 
of  enjoying  which  is  deferred  for  any  number  of  years 
depends  on  the  jomt  continuance  of  all  the  lives   to 

•  From  the  method  of  notation  adopted  throughout  the  present  work  it 
will  readily  appear  that  tt  denotes  in  this  case  the  number  of  persons  living 
at  an  age  n  years  older  than  P. 

t  Price,  Note.  (C). 
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the  end  of  that  term  ;  the  value  of  it  will  be  equal  to 
the  value  of  a  reversionary  annuity  depending  on  the 
same  number  of  lives  each  older  by  the  given  term 
than  the  given  lives,  multiplied  by  the  probability 
that  all  the  joint  lives  shall  continue  so  long,  and 
also  by  the  present  value  of  £1  due  at  end  of  that 
term.  And  this  case  should  be  carefully  distin- 
guished from  the  deferred  reversionary  annuity  men- 
tioned in  the  preceding  corollary. 

For  examples  of  the  use  and  application  of  this  co- 
rollary, see  the  Scholium  to  Question  XIX  in  Chap- 
ter XII. 


I 
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CHAPTER  IV. 

On  Sm'vivonhips. 

^  79.  In  the  preceding  chapters  1  have  considered 
the  value  of  annuities  as  depending  on  the  continuance 
of  any  number  of  lives,  out  of  any  number  oi  given 
lives;  and  also  the  value  of  reversionary  annuities  on 
any  number  of  lives,  after  the  extinction  of  any  num- 
ber of  other  lives.  I  come  now  to  questions  of  a 
mixed  nature,  where  the  valueof  the  annuity  not  only 
depends  on  the  continuance  of  the  given  lives,  but 
also  on  any  survivorship  between  them.  In  cases  of 
'this kind  the  annuity  is  frequently  enjoyed  in  different 
proportions  by  the  persons  on  whose  lives  the  same  is 
granted ;  and  therefore  they  are  capable  of  great  va- 
riety. The  nature  and  extent  of  such  questions  will 
best  appear  from  the  following  problems. 

PROBLEM  VIII.* 

^  80,     A,  B  and  C  agree  amongst   themselves  to 
purchase  an  annuity   on   the   longest  of  their  lives. 


*  Simpson,  Prob.  20  ;  also  his /Sup.  Prob.  23.      Dt   Moivre,    Piob.   9. 
Dodfon,   Tol.  iii.  Qu«8.  73. 


I 
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which  is  to  be  equally  divided  between  them  whilst 
they  are  all  living  ;  but  on  the  decease  of  either  of 
them  it  is  to  be  equally  divided  between  the  two  sur- 
vivors, during  their  joint  lives ;  and  then  to  belong 
entirely  to  the  last  survivor  for  his  life  :  To  find  the 
value  of  their  respective  shares,  or  the  proportion 
with  each  person  ought  to  contribute  towards  the 
purchase. 

SOLUTION. 

Let  the  probabilities  uf  the  given  lives  continuing 
1,2,  3,  &c,  years  be  severally  denoted  by  the  same 
characters  as  in  §  23  :  and  let  us  first  determine  the 
share  of  A.  Now  the  expectation  of  A,  on  what  he 
may  happen  to  receive  at  the  end  of  any  one  year, 
may  be  considered  in  four  parts,  as  depending  on  so 
many  different  events  :  F  A,  B  and  C  may  be  all 
living,  the  probability  of  which  at  the  end  of  the  first 

/    /    / 

year  is|-^,  in  which  case  he  will   receive  }  of  the 

annuity,   or   \    (1+2)'*;     therefore   (l+p)"^  xj*-?^ 

will  be  the  value  of  this  expection :  2°  A  and  B 
may  be  living  and  C  dead,  the  probability  of  which 

at  the  end  of  the  first  year  is^x  (1 — — ),  in  which 
case  he  will  receive  J  the  annuity,  or  J  (l+g)"*; 
therefore  (H-j)-'X2^x  (I-.!.)  will  be  the  value 
of  this  expectation  :  3"  A  and  C  may  be  living  and 
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B  dead,  the  probability  of  which  at  the  end  of  tl^e 

first  year  is -^  X  (1 — y),    in   which   case   he   will 
likewise  receive  ^  the  annuity,  or  J  (1  +g)~^ ;  therefore 

(^+^)''^^^(~t)    ^'^^^    ^^    t^^e    value    of  this 
expectation  :  4°  A  may  be  the  only  person  living,  the 

probability  of  which  at  the  end  of  the  first  year  is—  x 
(1 —  -j)x  (1 —  — ),  in  which  case  he  comes  in  for  the 
whole   annuity,   therefore  (1+g)"^  x —x  (1  —  y)    x 
(1 — — )  will  be  the  value  of  the  expectation.     And 


the  sum  of  all  these   values,   or  (1  ■fg)"'^  x  (—  — 


a  b 


II         III 

— %^-VirT-^  will   be  the  total  value  of  the  expec- 

2a  c      3a  0  c'  ^ 

tation  of  A,  on  what  he  may  happen  to  receive  at  the 
end  of  the  first  year. 

By  pursuing  the  same  steps  it  will  be  found  that 

(l+S)-xi-K-fj+iiJ')  will  denote  the  va- 
lue  of  his  expectation  on  what  he  may  happen 
to  receive  at  the  end  of  the  second  year  :  and   that 

(l+2)-3x(-^_^^  — ^-h^')  ^vill  denote  the 

^         ^^  ^  a  2  a  b        2  a  c         8ab  c  ^ 

value  of  his  expectation  on  what  he  may  happen  to 
receive  at  the  end  of  the  third  year  :  and  so  on  to  the 
utmost  extent  of  human  life.  The  sum  of  all  which 
terms,  or  the  series 


r„  II  II  „  ,,  H  uu         \ 


I        HI  III  in  III  III  til  It!  II, 

La  2a6        2ac^3a6c 


■■^+ 


J 

&c  &c 

will  be  the  total  value  of  his  interest  in  the  annuity, or 
the  share  which  he  ought  to  contribute  towards  the 
purchase.  But  the  sum  of  these  several  perpendicular 
series  is  equal  A — \AB — \iAC-\-\ABC. 

§  81.  As  to  the  share  of  B,orC,  it  is  evident  that 
their  expectation  of  receiving  the  annuity  in  any  one 
year,  will  depend  on  the  same  events,  mutatis 
mutandiSy  as  that  of  A  :  whence  it  follows  that  by 
substituting  the  values,  thence  arising,  in  the  general 
expression  above  given,  we  shall  have  B — hAB — 
JBC+ ii4JBC  for  the  value  of  B's  share;  and  C— 
j^C — JJ^OUBCforthe  value  of  C's  share  in 
the  given  annuity :  whence  the  following  rule  for 
either  case. 

§  82;  From  the  value  of  an  annuity  on  the  given 
life  subtract  half  the  sum  of  the  values  of  an  annuity 
on  both  the  joint  lives  arising  from  the  combination 
of  the  given  lije  with  each  one  of  the  other  ;  and  to 
the  remainder  add  one  third  of  the  value  of  an  an- 
nuity on  the  three  joint  lives :  the  sum  will  be  the 
answer  required. 
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§  83.  Example.  Suppose  the  three  lives  to  be 
aged  20,  30,  and  40  ;  the  rate  of  interest  to  be  4  per 
cent,  and  the  probabilities  of  living  as  at  Northampton. 
Then  by  referring  to  the  Tables  at  the  end  of  this  work 
it  will  be  found  that  the  value  of  the  share  of  each 
person  in  this  annuity  will  be  as  under  :  viz.  that  of 

A=:16-033-^^  (1 1-873 +  10'924)+lx  8  986zr 7-630 

B-14-781_i(ll-873  +  10'490)+-ix  8-986iz6-595 

Czrl3-197-  ^(;i0-924  +  10-490)  +  ix  8-986zz5-485 

and  the  sum  of  all  these  respective  shares,  or  19*710 
is  the  value  of  the  annuity  on  the  longest  of  the 
three  lives  ;  or  the  total  value  of  the  purchase. 

COROLLARY    I.* 

§  84.  If  only  two  lives,  A  and  B,  are  concerned 
in  the  purchase,  (during  whose  joint  continuance  the 
annuity  is  to  be  enjoyed  equally  between  them,  but 
on  the  decease  of  either  of  them  it  is  to  belong  wholly 
to  the  survivor)  the  value  of  the  share  of  A  will  be 
A — lAB;  and  that  of  B  will  be  B — ^AB  :  whence 
the  following  rule  for  two  lives. 

^  85.     From  the  value  of  an  annuity  on  the  given 
lifey  subtract  half  the  value  of  an  annuity   on  the  two 
joint  lives :  the  remainder  will  be  the  share  of  the  given 
life  required, 

*  Simpson,  Probt  18,  and  his  Sup.  Prob.  21.  Dodson,  vol.  iii.   Ques.   72. 
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For  examples  of  the  use  and   application  of  tin?   co- 
rollary, see  Question  XX  in  Chapter  XII. 

COROLLARY  II. 

^  86.  On  the  other  hand,  let  the  number  of  lives 
concerned  in  the  purchase  be  ever  so  great,  the  share 
of  any  given  life  may  be  readily  determined,  provided 
the  annuity  be  always  equally  divided  among  the  sur- 
viving lives.  For,  let  G  denote  the  value  of  an  an- 
nuity on  the  given  life  ;  G  the  sum  of  the  values   of 

an  annuity  on  all  the  joint  lives  arising  from  combining 

II 
the  given  life  with  each  one  of  the  others  ;  G  the  sum 

of  the  values  of  an    annuity   on   all   the  joint   lives 

arising  from  combining  the  given  life   with  each  two 

III 
of  the  others  ;  G  the  sum  of  the  values  of  an  annuity 

on  all  the  joint  lives  arising  from  combining  the  given 

life  with  each  three  of  the  others  ;  and  so  on.     Then 

I  II        III 

will  G — JG  -hi  G — \G-\-kc  denote  the  share  of  the 

given  life,  or  the  value  which  he  ought  to  contribute 

towards  the  purchase. 

PROBLEM    IX.* 

§  87.  A,  B  and  C  agree  to  purchase  an  annuity 
on  the  longest  of  their  lives,  which  is  to  be  divided 
amongst  them  in  the  following  manner :  A  and  B  are 
to  enjoy  it  equally  during  their  joint  lives  ;  but  on  the 

•  Dodson,  Tol.  Hi.   Qati.  74. 
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decease  of  either  of  them  it  is  to  be  equally  divided 
between  A  and  C,  or  B  and  C,  the  two  remaining 
persons  ;  and  lastly,  to  be  enjoyed  wholly  by  the  sur- 
vivor ;  To  findj;he  value  of  their  respective  shares. 

SOLUTION. 

The  expectation  of  A  on  what  he  may  happen  to 
receive  at  the  end  of  any  one  year,  may  be  considered 
in  three  parts,  as  depending  on  so  many  different 
events  :   1"  A  and  B  may,  be  both  alive,   the   proba- 

ab 

bility  of  which  at  the  end  of  the  first  year  is  ^,  in 
which  case  he  will  receive  ^  the  annuity  :  2"  A  and 
C  may  be  living  and  B  dead,  the  probability  of  which 

at  the  end  of  this  first  year  is  |^  x  (1 — •  — )  in  which 

case  he  will  also  receive  ^  the  annuity  :  3°  A  may 
be  the  only  person  living,  the  probability  of  which  at 

the  end  of  the  first  year  is-^  x  (I ^)x  (1  — —  ). 

in  which  case  he  will  come  in  for  the  whole  annuity. 
Now,  the  sum  of  all  these  values,being  multiplied  by 

(l+8)->  will  give  (I +2)- x(i_4V-|i+41-:) 
for  the  total  value  of  the  expectation  of  A  on  what 
he  may  happen  to  receive  at  the  end  of  the  first  year. 
By  a  similar  process  we  may  find  the  value  of  his 
expectation  on  what  he  may  happen  to  receive  at  the 
end  of  the  second,  third,  and  every  subsequent  year. 
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to  the  utmost  extent  of  human  life.  The  sum  of  all 
which  terras,  or  the  series 

a        'lab        2a «  ^  2a*6 J 

//  II  II  H  II  MUM  j 

<  III   '  III  III  III   in  III  III  III       I 

(l+S^'X     _? ^ JLl  ,   fA£     + 

L«  iJa*         2ac'"2a6c-J 

will  denote  the  total  value  of  his  interest  in  the  an- 
nuity. But,  the  sum  of  these  several  perpendicular 
series  is  evidently  equal  to  A—^AB — ^AC+^ABC  ; 
whence  we  have  the  following  rule. 

§  88.  From  the  value  of  an  annuity  on  the  life 
A,  subtract  half  the  sum  of  the  values  of  an  annuity 
on  the  joint  lives  AB,  afid  AC  ;  to  the  remainder 
add  half  the  value  of  an  annuity  on  the  three  joint 
lives  ABC  :  the  sum  will  be  the  share  which  A  ought 
to  contribute  towards  the  purchase, 

§  89.  With  respect  to  the  value  of  B's  interest,it 
is  evident  that  his  expectation  of  receiving  the  annuity 
in  any  one  year  will  depend  on  the  same  events, 
mutatis  mutandis,  as  that  of  A  :  wherefore  by  sub- 
stituting the  values,  thence  arising,  in  the  general  ex- 
pression above  given,we  shall  have  B — ^AB — iBC+ 
^i4J56^  for  the  value  of  B's  interest:  whence  the 
following  rule. 

M 
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§  90.  From  the  value  of  an  annuity  on  the  life  B 
subtract  half  the  sum  of  the  values  of  an  annuity  on 
the  joint  lives  AB,  and  BC  ;  to  the  remainder  add 
half  the  value  of  an  annuity  on  the  three  joint  lives 
ABC ;  the  sum  will  be  the  share  which  B  ought  to 
contribute  towards  the  purchase. 


^91.  But  with  respect  to  C's  interest,  it  will  ap- 
pear that  his  expectation  of  receiving  the  annuity  in 
any  one  year  may  be  considered  in  the  three  following 
points,as  depending  on  so  many  different  events  :  I'^A 
and  C  may  be  living  and  B  dead,  the  probability   of 

which  at  the  end  of  the  first  year  is*^  X  (  1  — ^),     in 

which  case  he  will  receive  J  the  annuity  :  2°  B  and 
C  may  be  living  and  A  dead,  the  probability  of  which 

at  the  end  of  the  first  year  is  ^  x  (  1  — ^),  in  which 

case  he  will  receive  also  ^  the  annuity:  S^'C  may  be  the 
only  person  living,  the  probability  of  which  at  the  end 

of  the  first  year  is-^  X  (  1  — |-)  X.(l— ~),  in  which 

case  he  will  receive  the  whole  annuity.    The  sum  of 
these  values  therefore,  being  multiplied  by  (1  +g)~S 

will  give(l  +  g)-  X  (f-  A_-^^)forthetotal  va- 

lue  of  the  expectation  of  C  on  what  he  may  happen 
to  receive  at  the  end  of  the  first  year. 

By  pursuing  the  same  steps,  we  may  find  the  value 
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of  his  expectation  on  what  he  may  happen  to  receive 
at  the  end  of  the  second,  third  and  every  subsequent 
year  to  the  utmost  extent  of  human  life.  The  sum  of 
all  which  terms  will  be  the  total  value  of  his  interest 
in  the  annuity  ;  and  will  be  evidently  equal  to  O — 
^AC — J5C  :  whence  the  following  rule. 

^  92.  From  the  value  of  an  annuity  on  the  life 
C,  subtract  half  the  sum  of  the  values  of  an  annuity 
on  the  joint  lives  AC,  a?id  BC  ;  the  remainder  will  be 
the  share  which  C  ous^ht  to  contribute  towards  the 
purchase.  » 

§  93.  Example.  Let  the  three  lives  be  aged  20, 
30,  and  40 ;  the  rate  of  interest  4  per  cent,  and  the 
probabilities  of  living  as  at  Northampton.  The  value 
of  the  share  of  each  person  in  this  annuity  will  be  as 
under  :  viz.  that  of 

Azzl6-033—i(ll-873  +  10-924)4-ix  8-986=  9-127 

B=14-781~J(ll*8'73  +  10-490)+Jx  8-986=  8-093 

C=  13-197— 4(10-924  +  'l0-490) =2-490 

And  the  sum  of  all  these  values  is  the  value  of  an  an- 
nuity on  the  longest  of  the  three  lives. 

PROBLEM  X.* 
^  94.     A,  B  and  C  agree  to  purchase  an  annuity 

*  Simpson,  Prob.  10.    Dodson,  vol.  iii.  Qaes.  74. 
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on  the  longest  of  their  lives,  to  be  divided  amongst 
them  in  the  following  manner  :  A  and  B  are  to  enjoy 
it  equally  during  their  joint  lives;  if  A  dies  first,  then 
B  and  C  are  to  enjoy  it  equally  during  their  joint 
lives,  and  the  survivor  of  them  is  to  have  the  whole  ; 
but  if  B  dies  first,  then  A  is  to  enjoy  the  whole  du- 
ring his  life,  and  after  his  decease  it  is  to  devolve 
wholly  to  C  :  To  find  the  value  of  their  respective 
shares. 

SOLUTION. 

The  expectation  of  A,  on  what  he  may  happen  to 
receive  at  the  end  of  any  one  year,may  be  considered 
in  two  points,  as  depending  on   so   many   different 

events  :  1^  A  and  B  may  be  both  alive,  the   proba- 

;.i  10  St 

bility  of  which  at  the  end  of  the  first  year  is    ^in 

which  case  he  will  receive  ^  the  annuity  :  2°  A  may 
be  living  and  B  dead,  the  probability  of  which   at 

the  end  of  the  first  year  is  -^J  x    (1  —  y),  in  which 

>6^se  h6  willenjoy  the  whole  annuity.     The  sum  of 
these  two  values  being  multiplied  by  (1  +2)''*will  give 

(  1  +  g)"^  X  (|-  ' — ^y)  forthe  total  value  of  the  ex^ 

pectation  of  A  on  what  he  may  happen  to  receive  at 
the  end  of  the  first  year. 

By  a  similar  process  we  may  find  the  value  of  his 
expectation  on  what  he  may  happen  to  receive  at  the 
end  of  Jhe  second,  third,  and  every  subsequent  year, 
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to  the  utmost  extent  of  human  life.  The  sum  of  all 
which  terms  will  be  the  total  value  of  his  interest  in 
the  annuity  ;  and  will  be  evidently  equal  io A-^AB : 
whence  we  have  the  following  rule. 

§  95.  From  the  value  of  an  annuity  on  the  life  A, 
subti'act  half  the  value  of  an  annuity  on  the  joint  lives 
AB  :  the  remainder  will  be  the  value  which'  A 
ought  to  contribute  towards  the  purchase, 

§  96.  In  order  to  determine  the  ahare  of  B,»  it 
should  be  observed  that  his  expectation  on  what  he 
may  happen  to  receive  at  the  end  of  any  one  year 
may  be  considered  in  three  points,  as  depending  on  so 
many  different  events:  PA  and  B  may  be  both 
alive,  the  probability  of  which  at  the  end  of  the  first 

year  is^t  i^  which  case  he  will  receive  |^  the.  an- 
nuity :  2''  B  and  C  may  be  alive  and  A  dead,  the  pro 

bability  of  which  at  the  end  of  the  first,  year  is  p   x 

(1 — — ),  in  which  case  also  he  will  receive  ^  the 
annuity :  3"  B  may  be  the  only  person  living,  the  pro- 

bability   of  which  at  the  end  of  the  first  year  is  —  x 

(I — — )x(l — — ),  in  which  case  he  will  enjoy  the 
whole  annuity.    And  the  sum  of  all  these  values,  being 

multiplied  by  (1  +3)-S  will  give  (I4-8)  \~  —Ut^ 
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J   I  lit 

he    ,  a  b  c 


^bc  '  2a  bc^  ^^^  ^^^^  ^^^^^  value  of  the  expectation  of 
B,  on  what  he  may  happen  to  receive  at  the  end  of 
the  first  year. 

By  a  similar  process  we  may  find  the  value  of  his 
expectation  for  the  second,  third  and  every  subse- 
quent year,  to  the  utmost  extent  of  human  life.  The 
sum  of  all  which  terms  will  be  the  total  value  of  his 
interest  in  the  annuity ;  and  will  be  evidently  equal 
to  B^iAB  —  iBC-^iABC:  whence  the  follow- 
ing rule. 

§  97.  From  the  value  of  an  annuity  on  the  life  J5, 
subtract  half  the  sum  of  the  values  of  an  annuity  on  the 
joint  lives  AB,  and  BC;  t^  the  remainder  add  half  the 
value  of  an  annuity  on  the  three  joint  lives  ABC:  the 
sum  will  be  the  value  which  B  ought  to  contribute  tmvards 
the  pwxhase* 

\  98.  It  remains  now  to  determine  the  value  of 
the  share  of  C,  whose  expectation  of  receiving  the 
annuity  in  any  one  year  may  be  considered  in  two 
points :  1°  B  and  C  may  be  both  alive  and  A  dead, 
the  probability  of  which  at  the  end  of  the  first  year  is 

—  X  (\ —  — \   in  which  case  he  will  receive  f  the 

be        ^  a^'  ^ 

annuity  :  2**  C  only  may  be  living,  the  probability  of 


which  at  the  end  of  the  first  year  is  —  x(l x 


*  The  value  of  B's  interest  in  this  annuity  is  the  same  as  that  in  the 
preceding  Problem, 
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^1 —  -J-),  in  which  case  he  will  enjoy  the  whole  an- 
nuity.    And  the  sum  of  these  two  values^  being 

raultiplied   by(H-«)-',  will  give  (l+S)"'  X  (7  — 


I  I 


11 iT^  -f  .Ar^)  for  the  total  value' of  the  expecta- 

tion  of  C,  on  what  he  may  happen  to  receive  at  the 
end  of  the  first  year. 

By  a  similar  method  of  proceeding  we  may  find 
the  value  of  his  expectation  for  the  second,  third,  and 
every  subsequent  year  to  the  utmost  extent  of  human 
life.  The  sum  of  all  which  terms  will  express  the 
total  value  of  his  interest  in  the  annuity ;  and  will 
be  evidently  equal  to  C- AC—^BC '\- ^AliC :  '^\it\\c^ 
the  following  rule. 

§  99.  Yrom  the  value  of  an  annuity  on  the  life  C 
subtract  the  value  of  an  annuity  on  the  joint  lives  AC, 
and  also  half  the  value  of  an  annuity  on  the  joint  lives 
BC;  to  the  remainder  add  half  the  value  of  an  annuity 
on  the  joint  lives  ABC  :  the  sum  will  be  the  share  which 
C  ought  to  contribute  towards  the  purchase. 

^  100.  Example.     Suppose  the  three  lives  to  be 
aged  20,  30,  and  40 ;  the  rate  of  interest  4  per  cent, 
and  the  probabilities  of  living  as  at  Northampton 
The  value  of  the  share  of  each  person  in  this  annuity 
will  be  as  under :  viz.  that  of 
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A=lG-033— JXll-873 =10-096 

B:i:14-781— i(ll-873  +  10-490)  +  iX8-986  zz   8-093 
Czzl3-197~10-924— JxiO-490+^X8-986zr   1-521 

and  the  sum  of  these  three  values  is  the  value  of 
an  annuity  on  the  longest  of  the  three  lives. 

PROBLEM.  XL* 

§  lOL  A,  B  and  C  agree  to  purchase  an  annuity 
on  the  longest  of  their  lives,  to  be  divided  amongst 
them  in  the  following  manner :  A  is  to  enjoy  the 
M^hole  annuity  during  his  life  ;  but  after  his  decease 
it  is  to  be  divided  equally  between  B  and  C  during 
their  joint  lives  ;  and  the  survivor  of  them  is  to  have 
the  whole  :  To  tind  the  value  of  their  respective 
shares. 

SOLUTION. 

Tlie  value  of  A's  interest  in  this  annuity,  or  the 
share  which  he  ought  to  contribute  towards  the  pur- 
chase, is  evidently  equal  to  the  value  of  an  annuity 
on  his  life .-  that  is,  equal  to  A. 

^  102.  As  to  the  share  of  B,  the  expectation  on 
what  he  may  happen  to  receive  at  the  end  of  any 
one  year  may  be  considered  in  two  points,  as 
depending  on  so  many  different  events  :  1^  B  and  C 
may  be  alive  and  A  dead,  the  probability  of  which 

*  Simpson's  Sup.  Prob.  22.    Dodson,  vol.  iii.  Quee.  76.  J 
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of    the  first    year  is-^  x  (1 —-),ia which  catehe 

will  receive  \  the  annuity:  2^  B   may   be  the   only 
person  living,  the  probability  of  which  at  the  end  of 

b  '  ' 

the   first  year  is~x  (1 — — )  x  (  I  — -),    in    which 

case  he  will  enjoy  the  whole  annuity.  And  the  sum  of 
these  two  values,  being  multiplied  by  (1+g)'  S   will 

give  (1+j)-  =<  (_{^J^J^)  for  the  toUl 

value  of  the  expectation  of  B  on  what  he  may  happen 
to  receive  at  the  end  of  the  first  year. 

By  a  similar  method  of  proceeding  we  may  find  the 
value  of  his  expectation  for  the  second,  third  and 
every  subsequent  year,  to  the  utmost  extent  of 
human  life.  The  sum  of  all  which  terms  will  be  the 
total  value  of  his  interest  in  the  annuity  ;  atid  will 
be  found  equal  to  B-^AB—iBC-^-kABC:  whence 
the  following  rule. 


§  103.  From  the  value  of  an  annuity  on  the  life 
B,  subtract  the  value  of  an  annuity  on  the  joint  lives 
AB,  ami  also  half  the  value  of  an  annuity  on  the 
joint  lives  BC  ,-  to  the  remainder  add  half  the  value  of 
an  annuity  on  the  joint  lives  AJiC:  the  sum  will  be  the 
value  which  B  ought  to  contribute  towards  thepurchase. 


§  104.    With  respect  to  the  share  of  C,  it  is  evi- 
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dent  that  his  expectation  of  receiving  the  annuity  at 
the  end  of  any  one  year  will  depend  on  the  same 
events,  mutatis  mutandis,  as  that  of  B.  Therefore, 
by  pursuing  the  same  steps,  we  shall  find  that  the 
value  of  his  interest  in  the  annuity  will  be  equal  to 
C—AC^\BC—\ABC'.  whence  we  have  the  follow- 
ing rule. 

* 
§  105.  From  the  value  of  an  annuity  on  the  life 
C,  subtract  the  value  of  an  annuity  on  the  joint  lives 
AC,  and  also  half  the  value  of  an  annuity  on  the  Joint 
lives  BC  ;  ^0  the  remainder  add  half  the  value  of  an 
annuity  on  the  Joi?it  lives  ABC  ;  the  sum  will  be  the 
value  which  C  ought  to  contribute  towards  the  purchase* 

§  106.  Example.  Let  the  three  lives  be  aged  20, 
30,  and  40  ;  the  rate  of  interest  4  per  cent,  and  the 
probabilities  of  living  as  at  Northampton.  The  value 
of  the  share  of  each  person  in  this  annuity  will  be  as 
under  :  viz.  that  of 

Azil6-033     =16-033 

Bzil4-781— 11-873— ixlO-490  +  |x8-986=  2'156 
C=13-197— 10'924-— |xlO-490  +  |x8-986=:  1-521 
and  the  sum  of  these  three  values  is  the  value  of  an 
annuity  on  the  longest  of  the  three  lives. 


*  The  Talue  of  C's  interest  in  this  annuity  is  the  same  as  that  in  the  pre- 
ceding problem. 
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PROBLEM  XII. 

§  107.  A,  B  and  C  agree  to  purchase  an  annuity 
on  the  longest  of  their  lives,  to  be  enjoyed  wholly  by 
each  of  them  in  succession  :  that  is,  A  is  to  enjoy  i^ 
first,  for  his  life  ;  at  his  decease,  B  is  to  enter  upon  it 
next ;  and  C,  last  :  To  find  the  value  of  their  re- 
spective shares. 

SOLUTION. 

The  value  of  A's  interest  in  this  annuity,  or  the 
share  which  he  ought  to  contribute  towards  the  pur- 
chase, is  evidently  equal  to  the  value  of  an  annuity 
on  his  life  :  that  is  equal  to  A. 

§  108.  The  value  of  B's  interest,  or  the  share 
which  he  ought  to  contribute  towards  the  purchase, 
is  equal  to  the  value  of  a  reversionary  annuity  on  his 
life  after  the  decease  of  A  :  that  is,  (by  the  Scholium 
in  page  70)  equal  to  B — AB, 

\  109.  The  value  of  C's  interest,  or  the  share 
which  he  ought  to  contribute  towards  the  purchase, 
is  equal  to  the  value  of  a  reversionary  annuity  on 
his  life  after  the  extinction  of  the  longest  of  the  two 
lives  A  and  B  :  that  is,  (by  the  same  Scholium 
equal  to  C—AC—BC+ABC. 

§  110.  Example,  Suppose  the  three  lives  to  be 
aged  20,  30,  and  40  ;  the  rate  of  interest  4  per  cent,  • 
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and  the  probabilities  of  living  as  at  Northampton. 
The  value  of  thesh^re  of  each  person  in  this  annuity 
will  be  as  under  :  viz.  that  of 

A=16-033 , =   16.033 

BZZI4-781— 11-873  «^^!.  =     2-908 

C=13-197—(]0-924  +  10'490) +8-986      z=       -769 

and  the  sum  of  these  three  values  will  be  the  value 
of  an  annuity  on  the  longest  of  the  three  lives. 

COROJ-LABY. 

§  111.  If  only  two  lives,  A  eind  B,  are  concerned 
in  the  purchase,  the  value  of  their  respective  shares 
will  be  the  same  as  above  given. 

PROBLEM  XIII. 

§  112.  A,  B  and  C  agree  to  purchase  an  annuity 
to  continue  as  long  as  any  two  of  their  lives  are  in 
being  ;  ^nd  which  is  to  be  equally  divided  between 
them  whilst  they  are  all  living  ;  but  on  the  decease 
of  either  of  them  it  is  to  be  equally  divided  between 
the  two  survivors  during  their  joint  lives :  To  find  the 
value  of  their  respective  shares. 

SOLUTION. 

The  expectation  of  A,  on  what  he  may  happen  to 
receive  at  the  end  of  any  one  year,  may  be  considered 
in  three  parts,  as  depending  on  so  many  different 
events  ;  1°  A,  B  and  C  may  be  all  living,  in  which 
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ca8e  be  will  receive  h  of  the  annuity :  2**  A  and  B^ 
may  be  living  and  C  dead,  in  which  case  he  will 
receive  ^  the  annuity :  3**  A  and  C  may  be  living 
and  B  dead,  in  which  case  he  will  receive  also  |  the 
annuity.  Tlierefore  the  sum  of  these  expectations 
or  the  first,  second,  third,  &c,  years,  continued  to 
the  utmost  extent  of  human  life,  will  be  the  total 
value  of  A's  share  in  the  annuity.  But  the  value  of 
these  several  expectations  has  been  already  found  in 
the  solution  to  Prob.  VIII ;  they  being  precisely  the 
same  as  the  first  three  whi^>h  are  there  mentioned  : 
and  the  sum  of  which,  for  every  year  of  human  life, 
will  be  found  equal  to  \  AB-{-\AC—\ABC, 

§  113.  With  respect  to  the  share  of  B  or  C,  their 
expectation  of  receiving  the  annuity  in  any  one  year 
will  depend  on  the  same  events,  mutatis  mutandis,  as 
that  of  A :  whence  it  follows  that  by  substituting 
the  values,  thence  arising^  in  the  general  expression 
above  given,  we  shall  have  \  AB-\-^BC — ^ABC,  for 
the  value  of  B's  interest;  and  \AC+\BC—IABC, 
for  the  value  of  C's  interest  in  ihe  given  annuity  : 
whence  the  following  rule  for  determining  the  value 
of  the  share  of  any  given  life  in  the  annuity. 

§  114.  Subtract  two  thirds  of  the  value  of  an  an- 
nuily  on  the  three  joint  lives,  from  half  the  sum  of  the 
values  of  an  annuity  on  both  the  joint  lives  arisingfrom 
the  combination  oj  the  given  life  with  each  one  of  the 


'*■ 
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others :  the  remainder  will  be  the  value  of  the  share  of 
such  given  life. 


§  115.  Example.  Suppose  the  three  lives  to  be 
aged  20,  30,  and  40 ;  interest  4  per  cent,  and  the 
probabilities  of  living  as  at  Northampton.  The  value 
of  the  share  of  each  person  will  be  as  under :  viz. 
that  of 

A=J(ll-873  +  10-924)— fx8-986=:5-'408 

B=Kll*8'73  +  10-490)~§x8-986z=5-191 

C=J(10-924  +  10'490)— fx8-986=:4'716 

and  the  sum  of  these  three  values,  or  15-315,  is  the 
value  of  an  annuity  on  the  three  lives,  to  continue  as 
long  as  any  two  of  them  are  in  being  together. 

PROBLEM  XIV. 

§  il6.  A,  B  and  C  agree  to  purchase  an  annuity, 
to  continue  as  long  as  any  two  of  their  lives  are  in 
being;  and  which  is  to  be  divided  amongst  them  in 
the  following  manner  :  A  and  B  are  to  enjoy  it  equally 
during  their  joint  lives ;  but  on  the  death  of  either  of 
them,  it  is  to  be  equally  divided  between  the  two 
survivors,  for  their  joint  lives  :  To  find  their  respec- 
tive shares. 

SOLUTION. 

The  expectation  of  A  on  what  he  may  happen  to 


\ 
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receive  at  tbe  end  of  any  one  year  may  be  considered 
in  two  parts,  as  depending  on  so  many  different 
events:  1'  A  and  B  may  be  both  alive,  in  whicli 
case  he  will  receive  ^  the  annuity  :  2**  A  and  C  may 
be  living  and  B  dead,  in  which  case  he  will  also 
receive  ^  the  annuity.  Therefore  the  sum  of  these 
expectations  for  the  first,  second,  third,  &c,  years, 
to  the  utmost  extent  of  human  life  will  be  the  total 
value  of  A's  share  in  the  annuity.  But  the  value  of 
these  several  expectations  has  been  already  found  in 
the  solution  to  Prob.  IX ;  they  being  precisely  the 
same  as  the  first  two  there  mentioned :  and  the  sum 
of  which  for  every  year  of  human  life,  will  be  found 
equal  to  i/l/?+i/4C — }^  ABC :  whence  the  follow- 
inff  rule. 


•o 


§  117,     Subtract   the  value  of  an  annuity  on  the 
joint  lives  ABC,  from  the  sum  of  the  values  of  an  an- 
nuity  on  each   of  the  Joint  lives  AB  and.  AC :  half 
the  remainder  will  be  the   value  which   A  ought  to 
contribute  towards  the  purchase. 

^  118.  With  respect  to  the  share  of  B,  it  is  evi- 
dent that  his  expectation  of  receiving  the  annuity  at 
the  end  of  any  one  year  will  depend  on  the  same 
events,  mutatis  mutandis^  as  that  of  A  :  wherefore  by 
substituting  the  values,  thence  arising,  in  the  general 
expression  above  given,  we  shall  have  ^AB-\-\BC — 
\ABC  for  the  value  of  B's  interest  in  the  annuity: 
whence  the  following  rule. 
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§  119.  Subtract  the  value  of  an  annuity  pn  the  joint 
lives  ABC,  from  the  su7n  of  the  values  of  an  annuity  on 
each  of  the  Joint  lives  AB  and  BC  :  half  the  remainder 
will  be  the  value  which  B  ought  to  contribute  towards 
the  purchase. 

\  120.  But  with  respect  to  the  share  of  C,  it  will 
appear  that  his  expectation  of  receiving  the  annuity 
at  the  end  of  any  one  year  may  be  considered  under 
the  two  following  points,  as  depending  on  so  many 
different  events:  V  A  and  C  may  be  living  and  B 
dead,  in  which  case  he  will  receive  I  the  annuity  : 
2*^  B  and  C  may  be  living  and  A  dead,  in  which  case 
also  he  will  receive  i  the  annuity.  Therefore  the 
sum  of  these  two  expectations,  for  the  first,  second, 
third,  &c,  years,  to  the  utmost  extent  of  human  life, 
will  be  the  total  value  of  C's  interest  in  the  annuity 
But,  the  value  of  these  expectations  has  been  already 
found  in  the  solution  to  Prob.  IX ;  they  being  pre- 
cisely the  same  as  the  first  two  which  are  mentioned 
in  the  investigation  of  C's  share  in  that  annuity  : 
and  the  sum  of  which,  for  every  year  of  human  life, 
will  be  found  equal  to  i  ^C  +  i  BC — ABC:  whence 
the  following  rule. 

121.     Subtract  the  value  of  an  annuity  on  the  joint 
lives  ABC,  froju  half  the  sum  of  the  values  of  an  an- 
nuity  on  each  on  the  joint  lives  AC  and  BC  :  the  dif- 
ference will  be  the  share  which  C  ought  to  contribute 
towards  the  purchase. 
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4  122.  Ed'amplc.  Suppose  the  three  lives  to  be 
aged  20,  30,  and  40 ;  the  rate  of  interest  4  per  cent, 
and  the  probabilities  of  living  as  at  Northampton.  The 
value  of  the  share  of  each  person  in  this  annuity  will 
be  as  under  :  viz.  that  of 

Az=Kll-873  + 10-924— 8-986)r:6'905 
B  =  K  1 1-873  + 10-490--8-986)=6-689 
C=:K10-924  + 10-490)— 8-986=1-721 

and  the  sum  of  three  values  is  the  total  value  of 
the  annuity  on  the  three  lives,  to  continue  as  long  as 
any  two  of  them  are  in  being  together. 

PROBLEM  XV. 

§  123.  A,  B  and  C  agree  to  purchase  an  annuity 
to  continue  as  long  as  any  two  of  them  are  in  being 
together  ;  and  which  is  to  be  divided  between  them 
in  the  following  manner  :  A  and  B  are  to  enjoy  it 
equally  during  their  joint  lives  ,  if  A  dies  first,  then 
B  and  C  are  to  enjoy  it  equally  during  their  joint 
lives  ;  but  if  B  dies  first  then  A  is  to  enjoy  the  whole 
during  the  joint  lives  of  A,  and  C:  To  find  the  value 
of  their  respective  shares. 

SOLUTION. 

The  expectation  of  A  on  what  he  may  happen  to 
receive  at  the  end  of  any  one  year  may  be  considered 
in  two  parts,asdepending  on  so  many  different  events; 
V  A  and  B  may  be   both  alive,  the  probability  of 
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I     I 

which  at  the  end  of  the  first  year  is-^,  in  which  case 

he  will  receive  \  the  annuity :  2^  A  and  C  may  be 
living  and  B  dead,  the  probability  of  which  at  the 


end  of  the  first  year  is  —^  x  (1 — ^\in  which  case  he 

will  come  in  for  the  whole  annuity.  The  sum  of  these 
two  values,  multiplied  by  (I  +g)'^^,will  give  (1  +g)''' 


ah   .    a  c       a  b c 


(■^r-L-\ T-)  for  the  total  value  of  the  expectation 

of  A  on  what  he  may  happen  to  receive  at  the  end  of 
the  first  year. 

By  a  similar  process  we  may  find  the  value  of  his 
expectation  for  the  second,  third,  and  every  subse- 
quent year  to  the  utmost  extent  of  human  life  :  the 
sum  of  all  which  terms  will  be  the  total  value  of  his 
interest  in  the  annuity  ;  and  will  be  found  equal  to 
\AB-\-AC — ABC:  whence  the  following  rule. 

^  124.     Add  half  the  value  of  an  annuity  on    the 
joint  lives  ABy  to  the  value  of  an  annuity  on  the  joint 
lives  AC  ;  fi^om  the  sum,  subtract  thf  value  of  an  an- 
nuity on  the  joint  lives  ABC  ;  the  remainder  will  be  the 
value  of  the  share  of  A. 

§  125.  The  expectation  of  B  on  what  he  may 
happen  to  receive  at  the  end  of  any  one  year  may  also 
be  considered  in  two  parts  as  depending  on  so  many 
different  events  :  1°  A  and  B  may  be  both  alive,  the 
probability  of  which  at  the  end  of  the  first  year  is 
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'  It    ' 
-~,  in  which  case  he  will  receive  ^  the  annuity :  2^ 

B  and  C  may  be  alive  and  A  dead,  the  probability  of 

which  at  the  end  of  the  first  year  is  ~-  X  (  1  — *— ),  in 

which  case  liicewise  he  will  receive  J  the  annuity. 
The  sum  of  these  two  values  therefore  being  multiplied 

by  (I+J)-  will  give  (l+j)-   xiL_^4L+^) 

for  the  expectation  of  B  on  what  he  may  happen  to 
receive  at  the  end  of  the  first  year. 

By  a  similar  process  we  may  find  the  value  ot  his 
expectation  on  what  he  may  happen  to  receive  at 
the  end  of  the  second,  third,  and  every  subsequent 
year,  to  the  utmost  extent  of  human  life :  the  sum  of 
all  which  terms  will  be  the  total  value  of  his  interest 
in  the  annuity;  and  will  be  found  equal  to  J  {^AB-\- 
BC — ABC)  :  whence  the  following  rule. 

§  126.     Subtract  the  value  of  an  annuity  on  the  three 
joint  lives  ABC y  from  the  sum  of  the  values  of  an  an' 
nuity  on  each  of  the  joint  lives  AB  and  BC  :  half  the 
remainder  will  be  the  value  of  the  share  ofB.* 

§  127.  With  respect  to  the  share  of  C,  it  is  solely 
equal  to  half  the  value  of  a  reversionary  annuity  on 
the  joint  lives  BC,  after  the  life  of  A  ;  which  rever- 
sionary annuity  is  by  the  Scholium  in  page  70,  ex- 

*  Thi  Ttlae  of  D's  interest  ia  this  aooaity  is  the  same  as  that  in  the 
preceding  problem. 
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pressed  by   ^BC — ABC):   whence   the  following 
rule. 

§  128  Subtract  the  value  of  an  annuity  on  the  joint 
lives  ABC,  from  the  value  of  an  annuity  on  the  joint 
lives  BC :  half  the  rejnainder  will  be  the  value  of  the 
share  of  C. 

^  129.  Example.  Suppose  the  three  lives  to  be 
aged  20,  30,  and  40 ;  interest  at  4  per  cent,  and  the 
probabilities  of  living  as  at  Northainpton.  The  value 
of  the  share  of  each  person  will  be  as  under :  viz. 
that  of 

A=:Jxll-873  +  ]0924— 8-986  =  7-874 
B  rz  i  (1 1  -873  + 10-490— B-986)  =  6--6S9 
C  =  ^(10-490— 8-986)  .  .  .   .  -    -752 

and  the  sum  of  all  these  three  values  will  be  the 
total  value  given  for  the  purchase. 

PROBLEM  XVI.* 

^  130.  D  and  his  heirs,  as  soon  as  any  two  of 
three  given  lives 'A,  B,  C,  become  extinct,  are  to 
enter  upon  an  annuity  in  order  to  enjoy  the  same 
during  the  life  of  the  survivor :  To  find  the  value  of 
his  interest  therein. 

SOLUTION. 

This  annuity  is  evidently  to  continue  during  the 
longest  of  the  three  given  lives;  and  the  value  ofihe 

*  Simpson's  Sup,  Prob.  20.    Dodsoo,  toL  ill.  Qaes.  79. 
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same  without auy  restriction  would  be  (by  Prob.  II, 
equal  to  A-{-B-{-C-—AB-'AC  —  BC-^ABC  :  but 
since  D  (or  bis  heirs)  is  not  to  receire  any  thing  du- 
ring the  continuance  of  any  two  of  these  lives,  the 
value  of  an  annuity  depending  on  this  contingency 
must  be  subtracted  from  the  preceding  expression  ; 
and  which  value  is  (by  Prob.  II!)  denoted  by  AB-{- 
AC+BC—2ABC.  Therefore  A-{-B^C—2AB-' 
2AC—2BC-hSABC  will  be  the  value  required  : 
whence  the  following  rule. 

^  131.  From  the  turn  of  the  values  of  an  annuity 
on  each  of  the  single  lives,  subtract  twice  the  sum 
of  the  values  of  an  annuitj/  on  each  pair  of  Joint  lives; 
to  the  remainder  add  thrice  the  value  of  an  annuity  on 
the  three  joint  lives:  the  sum  will  be  the  interest  of  D  in 
this  annuity,  or  the  value  of  the  reversion  required, 

^  13*2.  Rr ample.  An  estate  is  held  on  three 
lives  whose  ages  are  20,  30,  and  40,  the  income 
of  which,  as  soon  as  any  two  of  these  lives,  become 
extinct,  is  to  belong  to  D  and  his  heirs  during  the 
continuance  of  the  third  life  :  what  is  the  interest  of 
Din  this  lease,  reckoning  the  probabilities  of  living  as 
at  Northampton,  and  the  rate  of  interest  4  per  cent? 

The  sura  of  the  values  of  an  annuity  on  each  of  the 
single  lives  is  1G033+ 14-78H- 13197=4401 1  ; 
the  sum  of  the  values  of  an  annuity  on  each  pair  of 
joint    lives    is     11-873+ 10*924+ 10-490=33-287  • 


102  ON  SURVIVORSHIPS.  ChA. 

and  the  value  of  aa  annuity  on  the  three  joint  lives 
is  8-986.  Therefore  44*01 1  —  2  x  33-287  +  3  x 
8-986=4-395  will  be  the  value  required. 

PROBLEM  XVII.* 

§  133.  D  and  his  heirs,  as  soon  as  any  one  of 
three  given  lives.  A,  B,  C,  becomes  extinct,  are  to 
enter  upon  an  annuity  in  order  to  enjoy  the  same 
durin?  the  continuance  of  the  lonorest  of  the  remain- 
ing  lives  .  To  fine  the  value  of  his  interest  therein. 

SOLUTION. 

It  is  evident  in  this  case  also  that  the  annuity  is  to 
continue  during  the  longest  of  the  three  given  lives  ; 
and  such  would  be  the  value  of  it  to  D  (or  his  heirs) 
where  he  to  enter  upon  it  immediately  :  but  since  he 
is  not  to  receive  anything  during  the  continuance  of 
all  the  joint  lives,  the  value  of  an  annuity  on  those 
joint  lives  must  be  subtracted  from  the  value  of  an  an- 
nuity on  the  longest  of  the  three  lives,  in  order  to 
obtain  the  required  value.  Wherefore,  A  +  B+C 
AB  --AC—BC  +  ABC  4-  ABC  zzA  +  B  +  C — 
PlB  — AC — BC  will  be  the  value  of  his  interest  in 
the  annuity  :  whence  the  following  rule. 

§  134,  From  the  sum  of  the  values  of  an  annuity 
on  each  of  Jhe  single  lives,    subtract  the  sum  of  the 

Doilson's  vol.  iii,  Ques.  78 
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values  of  an  atmuili/ on  each  pair  of  Joint  lives:  tfie 
remainder  will  be  the  interest  of  D  in  this  annuity ^  or 
the  value  of  the  reversion  required. 

§  135.  E cample.  Suppose  the  lives  to  be  ag^ed 
20,  30  and  40  ;  the  rate  of  interest  4  per  cent,  and 
the  probabilities  of  living  as  at  Northampton.  In 
which  case  the  value  required  would  be  16*033  + 
14-781  -i-13-187  —(11-873  +  10-924  +  10-490)=z 
10-724. 

COROLLARY. 

§  136.  Had  two  lives  only,  A  and  B,  been  con- 
cerned in  this  question,  the  value  of  the  interest  of 
D  in  the  annuity  would  (by  the  same  method  of  rea- 
soning) become  equal  to  A-{-B — 2AB  :  whence 
the  following  rule. 

§  137.     From  the  sum  of  the  values  of  an  annuity/ 
on  each  single  life,  subtract  twice  the  value  of  an  an- 
nuity on  the  two  joint  lives :  the  remainder  will  be  the 
value  required. 

For  examples  of  the  use  and  application  of  this  co- 
rollary, see  Question  XXI  in  Chapter  XII. 

PROBLEM  XVIII.* 

§  138.  D  and  his  heirs,  as  soon  as  any  one  of 
three  given  lives  A,  B,  C,  becomes  extinct,  are  to 

*Dmboo,  Tol.  ill.  Que«  80. 
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enter  upon  an  annuity  in  order  to  enjoy  the  same 
during^  the  joint  continuance  of  the  survivors  :  To 
find  the  value  of  his  interest  therein. 


SOLUTION. 

In  this  case,  the  annuity  is  to  continue  only  as 
long  as  any  two  of  the  given  lives  are  in  being;  and 
such  would  be  the  value  of  it  to  D,  were  he  to  enter 
on  it  immediately  :  but  since  he  is  to  receive  nothing 
during  the  joint  continuance  of  all  the  lives,  the 
value  of  an  annuity  on  those  joint  lives  must  be  sub- 
tracted from  the  value  of  an  annuity  to  continue 
as  long  as  any  two  of  them  are  in  being  together. 
Therefore  ^J5  ■\-AC'{-BC—2ABC^ABC-AB+ 
AC-\-BC—^ABC,  will  be  the  value  required:  whence 
the  following  rule. 

'^  139.  From  the  sum  of  the  values  of  an  annuity 
on  each  pair  of  joint  lives,  subtract  thrice  the  value  of 
an  annuity  on  the  three  joint  lives :  the  remainder  will 
be  the  value  required. 

\  140.  Example,  Suppose  the  lives  to  be  aged 
20,  30  and  40 ;  the  rate  ot  interest  4  per  cent,  and 
the  probabilities  of  living  as  at  Northampton.  In 
which  case  the  required  value  would  be  11*8734- 
10-924-h  10-490— 3x8-986i=6-329- 
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SCHOLIUM. 

^  141.  The  preceding  problems  contain  some  of 
the  most  general  cases  of  survivorshipjwherc  not  more 
than  three  lives  are  concerned  ;  they  are  by  no  meani 
offered  as  the  whole  which  may  arise,  since  the  con- 
ditions of  the  problems  are  capable  of  infinite  variety : 
but,  by  an  attention  to  the  method  of  deducing  the 
values  in  the  cases  here  given,  it  is  presumed  that  no 
difficulty  will  be  found  in  investigating  any  other  case 
which  may  present  itself. 

§  142.  I  would  here  observe,  however,  that  the 
values,  in  all  these  problems,  are  deduced  from  the 
whole  continuance  of  the  lives  on  which  the  annuities 
depend  :  but  if,  from  the  conditions  of  the  problem, 
the  contingencies  are  Deferred  or  Temporary^  then 
the  annuities  which  result  therefrom  will  be  affected 
in  a  similar  manner.  In  such  cases,  therefore,  we 
must  substitute  the  value  of  such  deferred  or  tem- 
porary annuities,  instead  of  annuities  on  the  whole 
continuance  of  the  lives,  and  proceed  with  such  sub- 
stituted values  in  the  same  manner  as  with  the  whole 
values  of  the  annuities  :  agreeably  to  what  I  have  al- 
ready mentioned  in  Prob.  II,  cor. 2  and  4  :  and  cor.l 
to  the  Scholium  in  page  70. 
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CHAPTER  V. 

On  Reversi^iary  Annuities  depending  upon 
a  particular  Order  of  Survivorship. 

§  143.  A  MONG  the  cases  of  reversionary  annuities, 
involving  not  more  than  three  lives,  and  which  are 
given  in  the  Scholium  at  the  end  of  the  third  Chap- 
ter,* there  are  tw^o  which  oftentimes  involve  a  con- 
tingency for  which  it  is  extremely  difficulty  to  find  a 
correct  algebraical  solution  fit  for  general  use.  These 
are  the  second  and  fourth  cases  their  mentioned  ; 
and  the  contingency,  alluded  to,  is  that  one  of  the 
two  lives  in  pai^ticular,  P  or  Q,  shall  die  before  or 
after  the  other. 

As  the  investigations  necessary  to  the  solution  of 
these  cases  will  be  of  considerable  importance  in  the 
further  progress  of  this  work,  I  shall  devote  a  separate 
chapter  to  the  examination  of  the  subject.  The  so- 
lution of  the  cases  themselves  will  lead  to  that  of 
some  other  questions  in  Survivorships  which,  for 
want  thereof,  could  not  be  inserted  in  the  preceding 
chapter. 

§  344.  Instead  of  the  lives  A,  P,  Q,  as^given  in 
the  scholium  above  mentioned,  let  the  lives    A,   B^ 

*  See  page  71. 
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C ;  of  which,  the  lives  B  and  C  are  supposed  to  be 
in  possession,  and  the  life  A  in  reversion.  The  value 
of  a  revessionary  annuity  on  the  life  A  after  the  joint 
lives  B  C,  is  equal  to  A — ABC  :  but  if  A  is  not  to 
enjoy  the  annuity  unless  B  be  the  Jirst  that  dies,  of 
the  two  joint  lives  BG,  it  is  evident  that  the  value  of 
the  annuity  will  be  considerably  affected  by  this  re- 
striction. 

In  like  manner,  the  value  of  a  reversionary  annuity 
on  the  life  A  after  the  longest  of  two  lives  B  and  C, 
is  equal  to  A—AB-^AC  +  ABC:  but  if  A  is  not  to 
enjoy  the  annuity  unless  B  be  the  last  that  dies,  of 
the  two  lives  BC,  it  is  evident  the  value  of  an  an- 
nuity will  in  this  case  also  be  considerably  affected 
by  this  restriction. 

When  the  tv^o  lives  in  possession  are  of  the  same 
age,  or  nearly  so, it  will  be  an  equal  chance  which  of 
them  dies  before  or  after  the  other  :  but,  as  this  is  not 
always  the  case,  it  would  be  extremely  desirable  to 
obtain  an  expression,  fit  for  general  use,  which  should 
express  this  probability  ybr  every  year  of  human  life  ; 
because  the  expectation  of  receiving  each  year's  rent 
will  depend  on  such  contingency.  Unfortunately, 
however,  this  probability  cannot  be  denoted  by  a  co/i- 
stant  quantity  till  after  the  extinction  of  the  oldest 
of  the  two  lives  ;  because  the  chance  of  survivorship 
varies  in  every  succeeding  year  till  that  period  ;  and 
even  then  we  can  only  approximate  to  the  true  value. 
When  the  difference  between  the  ages  of  the  lives  in 
possession  is  not  very  great,  the  error  will  be  but  tri- 
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fling  (as  I  have  just  observed)  by  supposing  it  to  be  an 
Qqual  chance  which  of  those  lives  dies  before  or  after 
the  other,  during  the  probable  time  of  their  joint 
continuance  ;  but  when  there  is  any  considerable 
difference  between  the  ages  of  the  two  lives,  this  can- 
not be  an  accurate  method  of  proceeding.  After  that 
period,  however,  the  contingency  may  in  all  cases  be 
expressed  with  a  tolefable  degree  of  correctness. 
But,  previous  to  the  investigation  of  any  of  the  prob- 
lems connected  with  this  subject,  it  will  be  necessary 
to  premise  the  following  lemmata. 


LEMMA  I.* 

§  145.  To  determine  the  probability  that,  out  of 
two  given  lives  A  and  B,  one  of  them  in  particular, 
A,  shall  fail  before  the  other. 

SOLUTION? 

It  is  evident  that  this  circumstance  may  take  place 
in  any  one  year,  P  by  A  dying  in  that  year  and  B 
surviving  it ;  2^  by  the  extinction  of  both  the  lives  //* 
the  year,  A  having  died  tirst.  The  probability  of  the 
first  event  happening  in  thefirstyearis,  by  §24  and  25 

a—'        i 
(° — ?  X  -r)  ;  and  the  probability  of  the  second  event 

P  *  Phil.  Trans.     1788,   pnrt  11,  page  332.     Dodson,  vo).  iii.  Qucs.  21. 
Simpion,  page  100.     De  Moivre,  Prob.  18. 
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happening  in  the  same  period  is 

(he  sum  of  these  two,  therefore,  or^i^^i^,  will 

denote  the  whole  probability  that  A  dies  the  first  of 
the  two  lives  in  ihejirst  year. 

In  like  manner,  the  probability  of  the   first  event 

happening  in  the  second  year  is^""^^"^*;  and  the  pro- 
bability of  the  second  event  happening  in  the  same 

'    *•       I    II 
period  is  2aF~^'*  U^erefore   the   sum   of  these 

*  In  all  these  tnnaal  contingencies  I  have  aupposed  it  to  be  an  equal 
chaoce  that  A  dies  before  B,  whatcTcr  may  Le  the  difference  bctireea  the 
two  ages  :  and  though  this  is  not  strictly  correct,  except  in  those  eases 
where  the  two  lives  are  equal  /  yet  as  such  chance  is  in  the  present  inresti- 
gation  confined  to  eacAjwr/tcu/ar  ^eor,  and,  when  applied  practically)  is 
ioTolTcd  with  other  quantities  which  Tery  mucli  diminish  the  error  that 
would  otherwise  arise  from  this  hypothesis,  it  would  be  needless  to  retder 
the  solution  more  complicated  nnd  intricate  by  aiming  at  greater  exactness. 
It  will  howerer  appear  from  this  remark  that  the  result,  here  obtained,  is 
only  an  approjtimation  to  the  true  ralue  :  which  is  more  and  more  correct, 
the  further  we  continue  the  scries. 

When  A  is  the  youngest  of  the  two  lives,  the  frno.ion  ^  will  exceed  the 
chance  that  A  dies  before  B  ;  and  consequently  the  value  of  iff,  as  loand 
by  the  lemma,  will  exceed  the  true  value  of  the  probability  that  A  dies 
before  B  ;  in  any  part  of  their  co-existenoe.  On  tho  other  hand,  when  A 
is  the  oldest  of  the  two  lives,  the  chance  that  A  dies  before  B  will  be 
mote  than  ^  ;  and  soascquently  ^  will  in  this  ease  faH  thort  of  the  trtto 
value  of  the  probabililiy  that  A  dies  dcfore  B  in  such  period.  Proper- 
allowaices  may  be  made  in  such  cases,  when  there  is  any  material  differences 
in  the  ages  of  the  two  lives. 
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two,  or  ^"^^^^  "^  ,will  denote  the  whole  proba- 
bility that  A  dies  the  first  of  the  two  lives  ia  the  se- 
cond year.     And  if  this  value  be  added  to  the  one  j  ust 

found  for  the  first  year,  it  will  give  ^°~°2a/^"^^V 

(£z:f!yi.CMf)  for  the  probability  that  A  dies  ^i^^  ^^^^ 

of  the  two  lives  in  two  years. 

By  a  similar  method  of  proceeding  it  will  be  found 

//   ///      //    /// 

that     ~    2(b  ^^^^  denote  the  whole  probability 

that  A  dies  the  first   ot  the  two  lives   in   the  third 

year :  which,  being  added  to  the  value  just  found  for 

two  years,   will  give^°-°\^^^*+^'  +^A::h^+h+ 

I  III  II        III 

l5Zli^(l±^for  the  probability  that  this  event   will 

happen  in  three  years. 

And  so  on  with  respect  to  the  values  for  all  the 
subsequent  years  to  the  utmost  extent  of  human  life  : 
and,  if  we  make  n  equal  to  the  difference  between  the 
age  of  the  oldest  of  the  given  lives  and  that  age  in  the 
table  of  observations  at  which  human  life  becomes 

extinct,  we  shall  find  that  the  series^°~"\,^/^+^)+ 

"lab  ' 

/     //           /     //          //     ///        //     .'//                                (a— «)X  C/5+/3) 
(g— g)  X  (b+b)      (g-g)  x  {b  +  b)         ^ ' 

2ab  "*"  2ab  "*"  2ab 

will  express  the  whole  chance  of  A  dying  before  B, 
during  that  period.     But  this  series,  reduced  to  more 
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simple  terms,  is  equal  to^x[^(fl— fl)  X  (^4-^)  + 

I  II  IP  M  III  U  III 

(a—a)Xi6-\-S)-\-(a--a)x{6-i-b) (a--a)  X 

(/3-f.^)J,   the  sum  ofvihich  I    shall  denote  by^; 

therefore  yp  will  express  the  probability  that  A  will 
die  before  B  during  the  probable  term  of  their  joint 
continuance :  and  its  application  will  be  shown  in 
the  solution  of  the  subsequent  problems. 

§  14G.  In  finding  the  numerical  value  of  this 
series  for  lives  of  different  ages,  but  whose  common 
difference  of  age  is  the  same,  it  will  be  most  con- 
venient to  begin  witlj  the  last  term  of  it,  or  (a — o)  X 

^/^+i3);  and  to  proceed  upwards  till  we  come  to  the 

ages  of  the  given  lives,  as  in  finding  the  numerical 
value  of  Annuities :  see  Prob.  I,  cor.  2.  By  this 
method,  the  process  for  finding  the  probability  of  sur- 
vivorship between  two  other  lives,  whose  ages  have 
he  same  common  difference  as  the  given  lives,  will 
be  considerably  abridged ;  since  the  latter  terms  of 
the  series  will  be  common  to  both  cases. 

§  147.  Eavmpie.  Let  it  be  required  to  find  the 
probability  that  A  the  youngest  of  two  lives,  whose 
difference  of  age  is  10  years,  shall  die  before  B  the 
eldest ;  according  to  the  probabilities  of  living  as 
observed  in  Sweden,  amongst  males  and  females  col- 
lectively. The  process  for  finding  such  values,  for 
every  year  of  human  life,  will  best  appear  from  the 
following  specimen. 
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By  these  examples  it  will  be  seen  that  the  proba- 
bility, that  a  life  aged  80  will  die  before  another  life 
aged  90,  is  expressed  by  the  fraction  "2999 ;  where 
certainti/  is  denoted  by  unity  ;  and  that,  if  the  two 
lives  where  82  and  92,  the  probability  would  be  ex- 
pressed by  •2477.  It  will  be  seen  also,  on  inspection, 
that  each  year's  series  is  for  the  most  part  composed 
of  the  terms  which  form  the  preceding  series  :  and 
consequently  that  the  finding  the  probability  of  sur- 
vivorship between  lives  o{ several  ages,  whose  com- 
mon difference  is  the  same,  is  not  much  more  labo- 
rious than  finding  it  for  the  youngest  of  those  lives. 

§  148.  Th«  above  example  relates  to  the  proba- 
bilities  of  survivorships  between  the  two  lives  as  ob- 
served in  Sweden  amongst  mankind  at  large  :  but  if 
one  of  those  lives  be  a  male  and  the  other  a  female 
the  results  will  be  materially  different,  as  may  be  seen 
by  the  two  following  tables,  where  the  answer  will 
vary  according  as  the  male  or  the  female  is  the 
oldest  of  the  two  lives. 


Age  of 

Ageol 

Probability 

Age  of 

Age  of 

Probability 

A 

B 

thut  A 

A 

B 

that  A 

Male. 

Femali 

dies  first 

Female 

Male 

dicsfirtt 

87 

97 

•1209 

87 

97 

'0000 

80 

96 

•1956 

86 

06 

•0000 

85 

95 

-2405 

85 

95 

'11B8 

84 

94 

•2811 

84 

94 

*I798 

en 

93 

•3147 

83 

93 

•2045 

82 

92 

•3342 

83 

92 

•3437 

81 

91 

•3478 

81 

91 

•3878 

80 

90 

•3534 

80 

00 

•8797 
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Two  other  tables  likewise  might  be  formed  for  the 
same  ages  ;  viz.  for  those  cases  where  both  the  lives 
are  males,  and  for  those  cases  where  both  the  lives  are 
females  :  and  the  results  would  in  these  cases  also  be 
different  from  those  above  adduced.  But  enough  has 
been  said  to  enable  the  reader  to  calculate  the  true 
probability  of  survivorships  according  to  any  case 
that  may  come  before  him.* 


*  Mr.  Morgan  has  given  a  '*  Table  shewing  the  probabilities  of  "  survi 
vorship  between  two  persons  of  all  ages,  whose  commoa  "  difference  of  age 
is  not  less  than  10  ;  computed  from  the  "  Northampton  table  of  observa- 
tions." See  Phil.  Trans,  vol.  Ixxviii.  p.  337  ;  or  Dr.  Price's  Obs.  on  Rev' 
Pay.  vol.  I.  p.  406.  He  says  that  the  probabilities  are  very  nearly  the 
same  from  whatever  table  of  observations  they  are  computed  :  the  accuracy 
of  which  remark  may  be  best  seen  by  a  comparsion  with  the  examples  above 
given. 

The  table,  here  alluded  to,  is  the  only  one  hitherto  calculated  for  ehow- 
'ng  the  probabilities  of  survivorship  between  any  two  lives.  As  that  table 
however  is  applicable  only  to  the  valuation  of  annuities  as  deduced  from 
the  Northampton  observations,  and  is  moreover  adapted  to  every  decade 
only  of  human  life,  I  shall  point  out  an  easy  method  whereby  we  may 
obtain  a  near  value  of  such  probability  ;  which,  though  not  siricily  true 
will  be  sufficiently  correct  if  the  two  lives  are  between  10  and  70  years  of 
age  :  at  least,  till  we  are  possessed  of  more  enlarged  tables  on  this  subject. 
Let  the  expectation  of  A's  life,  as  found  by  Prob.  I,  cor.  7,  ue  denoted  by  « 
and  let  the  expectation  of  B's  life  as  found  in  the  same  manner  be  denoted 

c 
by  «  :  then  will  ^  :=  -— — . 

This  formula  is  dcdused  from  the  assumption  that  the  decrements  of 
life  are  equal  and  uniform  at  every  age  agreeably  to  the  principles  of  M.  De 
Moivre  which  will  be  more  fully  explained  in  Cliapter.  IX  :  and  is  one  of  the 
many  instances  of  the  utility  and  convenience  of  that  celebrated  hypothesis. 
The  following  examples  deduced  from  i\\GNorthampton  observations  and  com- 
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COROLLARY  I. 

^  1 49.  If  the  sum  of  any  number  of  terms  of  that 
aeries  be  subtracted  from  the  probability  of  the  fail- 
ing of  the  joint  lives  in  that  term,  the  difference  will 
denote  the  probability  that  B  will  die  before  A  in 
that  time.  Consequently  (since  it  is  certain  that  one 
or  other  of  them  will  die  before  the  end  of  n  years) 
if  the  sum  of  the  whole  series  be  subtracted  from  unity 
the  difference,or  1 — i^,  will  express  the  whole  chance 
of  B  dying  before  A  during  the  problem  term  o 
their  joint  continuance. 

COROLLARY     II. 

§  150.  When  the  two  lives  are  equal,  the  sum  of 
the  general  series  given  in  the  problem  is  equal  to  i^  : 
that  is,  yp  =^. 

pared  mth  the  values  found  by  tbt  Lemma,  will  show  how  far  it  mf  b« 
relied  on.  ' 


Age  of 

Age    of 

Value 

Value 

A 

B 

by  Hypothesis. 

by  Lem  m  a. 

20 

30 

•4228 

•4231 

20 

40 

*3452 

•3429 

20 

50 

•2692 

•2650 

20 

60 

•J»76 

•1931 

30 

40 

•4062 

•4094 

30 

50 

•3182 

•3170 

30 

00 

•2336 

•2302 

40 

50 

•38fl7 

•3038 

40 

00 

•2862 

•2882 

50 

00 

•3671 

•3766         J 
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SCHOLIUM. 

§  151.  Since  A  and  B  may  denote  lives  of  any 
ages,  and  therefore  the  series  given  in  the  problem 
extends  to  all  cases  ;  whereby  i^  becomes  a  general 
expression  for  the  probability  of  survivorship  between 
any  two  lives  ;  yet,  as  different  probabilities  may  here- 
after arise  in  the  same  problem,  and  as  much  confu- 
sion may  be  created  by  the  use  of  the  same  character 
to  express  different  quantities,  I  here  take  the  oppor- 
tunity of  observing  that  I  shall  denote  the  several  pro- 
babilities of  survivorships  that  may  take  place  between 
any  two  of  the  three  lives  A,  B,  C,  by  the  following 
symbols  :  viz. 

A  dying  be/ore  B  z= ;/, 
A  ,     ,     ,     .     Czzo) 
B  .     .     .     •     Cz=^ 
whence  it  follows,  by  Cor.  1,  that  the  probability  of 
B  dying  before  A  =.  1 — \p 
C  .     .     .     .     Azzl— <u 
C  .     .    .     .    B=l— 0 

LEMMA  II.* 

§  152.  To  determine  the  probability  that,  out  of 
two  given  lives  A  and  B,  one  of  them  in  particular,  A, 
shall  die  after  the  other. 

*Plul,  Tranfl.  1794,  part  II,  pagfe  224.    Dobsqn,  vol.  iii,  19. 
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SOLUTION. 

It  is  manifest  that  this  circumstance  can  take  place 
in  the  first  year  only  by  the  extinction  of  both  the  lives, 

A  having  died  last ;  the  probability  of  which  ^Ili2  ^ 
—r^'>^i»*  an  expression  which,  for  reasons  that 
will  hereafter  appear,  I  shall  make  equal  to  -^^^  — 

2ab 

But  in  the  second  and  following  years,  the  event 
may  take  place,  1"  by  the  extinction  of  both  the  lives 
in  the  year,  A  having  died  last ;  2^  by  the  decease 
of  A  in  the  year,  B  having  died  in  either  of  the  pre- 
ceding years.     The  probability  of  the  first  of  these 

events  happening  in  the  second  year  is  ~^^^^ — •^» 
and  the  probability  of  the  second  event  happening  in 


the  same  period  is^^^^x(l — y)  :  the  sum  of  these 

two,  therefore,  or  ^—••-  "^^^Z  ^  ,will  denote  the 
whole  probability  that  A  dies  after  B  in  the  second 
year;  and  which  expression,  being  added  to  value 

just   found     for    the     first     year     will     give^^™ 

^°-^'^^/^^>-f°^-i^^^^^~^\  for  the  probability 
that  A  dies  after  B  in  two  years. 

*  See  the  note  io  pe^  100. 
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Iq  like  manner,  the  probability  of  the  first  event 

happening  in  the  third  year  ^^     '^J^  ~  \   and  the 
probability  of  the  second  event  happening  in  the  same 

period  is^^^^^x(l — y)  ;    the    sum    of  which,    or 


a — a      (a — a)x  (i+i) 


2ab 


,  will  denote  the  whole  probability 

of  A  dying  after  B  in  the  fhh^d  year :  and  which 
expression,  being  added  to  the  value  just  found  for 

two  years,   will  give  ~ ^ 2  b  "^ 

(a-|x_(6+^,^  ^_(±tfL^^,  for  the  probabi- 
lity  that  A  dies  after  B  in  three  years. 

And  so  on  with  respect  to  the  values  for  every  sub- 
sequent year:  and  if  we  make  n  equal  to  the  dif- 
ference between  the  age  of  the  oldest  of  the  given 
lives  and  that  age  in  the  table  of  observations  at  which 
human  life  becomes  extinct*,  we  shall  find  that  the 


*  Mr.  M«rgan  has  taken  this  terra  equal  only  to  the  diflFerence  between 
the  age  of  the  oldest  of  the  given  lives  and  the  age  of  the  oldest  life  in  the 
table  of  observations  :  whereby  he  has  omitted  the  chance  of  one  life  dying 
after  the  other  in  the  last  year  of  their  joint  existence.  The  reader  must 
bear  this  in  mind  when  comparing  the  values,  deduced  by  this  role,  with 
the  values  deduced  from  the  rule  given  by  Mr,  Morgan.  1  would  here 
observe,  that  the  formula  above  given  is  not  only  the  most  correct  of  the 
two,  but  also  renders  the  several  expressions,  in  which  it  is  afterwards)  used 
much  more  simple  than  those  whicii  are  deduced  according  to  Mr.  Morgan's 
assumption.    And,  agreeable  to  these  principles,  it  will  be  found   that  the 
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t    It 


tt^a 


series-^*  +  -7-  +  -^4- -;; 

TTZL  «  o^A  1"  "^h  "T    •    •    • 


[ 


ioS  '  'lab  '  2al» 

•  •  •  »ah ^_J^*^^  express  the  whole  chance 

of  A  dying  after  B  during  that  period;  that  is, during 
the  probable  term  of  their  joint  continuance. 

But   the    first   part   of  this  series,   or  fll?+^l=?+ 

a — a 

-2ll**  4. — ,  is   evidently  equal. to  ^^-  = 

(1 — —  )  ;  that  is,  equal  to  the  probability  that  the 
life  A  shall  fail  in  that  period  :  and  the  latter  part  of  the 
series,  which  is  to  be  subtracted,  is  (by  the  preceding 
Lemma)  equal  to  xj, :  consequently  the  total  required 

value  for  w  years  will  be  denoted  by   (1 — -  )  —1^. 

table  which  Mr.  Morgan  has  given, of  tho  ptubabih'tics  of  one  life  djfing 
q/7^  the  other,  is  totally  useless  :  since  its  application  may  always  be 
avoided  in  practice  ;  as  will  be  evident  from  the  method  pursued  io  the  in- 
vestigation of  the  problems  in  this,  and  in  the  eighth  Chapter  of  the  present 
work.  " 

Should  the   reader  be  desirous  of  knowing  the  probability  that  A  will  die 

afier  B  during  the  period  of  their  joint  continuance,  auording  to  "Slorgan't 

a 
astumption,  be  will  find  that  is  denoted  by  (1 — }  — 1/>   :  that  is,  by  sub 

a 
stituting  a  for  a  in  the  formula  which  I  have  given   in  the  text.    In  like 

manner  the  probability  of  Bdytpg  after  A    in  that  period  will,  upon  tb« 

the  same  assamption,  be  denoted  by  i^ :  that  is,  by  substituting  fi  for  /3 

b 
the  formula  gifcn  io  the  scholium.     And  so  of  the  other  <iuantitie«  there 
adduced. 
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COROLLARY    I. 

§  153.  If  the  sum  of  any  number  of  terms  in  the 
above  series  be  subtracted  from  the  probability  of  both 
the  lives  falling  in  that  time,  the  difference  will  de- 
note the  probability  that  B  will  die  after  A  during  that 
period.     Consequently  if  the  sum  of  the  whole  series 

above   given  be    subtracted    from(l — ^)x( — — )— 

1 — i*  (or  the  probability  that  both  the   lives 

fail     in    that  period)   the    difference,   or(  -^ — -^— ) 

(1 —  — — -^  zz  \p  ~,will  express   the  chance  of  B 
dying  after  A  in  that  period. 

COROLLARY  11. 

^  154.  When  the  tw«  lives  are  both  of  the  same 
age,  t/>  becomes  equal  to  ^;  as  already  mentioned  in 
the  second  corollary  to  the  preceding  Lemma  :  con- 
sequently the  sum  of  the  series  in  the  present  Lemma 
becomes  also  equal  to  J. 

SCHOLIUM. 

§  155.  In  order  to  prevent  the  confusion  of  quan- 
tities alluded  to  in  the  Scholium  given  in  page  116, 1 
shall  here  denote  the  several  probabilities  of  survivor- 

•   Since  it  is  certain  tliat  one  or  other  of  the  lives  will  be  extinct  at  the  end 

of  n  years,  it  follows  that  that  the  quantity     ,  which  arising  from  this  pro- 

ab 
duct,  will  vanish  altogether. 
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ship,  which  have  been  the  subject  of  this  Lemma, 
and  wiiich  may  arise  between  any  two  or  three  li?ef 
A,  B,  C,  by  the  following  symbols :  viz. 


A  dying  after  B  =  1  — 1/»  - 

a 
a 

A.     .     .     .    C=l  — w 

a 

"~  a 

B.    .    .     .     C  =  l— ^ 

__0 

whence  it  follows  by  Cor.  1,  that  the 

probability 

of 

B  dying  after  A  =  i/»  — 

b 

C.     .    .     .     A  =  »>  — 

_r 

C.     .     •     .     Bzz^-^^ 

^  I5G.  It  should  here  be  remarked  that  the  above 
expressions  denote  the  respective  probabilities  of  sur- 
vivorship for  n  years  only,  or  during  the  probable 
time  of  the  joint  continuance  of  the  two  lives;  and 
that  the  values  are  deduced  without  any  regard  to 
seniority.  Therefore,  when  A  is  the  oldest  of  the 
two  lives  the  general  expression  in  the  Lemma  will 
become  1  —  \fj;  because  o  becomes  equal  to  O,  and 
consequently  the  fraction— vanishes  altogether,  but, 

when  A  is  the  youngest  of  the  two  lives,  that  ex- 
pression will  not  denote  the  whole  probability  of  A 
dying  after  B,  since  there  is  a  further  chance  of 
A  dying,  after  having  survived  B.  In  order  to 
determine  this  probability  for  the  subsequent  years, 
the  series  in  the  Lemma  must  be  continued  till  the 

B 
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extinction  of  A's  life  :  whence  it  will  be  found  that 
the  probability  of  A  dying  after  B  in  {n-\- 1),  (?i+2), 

("+3),  &c,  years  will  be  respectively  denoted  by 

/  /'  /// 

1— ;/.       -,    1—;//  —  -,    1— ^__^,    &c;    tO  the  Ut- 

most  extent  of  A's  life,  at  which  period  the  expres- 
sion becomes  1 — i'. 

In  like  manner,  when  B  is  the  oldest  of  the  two 
lives,  the  probability  that  B  will  die  after  A  becomes 
equal  to  i// :  but,  if  B  be  younger  than  A,  the  general 
expression  above  given,  ^ r  denotes  the  proba- 
bility of  that  event  taking  place  during  n  years  only, 
or  during  the  probable  time  of  their  joint  continuance. 
And  the  probability  of  the  same  event  taking  place 
in  (w+1),  («4-2),  (w  +  3),  &c,  years  will  respectively 

denoted  by  i/^  —  ^,  yp  —  ^,  \p  —  -j,  &c ;  to  the  utmost 

extent  of  B's  life,  when  the  expression  at  length 
becomes  equal  to  xp.  The  same  observations  will 
apply  to  the  other  quantities  above  given. 

PROBLEM  XIX.* 

§  157.  To  find  the  value  of  a  reversionary  annuity 
on  the  life  A,  after  the  longest  of  two  lives  B  and  C, 
on  condition  that  B  dies  after  C. 

*  Simpson's  Sup,  Prob.  34.  Dodson,  vol.  iii.  Ques.  30.  Morgan,  Prob, 
27,  cor.  and  in  Phil.  Trans,  for  1794,  page  240. 
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SOLUTION. 

The  chance  which  A  has  of  receiving  this  annuity 
at  the  end  of  any  one  year  will  depend  on  the  con- 
tinuance of  his  life  to  the  end  of  such  term,  and  on 
the  extinction  of  both  the  lives  B  and  C  previoun 
thereto ;  restrained  however  to  the  contingency  that  B 
dies  last.  It  is  this  contingency  which  it  is  so  diffi- 
cult to  represent  in  such  a  manner  as  to  be  generally 
useful.  In  the  short  space  of  one  year,  as  I  have  be- 
fore observed  (page  109),  the  error  is  not  material  by 
taking  one  half  the  product  of  the  probabilities  that 
the  two  lives  shall  fail  in  that  period.  *•  But,  when 
"  the  number  of  years  and  the  difference  between 
'*  the  ages  of  the  two  lives  are  considerable  those 
**  chances  must  vary  in  proportion ;  and  therefore 
"  unless  the  contingency  is  blended  with  another 
"  which  shall  very  much  diminish  the  probability 
**  of  the  event,  the  solution,  by  thus  indiscrimately 
"  supposing  the  chances  to  be  equal,  must  be  ren- 
**  dered  extremely  inaccurate.''^* 

^  158.     If  the  probability  Of  B  dying  after  C  in 

onCf  two,  three,  &c,  years  (as  found  by  the  second 

t    II  III 
Lemma)  be  severally  denoted  by  y,  y,  y,  &c,  the  ex- 

*  The«e  are  Mr.  Morgan's  own  words  when  speaking  of  Mr.  Simpson's 
method  of  solution  :  see  PhU.  Tran*.  1791,  page  27C.  We  shall  find,  in 
the  sequel,  that  he  has  blleu  into  the  same  error  himself 
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pectation  which  A  has  of  enjoying  the  annuity  at  the 

end  of  those  years  will  be  represented,  with  a  suffi- 

/    /        II  II       III  III 
cient  degree  of  accuracy,*  by-^'/-,  ,^'^,„,    °;^,  &c, 

respectively.  But.  in  this  case  the  true  value  of  the 
reversionary  annuity  could  not  be  expressed  by  less 
than  n  different  series ;  and  therefore  would  be 
wholly  unfit  for  general  use.  ' 

§  1 59.  It  appears,  from  what  has  been  said,  that 
the  chance  of  one  life  dying  before  or  after  another 
differs  in  every  year  of  their  joint  existence;  and 
that  is  isnot  capable  of  being  represented  by  b.  consta?it 
quantity  till  the  extinction  of  the  oldest  of  such  lives. 
Afyr  that  period,  however,  the  expectation  which  A 
has  of  enjoying  the  annuity  at  the  end  of  any  subse- 
quent year  may  be  determined  sufficiently  near  for 
any  useful  purpose  by  the  help  of  the  preceding 
lemmata.    Consequently,  all  that  appears  further  ne- 


*  Morgan  says  (Phil.  Trant.  for  1794,  p.  238)  that  these  quantities 
would  give  the  caact  value  of  the  reversionary  annuity  :  but  he  asserts 
this  on  the  presumption  that  the  values  deduced  from  the  Lemma  give  the 
true  probabilities  of  survivorship  for  etiery  year  of  human  life.  Whereas 
those  values  approximate  only  in  proportion  to  the  length  of  the  series  ;  and 
arc  incorrect  in  the  first  terms  of  such  series,' when  there  is  any  considerable 
inequality  between  the  ages  of  the  two  lives.  Nevertheless,  if  they  could 
be  at  all  rendered  fit  for  practical  purposes,  they  would  enable  us  to  ap- 
proximate more  nearly  to  the  true  value  of  the  reversiooary  annuity  than 
the  inaccHrate  method  hitherto  adopted. 


Pr.  19.         oir  coifTiNOEiffT  annuitibb.  125 

cessary  for  the  proper  solution  of  the  problem  in  such 
an  expression  as  will  approximate  to  the  vahie  of  the 
chance  that  B  will  die  after  C  during  the  several 
years  of  ilioiv  joint  continuance.  Let  such  expression 
be  denoted  by  x ;  (the  value  of  which  will  be  the 
subject  of  a  future  inquiry  see  §  173) :  then  will  the 
value  of  the  reversionary  annuity,  depending  on  the 
contingency  mentioned  in  the  problem,  be  deter- 
mined in  the  following  manner. 


§  160.  It  is  manifest  that  the  payment  of  the  an- 
nuity in  any  one  year  depends  on  the  continuance  of 
the  life  A  to  the  end  of  that  year,  and  on  the  extinc- 
tion of  both  the  lives  B  and  C  previous  thereto  B 
havmg  died  last :  th§  probabilities  of  which  events 
for  the  first,  second,  third,  &c,  years  are  respec- 

tiTelydenotedby-f  (l-j)  X  (1- j)x,4-  (1-t)x 

II         'III  III  III 

(1-t)x.t(1-t)  X  (1- 1) X,&c.  Consequently,  the 
sum  of  the  expectations  of  receiving  the  annuity  at 
the  end  of  those  periods  respectively  will,  for  the 
first  71  years,*  be  denoted  by  the  following  series. 


*  I  would  hem  obterre,  once  for  all,  that  in  this  and  the  two  •ubwqaent 
problem*  I  take  n  to  denote  the  number  of  years  between  the  age  of  the 
oldest  life  inrotved  in  the  question,  and  that  age  in  the  table  of  obserratioaa 
when  human  life  becomes  extinct :  consequently  tlie  value  of  n  will  vary 
according  to  the  three  cue*  given  in  tbeae  problems. 
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§  161.  Case  1.  Let  A  be  the  oldest  of  the  three 
lives.  It  is  evident  that  in  this  case  the  series  above 
given  will  denote  the  ^\  hole  value  of  the  reversionary 
annuity  required :  because  in  the  nS^  year  the  life  A 
becomes  extinct,  and  all  the  subsequent  terms  of  the 
series  vanish.  But  the  above  series  is  equal  to 
x[^ — AB — AC-\-ABCl^  :  that  is,  equal  to  the  value 
of  a  reversionary  annuity  on  the  life  A  after  the 
longest  of  two  lives  B  and  C,  multiplied  by  the 
chance  that  B  dies  after  C* 


*  According  to  the  method  of  solution  adopted  by  Mr.  Simpson  and  Mr. 
Morgan,  the  values  (in  all  those  cases  where  A  is  the  oldest  life)  will  be 
precisely  the  same,  whatever  be  the  difference  of  age  between  B  and  C, 
whether  the  contingency  depends  on  B  dying  after  C,  or  C  dying  after  B. 
Thus,  the  value  of  an  annuity  on  a  life  aged  78  to  be  entered  upon  at  the 
extinction  of  two  lives  aged  15  and  75  (which  is  one  of  the  cases  given  by 
Mr.  Morgan)  is  the  same  whether  the  contingency  depends  on  the  younger 
life  dying  after  the  older,  or  on  the  elder  dying  after  the  younger.  But  it 
must  be  evident  that  an  annuity  depending  on  the  former  contingency  is 
worth  more  than  a  similar  annuity  depending  on  the  latter  eontiagenoy. 
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\  162.     Case  2.     Let  B  be  tlie  oldest  of  the  three 
lives.     In  this  case,  the  above  series  will  denote  the 


For,  the  time  of  A'b  coming  into  posseMion  ii  the  Hune  in  both  cmm  ;  vis 
oo  the  extinction  of  both  the  lives  :  thcrcfoic  the  Ttlue  of  the  annoitT  will 
be  effected  only  by  the  contingency  of  one  li/c  dying  after  the  other. 

Mr.  Morgan,  in  attempting  to  gire  a  more  correct  solution  for  the  Talae 
of  taeh  annuities  after  the  extinction  of  the  uldest  life,  has  OTerlooked  tb« 
most  material  part  of  the  process,  which  is  to  obtain  a  more  accurate  ex- 
pression for  the  value  of  such  annuities  during  the  joint  con/inuance  of  all 
(he  lives.  I  am  aware  that  Mr.  Morgan  asserts  that  by  taking  it  as  an 
e^uat  chance  whether  B  dies  before  or  after  C  in  any  given  period,  the  value 
of  the  annuity  which  results  from  this  assumption  will  be  suiCcicntly  near 
the  true  value  for  any  useful  purpose  :  and  he  has  given  some  example* 
with  a  view  to  prove  ihe  accuracy  of  his  remark.  I  shall  here,  however, 
tai:e  the  opportunity  of  observing  that  what  be  calls  the  true  value  is  only 
an  approximation^  which  differs  most  from  the  trae  vnlue  in  those  very 
eases  where  it  is  most  wanted  as  a  test.  He  has  deduced  certain  values 
from  a  false  hypothesis  ;  and  afterwards,  assuming  these  values  as  if  correct, 
endeavours  to  prove  that  another  method  of  approximation  used  by  him  is 
accurate  because  it  agrees  with  these  assumed  values.  Now,  from  what  has 
been  said  in  the  preceding  pages,  I  think  it  must  beevident  that,  when  there 
is  any  considerable  difference  between  the  ages  of  the  two  lives,  the  proba- 
bility deduced  by  the  lemmata  will  not  be  the  correct  value  for  every  year  of 
human  life :  neither  will  the  method  of  proceeding,  alluded  to  in  §  168, 
enable  us  in  such  cases  to  obtain  the  true  value  of  the  reversionary  annuity 

These  observations  apply  to  the  table  inserted  by  Mr.  Morgan  in  the 
PhiL  Trans,  for  1704,  page  234,  and  to  the  examples  given  by  him  in  page 
239  uf  the  same  volume.  Mr.  Morgan  says  ''  that  the  approximations  and 
^  exact  values  do  not  differ  much  from  each  other  till  the  last  years  of  the 
*'  oldest  life  :"  but  the  fact  is  that  they  differ  nearly  in  the  same  ratio 
throughout  the  whole  time  of  the  joint  continuance  of  the  two  Uvea.  Hi* 
own  remarks  prove  the  inaccuracy  of  his  method  of  reasoning. 
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value  of  the  reversionary  annuity  for  the  first  n  years 
(n  now  denoting  the  number  of  years  between  the 
age  of  B  and  that  age  in  the  table  of  observations 
when  human  life  becomes  extinct):  and  the  sum  of 
it  will  be   found  equal  to  x|I(^>>^ — AB—{AC)i-\' 

AB&j^.  For,  the  first  and  third  of  these  perpen- 
dicular sfciies  being  continued  to  n  terms  only,  the 
sum  of  those  terms  will,  by  Prob.  I,  cor.  4,  be  accu- 
rately repiesented  by  the  characters  here  given  : 
and  the  second  and  fourth  perpendicular  series  evi- 
dently denote  the  whole  value  of  the  annuities  on 
those  lives  respectively ;  since  in  the  w*^  year  the 
life  B  becomes  extinct  and  all  the  subsequent  terms 
of  those  series  vanish. 

Now,  in  order  to  determine  the  expectation  of  re- 
ceiving the  several  rents  in  the  remaining  years  of 
A's  life,  it  should  be  observed  that  the  payment  of 
the  annuity  in  any  one  year  depends  on  the  continu- 
ance of  the  life  A  to  the  end  of  that  year,  and  on  the 
probability  that  B  dies  after  C  previous  thereto  :  but 
the  probability,  that  B  will  die  after  C  in  the  (w-|-l)st 
and  all  the  subsequent  years,  is  (by  the  scholium  to 
the  second  [.emma)  denoted  by  the  constant  quantity 
(1 — 0).*  Consequently  the  sum  of  the  expectations 
of  receiving  the  («+l>S  {n-\-2y^,   (w+3>'^,   &c, 

year's  rents  will  be  expressed  by  the  series  ^     „  "i+ 

*  Because  in  the  general  expression  there  given,  /3  becomes  equal  to  O 
when   B   ia  th«  old  est  life  ;  and  the  fraction  ^consequently  vanishes. 
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— ^Xi-f  -  ■^^"nl34-&c  :   which,    being  con- 

tinued  for  all  the  subsequent  years  ofA*slifc,will show 
the  true  value  of  all  the  rents  to  be  received  after  n 
years.     But  the  sum  of  this  series  is,  by  Prob.  I,  cor. 

3,  equal  to  (I — ^)x{Af  :  and  which,  being  added 
to  the  first  n  terms  of  the  several  collateral  series  above 
found,  will  make  the  total  value  of  the  annuity  in  thi« 

case      equal      to  xC  (A)^—AB—AC^-{-  ABc2+ 

(1-^^)XCV-  Butsince(^)^=i4— CJ)'^and  (^C/=r 

AC —  {AC)  ,  as  appears  from  Prob.  I,  cor.  4,  it  fol- 
lows that  this  value  may  be  more  conveniently  ex- 
pressed by  x[A-'AB'-AC-{-ABC]-{-(\—^^x)^ 
(Af+xiAO^^* 

^  163.  Case  3.  Let  C  be  the  oldest  of  the  three 
lives.  The  value  of  all  the  rents  for  the  first  w  years 
(«  now  denoting  the  number  of  years  between  the 
age  of  C  and  that  age  in  the  table  of  observations 
when  human  life  becomes  extinct)  may  in  this  case. 


*  I  would  here  observe  that  the  rale  given  by  Mr.  Simpson  for  the 
solution  of  this  ease  is  expressed  by  (A — 2AB+ABB)^.  wliere  ■  denotes 

the  expectation  of  ihe  life  B  as  deduced  from  the  rule  in  page  49,  and  where 
i|  denotes  the  expectation  of  the  life  C  as  deduced  from  the  same  rule, 

Wiien  C  is  the  oldest  life,  this  value  must  be  deducted  from  tho  whole 
v»Iue  of  an  annuity  on  the  life  A  after  the  longest  of  the  two  livet  B  an<l  C 
agreeably  to  the  method  which  will  be  explained  io  the  note  in  page  140. 
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as  in  the  last,  be  denoted  by  the  first  n  terms  of  the 
series  given  in  the  Problem;  and  the  sum  of  which  will 

now     be  equal  to     x^^f—i^^f—AC+ABCl. 
For,  the  first  and  second  of  those  perpendicular  series 
being  continued  to  n  terms  only,  the   sum   of  those  I 

terms  will  be  truly  denoted  by  the  characters  here 
given  :  but  the  last  two  perpendicular  series  evidently 
denote  the  value  of  annuities  on  the  whole  continuance 
ofthose  lives  respectively  ;  because  in  the  wth  year 
the  life  C  is  extinct. 

Now  in  order  to  determine  the  expectation  of  re- 
ceiving the  several  rents  in  the  remaining  years  of  A's 

life,  it  should  be  observed  that  the  probability  of  B 
dying  after  C  in  (;2+l),(w+2),  (^^+3),  &c,  years  is 

by  the  scholium  to  the  second  Lemma,   respectively 

denoted  by  (1-*— f ).  ( 1  -j,-  £),  (  1  -  ^  -  f  ), 
&c  :  consequently,  since  the  payment  of  the  annuity 
in  any  one  year  depends  on  the  continuance  of  A's 
life  to  the  end  of  that  year  and  on  B  having  died  after 

C  previous  thereto,   it  follows  that  if  these  values  be 

/  //  III 
severally  multiplied  by—,  — ,  — , &c,  (or the  proba- 
bility that  A  will  live  (w+1),  («+2),  (w+3),  &c, 
years  respectively)  the  products  thence  arising  will 
express  the  whole  chance  of  receiving  each  year's  rent 
respectively.  And  these  products,  being  again  mul- 
tiplied by  the  present  value  of  £1  due  at  the  end  of 
those  respective  periods,  will  give  the  expectations  of 
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receiving  such  sum  at  the  end  of  those  years  :  and 
which  will  be  expressed  by  the  following  series. 

(i+8r""''x[(i-*)  i-  i/]+ 

(i+8;-<"+'^x[(i-8) "—  ij+ 

But  the  sum  of  these  two  perpendicular  series,con- 
tinued  to  the  utmost  extent  of  A's  life,  is  by  Prob,  I, 

cor.  3,  equal  to(l— ^)X(^)*^— (^B)^;  and  which, 
being  added  to  the  first  n  terms  of  the  several  colla- 
teral series  above  found,  will  make  the  total  value  of 

the  annuity  in  this  case  equal  to  xL(^)  — {^^)  — 

an  expression  which,  from  what  has  been  said  in  the 
last  case,  may  be  more  conveniently  denoted  by  ^ 

\^A'^ABr--AC-{-ABc]  +  (  1— ^— x  )   X  (il)^— 

(i-x)x(ilB)^- 

COROLLARY. 

^  164.     If  the  two  lives  in  possession  are   both  of 
the  same  age,  B,  then  ^  and  x  each  become  equal  to 

j^,  and  the  quantities  (^5)^and  (^C)" vanish  alto- 
gether :  consequently  the  expression  in  each  case  h^- 
comts  ^[A—^AB-^ABE])  that  is,    equal   to  half 
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the  value  of  a  reversionary  annuity  on  the  life  A  after 
the  longest  of  two  equal  lives  B  and  B. 

But,  if  the  two  lives  in  possession  are  pf  the  same 
age  with  the  life  A  in  reversion,  this  expression  will 
become  i[A—2AA+AAA]. 

PROBLEM  XX.* 

§  165.  Tofindthe  value  of  a  reversionary  annuity 
on  the  life  A,  after  two  joint  lives  BC,  on  condition 
that  B  dies  before  C. 

SOLUTION. 

The  payment  of  this  annuity  at  the  end  of  aay  one 
year  depends  on  the  continuance  of  the  life  A  to  the 
end  of  that  year,  and  on  the  extinction  of  the  life  B 
before  C  previous  thereto.  As  this  latter  contingency 
cannot  be  convenientlyrepresented  with  accuracy  for 
every  year  of  human  life,  it  becomes  necessary,  as  in 
the  last  problem,  to  have  recourse  to  an  approximation 
during  the  number  of  years  that  the  lives  have  a 
chance  of  continuing  together.  Therefore  let  the 
same  symbols  be  used  as  in  that  problem  :  and  let  us 
consider  the  payment  of  the  annuity,  during  the  first 
71  years,  as  depending  in  each  year  on  one  or  other 
of  two  events  :  1°  that  A  lives  to  the  end  of  the  year, 
and  that  B  and  C  both  fail  previous  thereto  B  hav- 
ing died  first :  2°  that  only  B  dies    previous  thereto, 

*  Simpson's  Sup.  Prob.  35.  Dodson,  vol.  iii.  Ques.  49,  Morgan,  Prob. 
27  :  aad  in  Phil.  Trans,  for  1794.  page  235. 
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and  that  A  and  C  both  live.    The  probability  of  the 
happening  of  the   first   event   in   the   first  year  is 

2-(l—  ~)  X  (1—  ^)  X  (1— x)  ;•  and  the  probability 
of  the  happening  of  the  second  event  in  the  same 

period  is  (1 — -j-)  X-^:  therefore  the  sum  of  these 
two,   reduced   to  simple   terms  and  multiplied  by 

(1  +s)-,will give(l  +s)- .  X  [i— i^- (4 -  44- 

TT  "^  Vn^  X  I  ^^"^  ^'^^  total  value  of  the  expectation 
of  receiving  the  first  year's  rent.  By  a  similar  method 
of  reasoning  we  may  find  the  expectation  of  receiving 
the  second,  third,  &c,  year's  rants :  and  the  sum  of 
all  these  expectations  for  the  first  n  years,  will  be 

denoted  by  the  following  series, 

C,       ,  I         I       II       II      ' ; '     n 
a         ah         .a         a  b  ac      ,    aoc  ^ 

\  M  II  'J  II  M    It  II  II  HUM  I 

/ 1    I  ,»\-«  %.^      <*  <*"  /<*  o*  a  0     .    ab  Cy^  . 

('+?)  'X,^T— r6~(T~TT— T7  +  ^c)xJ+ 

I      ///  m  in  HI  m  m  in  in  in  in  m  I 

( —  "n 

U-t-?;      X^   7-77- (7~TT — ^+I67)x    • 

§  166.  Cast,  J .  Let  A  be  the  oldest  of  the  three 
lives.     It  is  evident  that  in  this  (tase  the  series  above 

*  Since  X  denote*  the  chftncc  tliat  Dwill  die  afltr  C  in  erery  yew  of 
their  joint  existcoce,  it  follows  that  1— x  will  d^otc  the  chinoe  ttut  B  will 
die  htfort  C  in  the  saiuo  periods. 
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given  will  express  the  whole  value  of  the  reversionary 
annuity  required :  because  in  the  w'^*  year  the  life  A 
becomes  extinct,  and  all  the  subsequent  terms  of  the 
series  vanish.  But  the  above  series  is  in  such  case 
evidently  equal  to  A  — AB --'^[A'^AB  —  AC-{- 
ABC]. 

§  167.  Case  2.  Let  B  be  the  oldest  of  the  three 
lives.  In  this  case,  the  above  series  will  denote  the 
value  of  the  reversionary  annuity  for  the  first  ?t  years 
and  the  sum  of  it  will  be  found  to  be  (^)t  —  AB  — 
^  ^(A)^—AB—{AC)^+ABCj.  In  the  subsequent 
years,  the  chance  of  receiving  the  annuity  will  depend 
on  the  continuance  of  the  life  A,  and  on  the  proba- 
bility of  B  dying  before  C :  therefore  the  value  of 
the  annuity  for  the  remaining  years  will  be  denoted 

by  the  sum  of  the  series  — tif— — i  tH u 


0  •  a 


■f&c=:(0^^)-     Consequently   the  total 


value  of  the  required  annuity  will  be  A —  AB  — 
ylA^AB  —  AC+ABCl  —  il-i^-x)  X  (^'^)--x 
(.Acf. 

§  168.  Case  3,  Let  C  be  the  oldest  of  the  three 
lives.  In  this  case,  the  above  series  will  also  denote 
the  value  of  the  reversionary  annuity  for  the  first  n 
years  ;  the  sum  of  which  will  now  become  equal^to 
{A)^{ABf  —  x'jAf  —  (ABf--^  AC-^ABCj 
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and  the  value  of  the  annuity  for  the  remaining  years 

will  be  truly  expressed,  as  in  the  last  case,  by  ^  {K)  • 
Consequently  the  total  value  of  the  annuity  re- 
quired will  be  ^— ^B— x[^— ylB--.4C-hi4BC]— 

COBOL LART. 

^  169.  If  the  two  lives  in  possession  are  both  of 
the  same  age  B,  then  ^  and  x  ^^iH  each  (as  in  the 
corollary  to  the  last  problem)  become  equal  to  J,  and 

the  quantities  {ABy-  and  (ACp  vanish  altogether: 
consequently  the  value  of  the  reversionary  annuity  in 
each  case  is  expressed  by  J[^ — ABB\ 

But  when  the  two  lives  in  possession  are  of  the 
same  age  as  the  life  A  in  reversion,  this  'expression 
will  become  equal  to  \\^A — AAA], 

/  SCHOLIUM. 

^  170.  If  the  value  found  according  to  either  of 
the  three  cases  in  this  problem  be  added  to  the  value 
found  according  to  the  corresponding  case  in  the 
preceding  problem,  their  sum  will  be  equal  to 
A — AB.  Consequently,  if  the  value  of  the  annuity 
in  either  case  of  the  preceding  problem  be  once 
determined,  the  value  of  the  same  annuity  according 
to  the  corresponding  case  in  the  present  problem  may 
be  easily  found  (provided  the  ages  of  the  three  lives 


r 
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A,  B,  C  are  the  same  in  both  instances)  by  subtracting 
the  former  value  from  A — AB  :  and  vice  versa. 

This  is  almost  self-evident :  for,  taking  the  contin- 
gencies of  both  problems,  it  is^manifest  that  the  an- 
nuity is  certain  to  beenjoyed  by  A  after  the  decease 
of  B,  provided  he  lives  so  long.  Consequently  the 
sum  of  the  values  found  by  both  problems  must  in 
each  case  be  equal  to  the  value  of  a  reversionary 
annuity  on  the  life  A  after  the  decease  of  B,  The 
truth  of  this  Scholium  is  indeed  evident  on  inspection. 

PROBLEM  XXI.* 

§  171.  B  and  C  possess  an  annuity  between 
them  ;  vvliich,  if  B  survives  C,  is  afterwards  to  be 
equally  divided  between  A  and  B  during  their  joint 
existence,  and  then  is  to  go  entirely  to  the  survivor 
for  his  life :  To  find  the  value  of  the  share  of  A  in 
this  annuity. 

SOLUTION. 

Since  A  is  not  to  receive  any  thing  if  C  survives 

B,  it  is  evident  that  he  is  entitled  to  half  the  value 
of  a  reversionary  annuity  on  the  joint  lives  AB  after 
the  extinction  of  thelife  C  ;  and  also  to  the  whole  value 
of  a  reversionary  annuity  on  his  own  life  after  the 
extinction  of  the  life  B,  provided  B  dies  after  C.    The 

*  Simpson,  Prob.  29,  and  iSup.  Prob.  36 
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former  Talue  is,  by  the  scholium  in  page  70,  equal 
to  i{AB — ABC) ;  and  the  latter  value  may  be  found 
by  Problem  XIX,  according  as  A,  B,  or  C,  is  the 
oldest  of  the  three  lives :  whence,  the  following  values 
may  be  readily  deduced,  for  the  three  cases  there 
mentioned. 

That  is,  when  A  is  the  oldest  of  the  three  lives, 
the  required  value  will  be  equal  to  x{A — AC)-^ 
(i— x)  X  {AB—ABC)*    When  B  is  the  oldest  of  the 


*  If  we  t*ke  X  to  <i«oote  ^  (that  is,  if  we  lappoM  with  Mr.  Morgmn  io- 
diMriminatcly  that  it  is  an  even  chance  whether  B  diea  before  or  after  C  in 
any  period  of  their  joint  existence,  whatever  be  the  difference  of  age  betweea 
the  two  lives)  then  will  this  formnla  become  eqaal  to  ^A — AO)  :  and  this 
is  the  method  of  solution  adopted  also  by  Mr.  Simpson,  Mr.  Morgan, 
however,  in  his  hurry  to  attack  M.  De  Moivre's  hypothesis,  has  inadvertently 
called  this  formula  an  absurd  one  ;  and  says  that  the  error  arises  from  Mr* 
Simpson's  having  been  misled  by  that  hypothent  in  determining  the  proba- 
bility of  one  life  dying  after  the  other :  see  Phil,  Trans,  vol  Ixxxi,  page 
278.  The  present  investigation,  from  the  real  probabilitiet  of  /i^,  will 
show  that  accusation  to  be  unfounded.  Mr.  Morgan  has  wholly  mistated 
the  case,  as  he  will  readily  perceive  on  re-pcrusing  what  he  has  there  written 
he  has  confounded  Mr.  Simpson's  34th  and  3Gth  problems  together  ;  and 
thereby  brought  an  unmerited  censure  upon  that  author.  The  error  does  not 
arise  from  the  use  of  De  Moivre's  hypothesis,  (ai  be  would  wish  us  to 
believe)  but  from  the  inacctiratc  method  which  he,  in  common  vith  Mr 
Morgant  has  adopted  in  order  to  express  the  chance  of  one  life  dying  befor^ 
or  after  the  other  during  the  probable  time  of  their  joint  continuance  ;  and 
the  same  absurd  formula  (if  I  may  retort  the  self-confuting  charge)  will 
equally  arise,  as  I  have  above  observed, even  according  to  Mr.^MorgAo's owa 
method  of  solution. 

8 
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three  lives,  it  will  be  equal  to  x(^ — ^0  +  (i — x) 
X  iAB  —  ABC)  +  {l—<l>—x)  X  {A)^  +  X  (AC)^. 
When  C  is  the  oldest  of  the  three  lives,  it  will  be 
equal   to   x  (A— AC)  K  (J— x)  X  (AB—ABC)  + 

{l—ci>  —  x)X(Af—(l—X)XiAB'^.  When  the  two 
lives  in  possession  are  of  the  same  age  B,  it  will  be 
equal  to  i(A — AB)*  And  when  all  the  lives  are 
of  the  same  age  A,  it  will  be  equal  to  ^{A — AA).-\ 

GENERAL    SCHOLIUM. 

§  172.  It  now  remains  only  to  determine  the 
value  of  X  in  order  to  obtain  the  proper  solution  of 
these  three  problems  :  and,  if  the  chance  of  one  life 
dying  before  or  after  anothep  in  every  year  of  their 
joint  existence  were  it  in  a  constant  ratio,  we  should 
find  no  difficulty  therein.  But  since  (in  computing 
from  the  real  probabilities  of  life)  this  chance  is  con- 
tinually varying,  we  must  have  recourse  to  an  ap- 
proximation towards  the  mean  value  of  such  ratio. 

§  173.     Now  I  have  found,  from  a  number  of  re- 


*  Tliis  formula  will  not  differ  much  from  the  true  value,  when  the  two 
lives  in  possession  are  nearly  of  the  same  age. 

+  Many  other  cases  of  sutvivorships  might  be  produced,  which  involve 
the  contingencies  mentioned  in  Problems  XIX  and  XX  ;  and  which  are 
solved  by  the  help  of  those  problea^s  in  the  manner  here  stated-  But,  after 
t '\is  investigation,  I  presume  the  reader  will  not  find  any  difEculty  in  the 
solution  of  any  other  question  of  this  kind  that  may  occur  in  practice. 
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peated  trials,  that  the  value  of  x  may,  when  x  ^  >> 
the  youngest  of  the  two  lives  B  and  C,  be  safely 
expressed  by^^'^^jt"  >  and  that  when  C  is  the 
youngest  of  the  two  lives  B  and  C  it  may  be  safely 
expressed  by    ^  .  which,  though  not  in  all  cases 

strictly  correct,*  will  come  nearer  to  express  the 
true  value  of  the  reversionary  annuity  than  by  making 
X  indiscrimately  equal  to  J,  whatever  be  the  ages  of 
B  and  C  :  and  may  be  used  till  its  true  val«ie  be 
more  correctly  determined.  But,  should  a  more  ac- 
curate expression  for  the  value  of  x  be  hereafter 
found,  the  general  solution  of  the  three  problems 
will  not  be  at  all  affected  thereby,  since  we  may  give 
to  X  all  possible  values^ 

§  174.  Kvample  1.  What  is  the  value  of  an  an- 
nuity on  the  life  of  A  aged  60  after  B  aged  40,  pro- 
vided B  dies  after  another  life  C  aged  20  :  interest 
being  reckoned  at  4  per  cent,  and  the  probabilities 
of  living  as  at  Northampton  ? 

Here  we  shall  have  ^1=9-039,  ^5=7-490,  AC= 
7-995,  ABC  =  6-722,  and  x  =*395  :  consequently 
the  value  of  the  reversionary  annuity  required  wil 
in  this  case  be  equal  to -276  X-395=:-109.     But,  ifB 


*  It  cftnnot  b«  strictly  correct,  becauBt  the  true  value  of  p  cannot  be  de  - 
duced  by  the  method  pursued  in  the  lemoMta ;  as  I  have  already  ob^vcd 
in  the  note  in  page  J  09. 
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had  been  20  and  C  40  years  of  age,  we  should  have 
X  =  '605 :  consequently  the  value  of  the  reversionary 
annuity  v^ould  in  this  case  be  equal  to  -276  X  -605= 
•167. 

In  like  manner,  if  A  had  been  20,  B  60,  and  C  40 
years  of  age,  we  should  have  -4  =  16*033,  ^jBiz7-995, 
ilCzz  10-924,  ^jBC=6-722,  w=:37,  x  ='354,  and 
^=•7118;  consequently  the  value  of  the  reversionary 
annuity  would  in  this  case  be  equal  to  3-836  X  '354 — 
0-67  +  -026izl-317.  But,  if  B  had  been  40  and  C 
60  years  of  age,  the  value  would  in  such  case  come 
out  equal  to  2-519* 

§  175.  Example  2.  What  is  the  value  of  an  an- 
nuity on  the  life  of  A  aged  60  after  B  aged  40,  pro- 
vided B  dies  before  another  life  C  aged  20  :  interest 
at  4  per  cent,  and  the  probabilities  of  living  as  at 
Northampton  ? 


*  It  may  here  be  useful  to  remark  that,  if  the  value  of  the  annuity  ou  the 
ik  A.  afttr  the  longest  of  the  two  lives  B  and  C  (provided  B  dies  after  C) 
be  once  found,  we  may  readily  determine  the  value  of  the  same  annuity,  on 
the  contingency  that  C  dies  after  B,  by  subtracting  tlie  value,  thus  found 
from^the  whole  value  of  the  reversionary  annuity  on  the  life  A  after  the 
longest  of  the  two  lives  B  and  C.  Thus,  the  value  found  by  the  example 
given  in  the  text  being  equal  to  1*317,  and  the  latter  value  here  alluded  to 
being  equal  to  3-836,  it  follows  that  3-836— 1-317=2-619  will  be  the  value 
required. 

In  order  that  the  reader  may  see  the  difference  in  the  results,  according 
to  Mr,  Morgan's  formula^  and  those  which  are  here  given,  I  shall  insert  the 
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Here  we  shall  have  -4-ilB=9*039 — 7*4903 
1*549:  consequently  1*549— '109=  1*440  will  (agree- 
ably to  what  has  been  said  in  the  scholium  in  page 
135)  be  the  value  of  the  reversionary  annuity  in  this 
case  required.  But  if  A  had  been  20  and  C  60 
years  of  age  the  value  of  the  reversionary  would  in 
such  case  be  equal  to  5-109— 2-519=2*590. 


folloving  compantirc  ralucs  of  aonaities  on  the  life  A  after  B,  prortded  B 
dies  after  C,  deduced  from  the  Northampton  tables,  and  reckoning  interest 
ftt  4  per  cent :  which  difference  arises  from  the  inaecuratc  method,  ad«ipted 
bj  Mr.  Morgan,  of  taking  it  as  an  «fi4ai  chance  in  all  eases  that  B  will  die 
alter  C,  whaterer  be  their  difference  of  age. 


Age  of 

Age  of 

Age  of 

V»lue  by 

Valaebj 

A 

60 

B 

C 

Baily. 

Morgan. 

40 

20 

•109 

•138 

60 

20 

40 

•167 

•13ft 

20 

60 

40 

1-317 

1717 

20 

40 

60 

2-619 

2130 

40 

60 

20 

•519 

•710 

40 

20 

60 

•986 

»789 
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CHAPTER  VI, 

On  Asswances, 

§  176.  Xn  the  preceding  chapters  I  have  con- 
sidered the  present  value  of  sums  of  money  as 
depending  on  the  existence  of  any  given  lives,  or  on 
any  particular  survivorship  between  them  :  and,  in 
the  solution  of  the  different  problems  relative  thereto 
have  had  regard  only  to  the  probability  of  the  living 
of  those  persons  on  whom  the  annuity  was  consi- 
dered as  depending.  I  come  now,  however,  to  treat 
of  those  cases  where  it  is  required  to  find  the  value 
of  annuities,  or  of  sums  of  money,  depending  on  the 
extinction  of  any  lives  ;  or,  in  other  words,  to  treat  of 
the  value  of  Assurances  on  lives :  a  term  applied  to 
that  compact  whereby  security  is  granted  for  the 

*  The  term  Assurance  is  usually,  applied  only  to  the  value  of  annuitie 
or  sums  of  money  to  be  paid  after  the  extinction  of  any  given  lives  :  but, 
it  may,  with  equal  propriety,  be  applied  to  the  value  of  those  annuities 
which  are  paid  during  the  existetice  of  any  given  lives ;  and  which  have 
been  the  subject  of  the  preceding  chapters.     For,  if  I  give  a  sum  of  money 
for  the  grant  of  an  annuity  during  the  continuance  of  any  given  lives,  I  give 
such  sum  in  order  to  have  the  annuity  assured  to  me ;  which,  without 
this  warrantry  would  be  precarious  and  uncertain.    As  I  am  ignorant  of  any 
other  word,  but  such  as  would  be  equally  ambiguous  and  indefinite,  I  have 
used  the  term  assurance,  in  its  most  common  acceptation,  to  express  the 
values  treated  of  in  the  present  chapter. 
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payment  of  an  annuity  or  sum  of  money  on  the  expi- 
ration of  the  lives  on  which  the  grant  is  made,  in 
consideration  of  such  a  previous  payment  made  to 
the  assurer,  as  is  accounted  a  sufficient  compensation 
for  the  chance  of  loss  to  which  he  exposes  himself. 
The  value  of  this  payment  (commonly  called  the 
Premium),  in  all  the  principal  cases  which  arise  out 
of  this  subject,  it  is  my  object  in  the  present  chapter 
to  determine. 

§  177.  It  may  here,  however,  be  necessary  pre- 
viously to  observe  that  the  method  to  be  pursued, 
for  determining  the  value  of  any  sum  depending  on 
the  extinction  of  any  given  lives,  will  be  materially 
different  from  that  which  is  pursued  for  determining 
the  value  of  any  annuitj/  under  the  same  circum- 
stances. In  the  latter  case,  the  expectant  is  to  re- 
ceive several  yearly  rents,  the  expectation  of  receiving 
each  of  which  is  independant  of  his  expectation  of 
receiving  any  other  of  them.  But,  in  reversionary 
sums  the  case  is  very  different ;  for,  here,  only  one 
gross  sum  is  to  be  received  at  the  extinction  of  th^ 
given  lives  ;  and  therefore  the  expectation  of  receiv- 
ing it  at  the  end  of  any  one  year  will  depend  on  its 
not  having  been  received  in  any  preceding  year  :  or, 
which  is  the  same  thing,  the  chance  of  receiving  the 
sum  at  the  end  of  any  year  will  be  compounded  of 
the  probability  of  the  given  lives  failing  in  that  year. 
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and  of  their  having  continued  through  all  the  pre- 
ceding years.  This,  however,  will  more  fully  appear 
in  the  following  investigations. 

PROBLEM  XXII.* 

§  178.  To  determine  the  present  value  of  a  given 
sum  payable  at  the  end  of  the  year  in  which  any 
number  of  lives  become  extinct. 

SOLUTION. 

Let  us  in  the  present  investigation  confine  the 
case  to  three  joint  lives  ABC,  whose  probabilities 
of  continuing  ],  2,  3,  &c,  years  are  as  expressed  in 
§  24  :  and  let  the  given  sum  be  denoted  by  s.  Now* 
the  present  value  of  such  sum,  certain  to  be  received 
at  the  end  of  one  year,  is  equal  to*(l+g)''^  :  but, 
as  the  chance  of  receiving  this  sum,  at  the  end  of 
the  first  year,  depends  on  the  joint  lives  failing  in 

that  year,  the  probability  of  which  is  °  ^"~°  *',  we 

must  multiply  the  present  value  of  the  sum  above 

mentioned  by  this   probability ;   which  will  give  s 

III 
(1  +g)~'  x"  "T°  ^  for  the  true  value  of  the  first  year's 

•  Simpson,  Prob.  21,  and  Sup,  Prob.  26-  De  Moivre,  Prob.  16,  Dodson, 
Tol.  ii.  Qaes.  89.  Morgan,  Prob.  8,  Price,  Note  (E).  On  referring,  how- 
ever, to  the  first  three  authors,  here  alluded  to,  it  will  be  found  that  their 
investigations  are  erroneous  ;  in  as  much  as  they  consider  a  given  sum  as 
equivalent  to  the  perpetuity  of  an  annuity  (commencing  immediately) 
equal  to  the  interest  of  such  sum.    See  the  Scholium  in  §  197. 
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expectation,  or  of  the  chance  of  receiving  such  sum  at 
the  end  of  the  first  year. 

In  like  manner,  the  present  valueof  the  given  sum, 
certain  to  be  received  at  the  end  of  two  years,  is  equal 
to  j(l-f?)'"*  :  but  as  the  chance  of  receiving  such 
sum  at  the  end  of  the  second  year  depends  on  the 
joint  lives  failing   in  that  year,  the   probability  of 


1)1   II II II 
which  (by  ^  27)   Js^^^~^,we  must   multiply  the^ 

present  value  of  the  sum  above  mentioned  by  the  pro- 
bability ;  which  will  give  J  (1+2)  «x-^%^^  for 
the  true  value  of  the  expectation  of  receiving  such 
sum  at  the  end  of  the  second  year. 

And  by  a  similar  method  of  proceeding  it  will  be 
found  that,  since  the  chance  of  receiving  the  given 
sum  at  the  end  of  the  third  year  depends  on  the  joint 

lives  failing  in  that  year,  the  probability  of  which  is 
//  //  II   III  til  III  11  II  II   III  III  III 

•'7J''.  we  shall  have  s  (1+j)-  x^^^^for 
the  true  value  of  the  expectation  of  receiving  such 
sum  at  the  end  of  the  third  year.  And  so  on  for 
every  subsequent  year  of  human  life  :  the  sum  of  all 
which  values  will  be  the  required  present  value  of 
the  given  sum. 

§  179.     But  the  sum  of  these  quantitities,  reduced 
to  their  simplest  terms,  is  equal  to  the  two  folIowioS 

ri  I  I  HUH  III  m  HI  "~1 

,     .     abe    .     a  b  e     ,    a  b 


I      ,     abe    .     abe     .abe     ,   ^        \     a 


""  T 
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j  >  "I'-r  i'  '         n  II  II  III  III  lu  ~n 

^+^£^-|.^-i-+&c    :  the  former  of  which 

is  equal  to -~-r(l +4^C);  and  the  latter,  which 

is  to  be  substracted,  is  equal  to  *  X  ABC.  Conse- 
quently the  total  present  value  required  becomes 

'[}t^^^^2=  ^  X  '-=^--  -<»  "-g"  '"^^ 

case  is  confined  to  three  lives,  yet  it  is  easy  to  see 
that  the  method  of  solution  is  general,  and  will  apply 
to  any  other  number  of  lives ;  whence  the  following 
rule. 

§  180.  Multiply  the  value  of  an  annuity  on  the 
given  lives  hy  the  rate  of  interest^  and  subtract  the  pro- 
duct from  unity  ;  divide  the  remainder  hy  the  amount  of 
£l  in  o?ie  year,  and  the  quotient  multiplied  by  the  given 
siim  will  be  the  value  required. 

For  examples  of  the  use  and  application  of  this 
problem,  see  Question  XXVII  in  Chapter  XII. 

CO^O?^^Y.?^. 

^  181.  In  this  problem  I  have  considered  the 
present  value  of  the  reversionary  sum  as  depending 
on  the  extinction  of  the  given  lives  in  whatever  year 
that  may  happen  during  the  probability  of  their  joint 
continuance  :;^but,  if  this  contingency  is  Deferred  for 
any  number  of  years  (=:«) ;  that  is,  if  we  wish  to 
ascertain  the  present  value  of  a  given  sum  payable 
on  the  failure  of  such  lives,  provided  that  shall  happen 
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after  the  given  period,  the  formula  will  be  materially 
altered.  For,  by  pursuing  the  same  steps  as  in  the 
problem,  it  will  be  found  that  the  expectation  of  re- 
ceiving the  given  sum,  at  the  end  of  the  (w-f  !)•*, 
(w«f2)«>J,  (/I +3)^,  &c,  years,  to  the  utmost  extent 
of  human  life,  will  be  denoted  by  the  series  *  Vc 

may  be  more  conveniently  divided  into  the  two  follow- 

The  latter  of  these  is,  by  Prob.  I,  cor.  3.  equal 
to  —  J  {ABCy^ ;    and  the  former  is  equal  to  *   X 

a/3y  — *  -■  •      .  -^  ^ 

-^(1+g)       -^{ABO)    ^  conseqoently  the  required  pre- 
sent  value  of  the  deferred  assurance  will  be  equal  to 

-^(i-f?)     -gUBO       ^^^  whence  the  following 
t  X  ■  (i+g)  ■ 

rule.* 

•Since  (^BCT)^  is,  by  Prob.  t,  cor.  3,  equal  io  A»  B  C'^X  -^ 
ri+o^-'^i  itU  obyioua  that  the  prcseal  value,  in  the  cMe  .of.*»«|to  orjohU 
Uvea,  might  be  more  conveniently  expre»ed  by  #  x        ("i^j)  «te 

<l+?)~^i  wid  it  if  from  thi.  formuk  ihl  I  htro  deduced  the  nik  in 
Question  XXVIII,  Cfeapt«  XlL    But  that  role  wiU  not  to  aU  cuee. 
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§  182.  Multiply  the  value  of  a  Deferred  annuity 
on  the  given  lives,  by  the  rate  of  interest  ;  subtract 
the  product  from  the  expectation  that  the  given  lives 
shall  receive  £\  at  the  end  of  the  given  term  ;  and 
divide  the  difference  by  the  amou7it  of  £\.  in  a  year  : 
the  quotient  thence  arising,  being  multiplied  by  the 
giveji  sum,  will  pj^oduce  the  value  required. 

For  examples  of  the  use  and  application  of  this 
corollary,  see  Question  XXVIII  in  XII. 

COROLLARY    II. 

§  183.  But,  if  the  contingency  is  Temporary, 
that  is,  if  we  wish  to  ascertain  the  value  of  a  given 
sum  payable  on  the  failure  of  such  lives  provided  that 
shall  happen  within  a  given  term  (=w),  it  will  be 
found  by  taking  the  first  n  terms  of  the  series  given 
in  the  problem.     Whence,  such  present  value  will  in 


this  case  be  denoted  by  the  series  sX  '         ^~"  '^  + 

til       II II II      II II II      III  III  III  1/7  ~~    "  ^      I 

a  b  c  —^  ab  c     ,    gbc  —  a  b  c     , 

"■^mTT?)*"     "~^("iT^~^ aMl+?)'^  J 

which  may  be  more  conveniently  divided  into  the  two 

following  ones (-^j^^i^^[^    abc   +(^+^y,+ 

III  III  III  ^  P  7        . 

J_L±JL.        I  "  '        1 i_r      abc  , 


//  //  //     //  //  // 


-         .  II    II    II  w—, 

b.e    j^     a  6  c       1^  a  B  \ 
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first  of  these  is  equal  to  *  X  — (i+jff —  »*  ^^od  tb^ 
second,  which  i^  to  be  subtracted,  is  evidently  equal 

to  s(ABC)  :  consequently  the  required  value  of  the 
assurance  ybr  the  given  term  might  be  denoted  by  the 

formula  s  ^i!±i^fL^^ABC)'j 

f 1    -       "fir 

But,  since  (ABC)       + is    equal    to 

abc{\-\-2) 

(^BC)St  whereby  (ABC)^-^  becomes  equal  to 
(ABC)^—^  X  (l+g)~";  and  since,  by  Prob.  1, 

cor.  4,  (ABCf  is  equal  to  ABC—(ABC)^;  we  may 
render  the  above  formula  more  convenient  for  general 
use   by   substituting  such  value  therein  instead  of 

(ABC)  :   whereby   it  will   become   equal   to  jr  X 

' {1+2) ~'    ^°^    whence    the 

following  rule. 

§  184.     Fro?n  the  present  value  of  the  assurance  of 
the  given  sum  payable  on  the  extinction  of  the  given 

•  The  new  character  {ABC)  denotes  the  Tilae  of  a  tempoMry  an- 

nuity on  the  joint  lives  ABC  for  n — 1  years  only,  and  is  introduced  here 
merely  to  show  the  steps  of  the  process  ;  and  beeaosc  the  niles,  gircn  by 
Mr.  Morgan,  for  the  solution  of  this  and  other  similar  qoestioos,  are  foaoded 
on  one  of  tliese  incomplete  steps.  See  Price's  Obt,  on  Rtm.  Pmjf.  vol.  i  p. 
63>  note  x  ;  and  p.  61,  note  e. 

^  As  is  evident  by  continuing  the  scries  which  tki*  qtiantity  txpretMi. 
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lives,  subtract  the  present  value  of  the  same  assurance 
"Deferred  for  the  given  term :  the  difference  will  be  the 
value  required  * 

For  examples  of  the  Use'  and  application  of  this 
corollary,  see  Question  XXIX  in  Chapter  XII. 


*  We  may  oftentimes  obtain  a  near  value  of  an  assurance  for  a  given 
term  (particulary  when  only  one  Fife,  A,  is  concerned)  by    the   following 
simple  method.     The   series   expressing  such  value  is,  by  the  corollary* 
__  '  I       II  II       lit  ;" .  ^~T^  1    "-y 

cqudto  7X_^^  +  ^^+  (i:;^|r  + ^o+^J 

now,  if  we  suppose  the  decrements  of  life  to  be  equal  and  uniform  through- 
out the  given  term  (which  is  usually  the  case  in   the  middle  ngfes  of  life, 
'particularly  if  th'^  Northampton  tables  are  made  use  of),  and  if  such  decre- 

ments  be  denoted  by  I :    then   will   this  series  becomes-^     L___4. 

a  J(l+?),  ^ 

^  -,  •    L_     +  ^— "^L'^^AX 

(1+5)*  (1+5)3    "^   '    * 


(l+5)nj 


— n 

■         ^  .    But,  since  S  should  in  all  those  cases  where  the  decrements  are 

S  _ 

not  exactly  uniform  be  taken  equal ,  this  formula  maj  be  more  con- 

w 

veniently  expressed  by  *  x-^^^^v      ~    "^^ — :    whence  the  following 

an   ^  2 

rule. 

Divide  the  probability  that  the  life  shall  fail  in  the  given  term  by  the 
number  of  years;  multiply  the  quotient  by  the  present  value  of  an  an- 
nuity for  the  given  term,  and  also  by  the  given  sum  :  the  product  will  be 
the  value  required. 

It  will  readily  appear  that,  if  the  Riven  term  is  wholly  within  the  limitg  of 
equal  decrements,  the  above  formula  will  give  the  exact  value  of  tlie  assurMwe 
fiat  mxix  tenn :  and.  that  i£  the  decrements  are  not  exactly  uniform,  but 
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COROLLARY    III.* 

^  185.  Though  in  this  problem  the  investigation 
is  confined  to  the  case  of  three  joint  lives,  yet  it  is 
easy  to  apply. the  same  method  of  reasoning  to  the 
case  of  any  single  life,  or  to  any  number  of  joint  lives, 
or  to  the  longest  of  any  number  of  lives,  or  to  any 
number  of  lives  out  of  any  otiier  number  of  lives,  &c. 
And  it  will  be  found  that  by  substituting  the  value  of 
an  annuity  on  such  single  life,  on  such  joint  lives,  on 
such  longest  lives,  &c,  &c,  instead  of  the  quantity 
denoted  by  ABC  in  the  given  formula  in  §  179,  we 
shall  obtain  the  true  values  in  such  cases  accordingly. 

§  18C.  The  same  remark  will  also  apply  to  the 
two  preceding  corollaries,  it  (in  addition  to  the  sub- 
stitution above  alluded  to)  wealsosubstitute  the  value 
of  similar  annuities  Deferred  for  the  given  term,  in- 
stead of  the  quantity  {ABC)  m  either   formula  in 

nearly  so,  it  will  not  materially  differ  from  the  true  value  ofsuch  assurance. 
The  formula,  however,  must  always  be  used  with  proper  caution,  and  with 
reference  to  the  tabic  of  observations  employed  ;  as  it  is  not  suited  to  every 
case. 

The  same  observations  will  apply  to  the  caa«  oi  joint  lives,  it'  i  be  taken 

cqaal   to    ■    ,    ■  ^.:  bot  wt  are  not  so  liLely,  in  practice,  to  meet  with 
n 

cas«8  of  assurances  on  joint  lives  for  terms,  wb«re  such  terms  fidl  within 

the  limits  of  e<)ual  decrements. 

*Simpson,  Prob.  22,  and  Sup,  Prob,  27-     Moigao,  Prob.  8,  cor.  and 
Probf  9,  cor. 
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§  181  or  183.  But  here  it  should  be  particularly  ob- 
served that,  when  a  Deferred  or  Temporary  assurance 
depends  on  the  longest  of  any   number  of  lives,  the 

quantity—^  (l4-§)~"in  the  given  formula  will  denote 
the  expectation  that  the  longest  of  such  lives  will  re- 
ceive £l  at  the  end  of  the  given  term:  and  that, 
when  such  assurance  depends  on  the  extinction  of 
any  two  out  of  three  lives,  the  same  quantity  will  de- 
note the  expectation  that  any  two  out  of  three  lives 
will  receive  £1  at  the  end  of  the  given  term,  &c,  &c. 
For  examples  of  the  use  and  applicatipn  of  this  co- 
rollary, see  Questions  XXVII,  XXVIII  and  XXIX 
in  Chapter  XII. 


PROBLEM  XXIIL* 

^  187*  To  find  the  value  of  an  annuity  to  com- 
mence at  the  end  of  the  year"!"  in  which  any  number 
of  lives  become  extinct. 

SOLUTION. 

Let  us,  as  in  the  preceding  problem,  confine  the 
case  to  three  joint  lives  ABC,  whose  probabilities  of 
continuing  1,  2,  3,  &c,  years  are  as  denoted  in  §  24: 
and  let  the  annuity  be  a  perpetuity,  or  estate  in  fee. 
Now,  the  chance  which  the  heir  of  this  estate  has  of 
receiving  the  rent  at  the  end  of  any  one  year  will  de- 

•  De  Moivre,  Prob.  6  and  29.     Dodson,  vol.  ii.  Ques.  88. 

t  That  is,   the  first  payment   of  the   annuity    is   to   be   then  made. 
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pend  altogether  on  the  joint  lives  becoming  extinct 
befure  the  end  of  that  year.  The  probability  of  this 
event  happening  before  the  end  of  the  first  year  is 

(1 — ^^),  which  being  multiplied  by  (l-|-j)-«  will 
give  the  value  of  his  expectation  of  receiving  the  first 
years  rent.  In  like  manner,  the  probability  of  the 
joint  lives  failing  before  the  end  of  the  second  year  is 

(1 — ^-^),  which  being    multiplied    by  (I -f-^)"*  will 

give  the  value  of    his   expectation  of   receiving  the 

second  year's  rent.     By  a  similar  method  of  reason- 

/I/  «i »« 
ing  it  will  be   found  that  ( — —r-)    multiplied    by 

(I -fa)** 'will  give  the  value  of  his  expectation  of 
receiving  the  t^iird  year's  rent.  And  so  on  ad'w/miU:m: 
for,  since  the  estate  must  eventually  revert  to  the  heir, 
his  expectation  will  never  cease.  Consequently  the 
sum  of  all  those  values  continued  to  infinity  will  be  the 
total  present  value  of  the  estate  to  be  enjoyed  afier  the 
extinction  ofthe  joint  lives  ABC:  or  in  other  words,  it 
will  be  ihatsum  which  a  person  ought  to  give  to  have 
it  assured  to  him  after  the  extinction  of  those  lives. 
^  188.     But  the  sum  of  the  above  terms  is  equal 

to  the  two  following  series  :^^-+_L_+__L.^ 


The  former  of  these  is  equal  to  — 
>r  the  present  value  ofthe  perpetuity  of  an  annuity  of 


r 
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£1  per  annum  :  but  the  latter,  which  is  to  be  sub- 
tracted will  cease  on  the  extinction  of  the  oldest  life, 
and  is  therefore  equal  to  the  value  of  an  annuity  on 

the  joint  lives  ABC.     Consequentlythe  total  value  of 

1 
the  reversionary  annuity  becomes  equal  to~ — ABC 

and  though  this  case  is  confined  to  that  of  the  three 
joint  lives,  yet  it  is  easy  to  see  that  the  method  of  so- 
lution will  equally  apply  to  thatof  any  other  number 
of  lives  ;  whence  the  following  rule. 

^  189.  Subtract  the.  value  af  an  annuity  on  the 
given  lives  from  the  present  value  of  the  estate  or  given 
annuity  :  the  difference  will  be  the  value  of  the  rever- 
sionary estate  or  annuity  required. 

For  examples  of  the  use  and  application  of  this 
problem,  see  Question  XXVI  in  Chapter  XII. 

COROLLARY  I. 

§  190.  If  theannuity,  instead  of  being  a  perpetuity 
is  only  for  a  number  of  years  {pin)  greater  however 
than  that  to  which  it  is  probable  the  given  lives  may 
extend,*  we  must  substitute  the  value  of  such  termi- 


*  The  term  to  which  it  isprobable  that  any  given  life  or  lives  may  extend 
it— for  a  tingle  life,  equal  to  the  difference  between  the  age  of  such  life  and 
the  age  of  the  oldest  life  in  the  table  of  observations  :  for  joint  lives,  equal 
to  the  difference  between  the  oldest  of  such  lives  and  the  age  of  the  oldest 
life  in  the  table: — for  the  longett  of  any  lives,  equal  to  the  difference  between 
the  age  of  the  youngut  of  such  live«  and  the  age  of  the  oldest  life  in  tht 
tablf 
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nable  annuity  instead  of  the  value  of  the  perpetuity 
above  mentioned :   whereby  the  formula   becomes 

1— (t-ffj ABC;  and  consequently  the  rule  above 

i 
given  is  also  applicable  to  the  present  case. 

For  examples  of  the  use  and  application  of  this 

corollary,  see  Question  XXVI  in  Chapter  XII. 

COROLLARY    II.* 

^  191.  But,  if  the  annuity  (instead  of  being  a 
perpetuity,  or  for  any  long  period)  is  for  a  term  of 
years  (=:n)  which  is  less  than  that  to  which  it  is  pro- 
bable the  given  lives  may  extend;  the  series,  ex- 
pressing the  required  value  in  the  problem,  will 
terminate  at  the  end  of  that  period ;  and  will  conse- 
quently become  equal  to  TiTJi+oTTJ^+TTTTT'"^  * '  * 

I  I     I     /  /  /  it  II  II  III  III  III 

* a  b  c       I        a  b  t       .       a  b   c        ^^ 

—^ —  I    But,  the  first  part  is  equal  to  *— <'+g>"~" . 

(14-1)"  J  t-  4  ^  . 

and  the  latter  part  is,  by  Prob.  I,  cor.  4,  equal  to 
—  (ABC)^  :  whence  the  following  rule. 

§  192.  From  the  value  of  an  annuity  certain  for 
the  given  term,  subtract  the  value  of  a  Temporary  an^- 
nuityon  the  given  lives  for  the  given  term:  the  difference 
will  be  the  value  required. 

. ,  •  Simpcoa's  Sup.  Prob.  U.    D«  Moirr*,  Prob,  28,    Morgto,  Prob.  4, 
'.Mr.  3.     Dodton,  rol.  ii,  Que*.  02. 


156  ON  ASSURANCES.  Ch.  6. 

COROLLARY  III. 

^  193.  If  the  contingency  (on  which  the  payment 
of  the  annuity  mentioned  in  the  problem  depends) 
is  Deftrred  for  a  given  number  of  years  (:iiw)  ;  the 
series  expressing  the  general  value  of  the  reversion  of 
the  perpetuity  must, commence  at  the  end  of  that 
period,  and  be  continued  on  to  infinity :  that  is,  the 

/  /  /  "  'A"  '"  "' '" 

a  /3  y  apy  "  P  7 

1-- 1 I ,         ,       ,. 

aSy  afSy       \  afiy  *  . '    '  -  . 

series — r,  + rs:9+ — ^— ::;rQ'.+' .  .-•  •  •  od  in- 

Jinitum,  will  denote  the  value  of  the  required  rever- 
sionary annuity,  to  be  entered  on  provided  either  of 
the  given  lives  become  extinct  after  the  n^^  year. 
Now,  this  series  may  be  resolved  into  two  others, 
namely.  (1+,)-  X  i^-+^-+^-  +... 

. ad  infinitum']-  —1 f  i^^         S|; 

: ■—'  .  ■".MtSill.-  . 

///  HI  tH   •  ~~\ 

^JL-4.&c  :  the  first  ofwhich  is  equal  to  (l+g)-«X 
i-;  and  the  latter  is,  by  Prob.  I,  cor.  3,  equal  to 

* 

(l_}-g)— »  X  A'B'C.     Consequently,  the  value  of 

the  reversionary  annuity  would  be  equal  to  (l+s)""" 
vj^, >JL — A'B'C    !  -were  it  certain   that  the   given 

a 

lives  would  continue  in  being  to  the  end  of  n 
years  :  but  as  the  probability  of  this  event  is  ^ 
we  must  multiply  the  above  expression  by  this  quan- 
tity, in  order  to  obtain   Ihe  total   present  value   of 
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the  same.  Whence  the  true  value  will  be  equal  to 
'-^(l+^rxl— ^-B-ex^^    (1+3)-".    But 

A'B'Cx^{\-\-zf^  is,  by  Prob.  I,  cor.  3,  equal 

ior(ABC)  ;  therefore  the  above  value  becomes 
^  (J-fj)"~"Xy  — (/li?C)<i:  and  whence  the  fol- 
lowing rule.* 

§  194.  Multiply  the  e.vpectation  of  the  given  lives 
receiving  £1  at  the  end  of  the  given  term  by  the  per- 
petuity ;  from  the  products  subtract  the  value  oj  an  an^ 
nuity  on  the  given  lives  Deferred  fgr  the  given  term  : 
the  difference  will  be  the  value  required, 

COROLLARY  1V."|" 

^  195.     Or,  if    the    contingency  is  Temporary ; 
that  is,  if  it  be  required  to  ascertain  the  value  of  such 
annuities  depending  on  the  extinction  of  any  given 
lives,provided  that  shall  happen  within  a  given  period 
(=«)  ;  the  value  of  the   assurance  will  be  expressed 


/  /  /  //  /'  //  ///  ///  /// 


I a6£_       -       a  b  c  a    b  c 

1,1  .  rtfte.  a  b  0     ^  a   b   c  , 

by  the  senes-^^^:^+-^j^^yr-+-Tr+?7r-+ 

j_j*±c     __u±c  ,__ji±<i.     Qfi  infinitum.     For, 

the  ti^^  year's  rent  and  all  the  subsequent  ones  being 

*  Sec  tlie  note  in  page  147. 

+  Simpson,  Prob.  23  ;  and  Sup.  Prob.  31.     Prioe,   Note  (O),  Dodton, 
Tol.  ii.  Que«.  93. 
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dependent  on  the  given  lives  becoming  extinct  in  n 
years,  it  is  obvious  that  all  such  subsequent  ones  must 

be  multiplied  by  the  common  factor  (1 —  ■^.     But, 

the  first  w  terms  of  this  series  are  equal  to 

—  {ABCy  \  as  found  by  the  second  corollary  :  and 
the    remaining    terms    are    equal   to    (1 — ^^)  X 

a+8r"xr(i+g)-+(i+gr4-(i+8)7+  . . . . 

1  X  "iiV- 

a(linjinitum'yz{l—'^)y.(\'\-^''x- 

Consequently  the  total  value  of  the  series  becomes 
l=il±i>I-"  —  {ABCf  ^0±_^IZ!_  ^  (l+8p 

X  -J",    which,    since    {ABC)^  -     ABC    

(ABC)^t  may  be  further  reduced  to  — ^- ABC  — 

r^(I-l-g)-"  X {ABC)^'^:  and  whence  the 

following  rule.* 


*  If  the  annuity  \b  to  be  entered  upon  at  the  end  of  the  given  time  (in 
case  of  the  failure  of  the  given  lives),  and  not  at  the  end  of  the  year  in 
which  such  failure  may  happen,   its   present   value   will   be    equal   to 

( ._  j:^  ) .  o+„- X  (.+ i. )  =  (.-^  )ii±.?)=^^ 

^  abc  2  '  abc  2 

for,  such  rerersionary  perpetuity  is  evidently  to  be  entered  on  and  enjoyed 
at  the  end  of  the  n*"  year,  provided  the  given  lives  fail  prior  thereto.  And 
care  ahould  be  takeo  not  to  confound  this  case  with  the  one  mentioned  in 
the  text. 
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§  190.     From   the  whole  value  of  the  reversion  of 
the  pi  rpetuity  after  the  given  lives,  subtract  the  value 
of  tht  same  Deferred  for  the  given  term  :  the  difference 
will  hj  the  value  required, 

COROLLARY    V. 

^  197.  It  will  be  obvious,  from  wliat  has  been 
said  in  tlie  first  corollary,  that  if  the  annuity,  instead 
of  being  a  perpetuity,  is  for  a  given  term  only,  the 
rules  given  in  the  two  preceding  corollaries  will  still 
be  coireot;  provided  we  substitute,  for  the perpetu it j/, 
the  value  of  an  annuity  for  the  given  term.  Such 
terminable  annuity  however  must  always  be  for  a 
term  of  years  greater  than  that,  for  which  the  as- 
surance is  made. 

COROLLARY    VI. 

§  198.  Though  the  above  problem  and  its  corol- 
laries are  confined,  in  the  investigation,  to  the  case 
of  three  joint  lives,  yet  it  is  easy  to  cpply  the  same 
method  of  reasoning  to  the  case  of  any  single  life,  or 
to  any  number  of  joint  lives,  or  to  the  lov  gest  of  any 
number  of  lives,*  or  to  any  number  of  lives  out  of 
any  other  number  of  lives,  &c,  &c,  either  for  the 
whole  lives  or  for  a  given  term.-f  And  it  will  be  found 
that  by  substituting  the  value  of  an  annuity  on  such 

*  Dodson,  Tol.  ii.  Ques.  90,  91. 
t  Simpson,  Prob.  24. 
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single  life,  on  such  joint  lives,  on  the  longest  of  any 
number  of  lives,  &c,  (either  for  the  whole  life  or  De- 
ferred for  the  given  term)  instead  of  the  value  ABC 

or  (^ABC)  in  the  given  formulas,  we  shall  obtain  the 
true  values  in  such  cases  accordingly. 

§  199.  It  should  be  particularly  observed  how- 
ever that,  when  the  longest  of  any  number  of  lives 

are  concerned,  the  quantity-^-(l-fg)~"  will  re- 
present the  expectation  that  the  longest  of  such  lives 
will  receive  £l  at  the  end  of  the  given  term.  And 
a  similar  remark  will  apply  when  the  assurance  de- 
pends on  the  extinction  of  any  two  out  of  three  lives  : 
&c.  &c.     See  Problem  XXII,  cor.  3. 

SCHOLIUM. 

§  200.  From  these  two  problems  and  their  corol- 
laries may  be  determined  all  questions  relative  to  the 
value  of  assurances  of  any  given  sum,  or  of  any  given 
annuity,  depending  on  the  contingencies  therein 
stated  :  and  as  any  given  sum  may  be  converted  into 
a  corresponding  perpetuity  (or  into  a  perpetual  an- 
nuity of  a  corresponding  value)  by  multiplying  it  by 
the  interest  of  £1  for  a  year,  it  would  seem  at  first  to 
be  the  same  thing  to  determine  the  present  value  of 
a  given  sum  depending  on  the  extinction  of  any  lives, 
as  to  determine  the  value  of  a  corresponding  rt/?ww/(y 
for  ever,  depending  on  the  same  lives :  that  is,  it 
would  appear  to  be  the  same  thing  to  determine  the 
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present  value  ofX  1 00  payable  at  the  endoflheyearin 
which  any  given  lives  became  extinct,  as  todeterniine 
tire  value  of  an  estate  yeilding£5perannum,and  to  be 
entered  upon  at  the  same  period  ;  interest  being 
reckoned  at  5  per  cent.  But,  it  should  be  observed 
that  the  first  yearly  payment  of  a  reversionary  annuity 
becomes  due  and  is  payable  at  the  end  of  the  year 
in  which  the  lives  fail  ;  however  much  or  little  of 
tliat  year  may  then  happen  to  be  unexpired  :  and  this 
likewise  is  the  time  when  a  reversionary  sum  becomes 
due.  The  expectant  therefore  in  the  former  case  will 
have  entered  on  his  annuity,  or  received  the  first 
year's  rent  of  it,  at  the  very  time  that  the  expectant 
of  the  sum  is  supposed  to  have  laid  out  such  sum  in 
the  purchase  of  a  perpetuity  of  a  corresponding  value; 
the  first  year's  rent  of  which  he  will  not  receive  till- 
ihe  end  of  the  following  yeaj\  Consequently  a  rever- 
sionary estate  is  worth  one  year's  purchase  more 
than  a  corresponding  reversionary  sum  :  whence  the 
former  is  to  the  latter  in  the  ratio  off  I,  increased  by 
ts  interest  for  one  year,  to  £1 ;  that  is,  as(l-f-S)  to  1. 

§  201.  Therefore,  if  the  present  value  of  a  re- 
versionary sum  be  multipled  by  (1  -j-g)  it  will  give  the 
valueof  a  corresponding  reversionary  estate  or  an- 
nuity. Thus,  the  present  value  cf  a  reversionary  an- 
nuity of  £1  per  annum  for  ever  after  the  extinction 
of  the  joint  lives  ABC,  is  by  Prob.  XXllI,  equal    to 

^^ — ;  and  the  present  value  of  a  corresponding 
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reversionary  sura  (=—)  after  the  same  lives,  is  by 
Prob.  XXIII,  equal  to  -^  x  ^^=-7r^  X 
i—sABC  jjyj^  j^.  -g  eyjjjgQ^  Qjj  inspection  that  the  for- 
mer value  is  to  the  latter  in  the  ratio  of  (I  -|-g)  to   1. 

§  202.  Hence  it  is  evident  also  that  the  value  of 
any  reversionary  annuity  after  any  given  lives,  being 
divided  by  the  amount  of  £1  in  a  year,  will  give  the 
present  value  of  a  corresponding  reversionary  sum 
after  the  same  lives.* 

These  remarks  may  be  more, fully  confirmed  by 
any  of  the  similar  examples  in  the  two  problems,  or 
their  corollaries  :  as  may  be  seen  in  the  Scholium  to 
Question  XXVII  in  Chapter  XII. 

*  Mr.  Simpson  not  having  attended  to  this  circumstance,  it  becomes  ne 
ccssary  to  correct  the  rules  given  by  liim  for  the  solution  of  Prob.  21  and 
22  in  his  JDotrine  of^Annvities  &c  ;  and  of  Pjob.  26, £7,  82,  SS,ond  others 
of  ft  similar  kind,  in  his  Supplement.  The  same  observations  v\ill  apply  to 
the  problems  of  M.  De  Moine  and  Mr.  Dodson,  alluded  to  in  the  note  in 
page  144. 
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CHAPTER  VII. 


On  Successive  Life  Annuities  and  Copyhold  Estates^ 


§  203.  Tn  all  the  preceding  problems,  involving 
the  question  of  reversionary  life  annuities,  the  lives  of 
the  expectants  have  been  supposed  to  be  such  as  are 
now  fixed  on  and  determined  ;  and  the  value  of  an 
annuity  on  their  lives  consequently  becomes  less  and 
less,  according  as  their  period  of  coming  into  pos- 
session mi^ht  be  prolonged.  In  such  questions, how- 
ever, as  relate  to  the  present  division  of  the  subject, 
the  life  which  is  to  succeed  to  the  annuity,  after  the 
extinction  of  the  life  in  possession,  is  supposed  to  be 
one  which  is  i/ien  to  be  fixed  on  at  pleasure  ;  and 
which  will  probably  be  one  of  the  best  lives  that  can 
then  be  found.  This  life,  therefore,  may  be  con- 
sidered as  having  a  fixed  and  determinate  value  since 
such  a  life  may  generally  be  chosen  as  will  best  an- 
swer the  views  of  persons, concerned  in  questions  of 
this  kind  ;  and  it  is  usual  to  conceive  a  mean  age  at 
which  they  are  all  admitted.  But,  the  nature  of  the 
cases,  which  involve  the  consideration  of  this  subject, 
'will  best  appear  from  the  following  problems. 
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PROBLEM  XXIV.* 

^  204.  Supposing  A  to  enjoy  on  annuity  for  his 
life  ;  and,  at  his  decease,  to  have  the  nomination  of  a 
successor,  B,  who  is  also  to  enjoy  the  annuity  for  his 
life  :  To  find  the  present  value  of  the  annuity  on  the 
succeeding  life ;  and  also  the  value  of  the  two  suc- 
cessive lives. 

SOLUTION. 

Let  the  succeeding  life  B,  to  be  put  in  nomination 
at  the  decaseof  A,  be  such  that  an  annuity  on  his 
life  at  that  time  may  be  equal  to  B,  Now,  since  the 
probability  that  the  first  life  fails,  or  that  the  second 

comes  into  possession,  in  the  first  year  is^^^;  and  as 
the  total  value  of  what  the  second  life  will  be  entitled 
to,on  the  happening  of  this  event  is  B,  it  follows  that 
his  expectation  of  coming  into  possession  the  first  year 
(or  of  receiving  an  equivalent  sum,  equal  to  B)  will, 

as  in  Prob.  XXII,  be  denoted  by  B  x-fF^  In 
like  manner,  it  will  be  found  that  his  expectation  of 
coming  into  possession  in  the  second  year  (or  of  re- 
ceiving an  equivalent  sum  B)  will  be  denoted  by 

B  X^^~Ti :  and  that  his  expectation  of  coming  into 

*  Simpson,  Prob-  25,  and  Sup.  Prob.  24,     De  Moivrc,  Prob.   13.    Mor« 
gan,  Prob.  14. 
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possessiun  in  the  third  year  (or  of  receiving  the  equi- 


a — a 


valent  sum  B)  will  be  denoted  by  B  x     ,,  "    :  and 

SO  on  for  every  suceeding  year  to  the  utmost  extent 
of  As  life. 

But  the  sum  of  all  these  values  is  equal  to  —r^- —  x 

LI  II  III  p^        / 

II  tu  I 

is  equal  to  5  X    ,.  ^  ,    ;   and  which  would  be  the 

yalue  required,  were  B  in  reality  the  value  of  a 
reversionary  jw/w  to  be  received  on  the  decease  of  A : 
but  since  it  denotes  the  value  of  an  annuity,  the  first 
payment  of  which  commences  at  the  end  of  the  year 
in  which  the  life  A  fails,  we  must  multiply  the  above 
expression  by  (1  +3),  agreeably  to  what  has  been  said 
in  the  scholium  in  page  160 ;  whence,  the  true  pre- 
sent value  of  the  successive  life  will  be  JB  (1 — %A)  ; 
and  whence  the  following  rule. 

§  205.  Multiply  the  value  of  an  annuity  on  the  life 
in  possession  by  the  rate  of  interest,  and  subtract  (he 
product  from  unity ;  viuUiply  the  remainder  by  the  as- 
sumed value  of  an  annuity  on  the  succeeding  life :  the 
product  will  be  the  present  value  of  an  annuity  on  such 
succeedijig  life. 

§  206.  If  this  present  value  be  added  to  the  value 
of  an  annuity  on  the  life  in  possession,  it  will  give 
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-4+J5(l — ^A)  for  the  value  of  the  two  successive 
lives. 

For  examples  of  the  use  and  application  of  this 
problem  see  Question  XXIII  in  Chapter  XII. 

COROLLARY   I. 

§  207.  Hence  may  be  determined  the  present 
value  of  an  annuity  on  any  number  oi  joint  lives,  or 
on  the  longest  of  any  number  of  lives,  &c,  nominated 
to  succeed  after  any  other  number  of  joint  lives,  or 
after  the  longest  of  any  other  number  of  lives,  &c  : 
for,  by  making  A  and  B^  respectively,  equal  to  the 
value  of  an  annuity  on  such  joint  lives,  or  thi  longest 
of  such  lives,  &c,  the  above  formula  will  express  the 
true  present  values  of  such  successive  lives. 

COROLLARY  II.* 

§  208.  If  the  succeeding  life,  instead  of  receiving 
an  annuity  during  his  life,  were  to  receive  an  annuity 
certain  for  a  given  term  of  years  after  the  failure  of 
the  life  in  possession  ;  then,  by  making  P  equal  to 
the  value  of  such  annuity  certain  for  the  given  term, 
the  above  formula  would  truly  express  the  present 
value  of  such  annuity  to  be  entered  on  at  the  failure 
of  the  life  in  possession. 

And  if  this  annuity  were  a  perpetuity  (that  is,  if 
the  succeeding  life  and  if  his  heirs  were  to  receive  an 

,  '   ?  Morgan,  Prob.  13. 
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annuity  for  ever  after  the  failure  of  tlie  life  in  pos- 
session) B  would  become  equal  to— ,  and  the  formula 

would  in  this  case  become  equal  to-  —  A  ;    which 
is  the  very  same  as  that  deduced  from  Prob.  XXIII. 

For  examples  of  the  use  and  application  of  this 
corollary  see  Question  XXIV  in  Chapter  XII. 


PROBLEM  XXV.* 

§  209.     Three  lives  A,  B,  C,  being  given  in  sue 
cession.     To  find  the  present  value  of  an  annuity  on 
the  third  succeding  life :  and  also  the  value  of  the 
three  successive  lives. 


SOLUTION. 

Let  the  values  of  an  annuity  on  each  of  the  three 
lives,  at  the  time  that  they  severally  come  into  pos- 
session, be  respectively  denoted  by  A,  B,  C.  There- 
fore, since  the  value  of  an  annuity  on  the  second  life 
in  succession  (to  commence  at  the  decease  of  A)  is 
to  the  value  of  a  perpetuity  (to  commence  at  the  same 
time)  in  the  ratio  of  B  to— ;  it  follows  that  the  pre- 
sent value  of  the  former  will  be  to  the  present  value  of 
the  latter  in  the  same  ratio.     But,  the  present  value  of 

*  Simpson,  Prob,  26,  and  Sup.  Prob.  2<. 


168  ON    SUCCESSIVE    LIVES.  Cft.7, 

the  latter  is,  Prob.  XXIII,  equal  to-  —  A  =:-i=^. 

therefore— :  B  :  :^^-:  JB  (I — g^)  zz  the  present 
value  of  the  former;  and  which  is  the  same  value  as 
that  found  by  the  last  problem  :  whence  the  two 
methods  of  solution  confirm  the  truth  of  each  other. 
The  present  value  of  the  first  two  successive  lives 
being  thus  found  equal  to  A  +  J5(l — ^A);  it  follows 
that  the  present  value  of  the  reversion  of  a  perpetuity 
aftertheselives  will  (by  a  deduction  fromProb.  XXIII) 
be  equal  tol— Q(^4-J5(l— g^)J=-  (1— g^)  X 
(1 — gB).  Consequently,  since  the  value  of  an  an- 
nuity on  the  third  life  in  succession  (to  commence 
at  the  decease  of  B)  is  to  the  value  of  a  perpetuity 
(to  commence  at  the  same  period)  in  the  ratio  of  C 

to  -— ;  it  follows  that  the  present  value  of  the  former 
will  be  to  the  present  value  of  the  latter,  in  the  same 
ratio:  that  is—:  C:  :  — (1— g^)x(l— gJ?):  Cx 
(1  —  gi4)x(l — g-fi)  zi  the  present  value  of  an  annuity 
on  the  third  successive  life :  whence  the  following 
rule. 

§  210.  Multiply  the  value  of  an  annuity  on  the  life 
in  possession  by  the  rate  of  interest ^  and  subtract  the 
product  from  the  unity  \  multiply  also  the  assumed 
value  of  an  anfiuity  on  the  second  life  in  succession  by 
the  rate  of  interest^  and  subtract  this  product  like- 
wise from  unity :  multiply  together  these  two  remain- 
ders,  and  their  product  again  by  the  assumed  value 


Pr.  25.  ON  ooFYiiOLDs.  169 


> 


of  an  annuity  on  the  third  life  in  succession  :  this  last 
product  will  be  the  value  of  the  third  successive  life. 

§  211.  Ilthc  present  value  of  each  successive  life, 
as  above  found,  be  added  together,  their  sum,  cr  ^4- 
B{\—^A)  -f  C{{—^Aj  X  (I— 8i?),  will  b^  the  pre- 
sent value  of  the  three  successive  lives :  but  this  eX' 
pression  will  be  found  equal  to— I   1  —  (1  —  ^A)  X 

(1-— jB)  X  (1 — gC)  :  whence  the  present  value  of 
any  number  of  lives  in  succession  may  be  discovered 
ot)  inspection  ;  and  thence,  the  following  rule. 

§  2 1 2.  Multiply  the  assumed  value  of  an  annuity  on 
each  of  the  proposed  lives,  by  the  rate  of  interest ;  take 
the  several  products  Jroni  unity,  and  jnultiply  together 
all  the  remainders  ;  let  the  product  thus  arising  be  also 
subtracted  from  unity,  and  the  remainder  divided  by  the 
rate  of  interest :  the  quotient  will  be  the  present  value  of 
all  the  successive  lives,  including  the  lije  in  possession. 

PCOBLEM  XXVI. 

i  §  213.  Suppose  a  person  to  purchase  a  copyhold 
estate,  on  any  number  of  lives  A,  B,  C,  &c,  for  the 
sum  Sf  on  condition  that  he  and  his  successors  may 


*  Simpson,  Prob.  27  ;  and  Sup.  Prob.  29.    Dodson,  vul.  iii.  Ques.  82  to 
06.     Dc  Moirrc,  Prob,  10. 

W 
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renew  it  continually  by  paying  the  fine  /  whenever 
any  one  of  such  lives  becomes  extinct:  To  find  the 
present  value  of  the  whole  purchase  of  such  estate. 

SOLUTION. 

Let  the  value  of  an  annuity  on  each  of  the  lives 
A,B>C,  &c,  in  possession,  be  respectively  denoted  by 
A,B,C,  S^c :  and  let  the  value  of  an  annuity  on  each 

12         3 

of  the  lives  A, A, A,  &c,  (which  are  supposed  to  follow 
in  direct  succession  from  A)  be  respectively  denoted 

12        3 

by  AyA,A,  ^c*     In  like  manner,  let  the  value  of  an 

12       3 

annuity  on  each  of  the  lives,  B,B,B,  &c,  (which  are 
supposed  to  follow  in  direct  succession  from  B)  be 

13        3 

respectively  denoted  by  B,B,B,  &;c :  and  so  on  with 
respect  to  the  lives  immediately  succeeding  C,  D 
&c.     And  let  us  first  determine  the  present  value  of 
all  the  fines  payable  on  the  extinction  of  the  life  A 
and  his  immediate  successors. 

Now,  the  present  value  of  the  fine  /  payable  on 
the  decease  of  A,  in  whatever  part  of  the  year  that 
may  happen,  may  in  the  present  case  be  considered 
equal  to  the  present  value  of  an  estate,  yielding /§ 
per  annum,  to  be  entered  upon  at  the  decease  of  A  ; 

which,  by  Prob.  XXIII,  is  found  to  be/g(— ^)  = 

/(I — g^).     If  instead  of  A  in  this  formula  we  sub- 

*  Care  must  be  taken  not  to  mistake  these  numeral  quan  tities  for  th^ 
tindes  of  the  quantity  to  which  they  arc  annexed  :  as,  they  merely  denote 
be  order  of  succession  among  the  given  lives. 
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stitute  the  present  value  of  the  two  successive  lives 
A,  A.  which,  by  Prob.  XXIV,  is  found  equal  ioA-\- 
^(l—SJ),  we  shall  have/(l—gi4)  X  (1— j^')  for 
the  present  value  of  the  life  to  be  paid  on  the  decease 
of  A.  And  if  instead  ol  A  in  that  same  formula  we 
substitute  the  present  value  of  the  three  successive 
lives  A,  A,  A,  which,  by  the  last  problem,  is  found 
equal  to  ^4-^4(1—^^1)  -f  i(l— 2^)  X  (1—?^)  we 
shall  have  /  [\—^A)  x  (1— gi)  X  (1— g^)  for 
the  present  value  of  the  fine  payable  on  the  decease 
of  A :  and  so  on  with  respect  to  all  the  subsequent 
fines  payable  on  the  extinction  of  each  life  in  direct 
succession  from  A.  But,  the  sum  of  all  these  quan- 
tities, or  the  series/    (1 — j-4)+(l — g-4)x(l — g^)  + 

(1— 8.4)X(1— g^)X(l— 3i4)  + ad  infinitum 

is  the  present  value  of  all  the  sums  that  may  be  paid 
from  time  to  time  for  the  renewals  of  the  several  lives 
in  direct  succession  from  A. 

By  a  similar  method  of  proceeding  it  will  be  found 
that  the  series/Q(l— g£)  +  (l-^B)  X  (1— g4)  + 
(1— jB)x(l--§-^)X(l— §B)-f  ....  ad  injinitunr] 
will  denote  the  present  value  of  all  the  sums  that  may 
be  paid  from  time  to  time  for  the  renewals  of  the 
several  lives  in  direct  succession  from  B.  And  so 
on  with  respect  to  the  other  lives  C,  D,  &c,  and  their 
successors  for  ever :  and  the  sum  of  all  these  diflferent 
series,  or 
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&c  .       ,      ■        &c  '  &c, 

will  be  the  total  present  value  of  all  the  fines  that  the 
tenant  can  ever  pay ;  and  which  being  added  towa 
will  give  the  wliol^  value  paid  for  the  purchase. 


COROLLARY    I. 

■■■'  o:  :0:::p^-r 

§  214.  Hence  if  the  lives,  with  which  the  lease  is 
from  time  to  time  renewed,  be  supposed  equal  to  one 
another,  or  of  the  same  common  age  A,  the  genei  al 
expression  above  given  will  become 

..l-^gC;'~l+(l-gi)+(i— gi^+(l-g^^  +.  ad  1,1/7]+ 

-^^      ,      ""       &c  -- -->'i&c     •  -'    &c  &c, 

"'tht^^Wm  of  wfiTci'^s^riS,  "siicet^l+  (1— gi)  + 
(1— g^24-(l— g^)'+  .  .  ,  ad  h}/imttanSsjec{U2i\io 
-^Y,*  bficomes4-.(— — 4+4 — B^-\—C-\-^^) 


*  It  .is  well  known  that; =  T-f-i-f  a!*'4-.»*+ ad  infinitum  : 

therefore,  by  substituting  (1—^^)  for  ar,  we  shall  have — j- equal  to  the 

.       .       .     ^  M 

series  given  in  the  text. 


+ 
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=:y( -" — ^— 'i^— C^-^c) ;   where  n  denotes    the 

number  of  lives  on  which  estate  is  held  :  whence 
the  following  rule. 

§  215.  Divide  the  numher  of  lives  oy  the  rate  of 
interest,  and  from  the  quotient  subtract  the  sum  of  the 
values  of  an  annuity  on  each  of  the  single  lives  in  pos- 
session ;  divide  the  remainder  by  the  assumed  value 
of  an  annuity  on  the  common  life  with  which  the  lease 
is  from  time  to  time  to  be  renewed :  the  (juotient, 
thence  arising,  multiplied  by  the  fine  to  be  paid  on 
renewing  will  be  the  total  present  value  of  alt  the  re- 
newals  for  ever :  and  which  being  added  to  the  sum 
given  for  the  estate^  will  give  the  whole  value  of  the  pur- 
chase, 

§  216.  Example.  Suppose  a  person  to  have 
paid  down  £1000  for  the  purchase  of  a  copyhold 
estate  held  on  three  lives,  whose  ages  are  30,  50  and 
70  ;  on  condition  that  he  may,  on  the  extinction  of 
any  life  continually  renew  with  any  other  life  that  he 
thinks  proper,  on  paying  a  fine  of  £600 :  What  is 
the  present  value  of  all  those  fines  with  which  the 
estate  may  be  continually  renewed,  reckoning  interest 
at  5  per  cent,  and  the  probabilities  of  living  accord- 
ing to  the  observations  of  il/.  De  ParcieuxJ 

Here  we  shalK  have  ylzi  14-693,  2^=  11 -363,  C= 
6-055,  «=3,  g=:-05,/  =  600,  and    A(or  the  value  of 
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an  annuity  on  the  best  life  in   the  table*)  =  16*213' 
Consequently  i^- (60— 32-111)    =   1402.171,    or 
£1402  :  3  :  5  will  be  the  present  value  of  all  the  fines: 
and  which  being  added  to  the  £1000  paid  upon    en- 
tering will  give  the  total  value  of  the  fee  simple  of 
the  estate. 


COROLLARY    II. 

^217.  When  all  the  lives  in  possession  are  of 
the  same  common  age  A,the  formula  in  the  precedin  g 
corollary  will  become  equal  to  —( A).       But    if 

A 

all  the  lives,  as  well  those  in  possession  as  those  to 
be  put  in  nomination  afterwards,  be  equal  to  each 
other,  or  of  the  same  common  age  A.  the  present 
value  of  all  the  renewals  for  ever  will  then  be  equal 

4-c-i-i)=/«(4— 1). 


COROLLARY  IIL 

§  218.  If  the  present  value  found  by  either  of 
the  preceding  corollaries  be  multiplied  by  the  rate  of 
interest,  it  will  show  how  much  the  rent-roll  of  the 
landlord's  estate  ought  in  each  case  to  be  increased 
on  account  of  the  fines  paid  at  renewing. 

*  This  is  always  the  assHined  valre  of  a,  agreeably  to  what  haa  been 
said  on  this  subject  in  §  203. 
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Tims,  in  the  example  given  in  §  216,  it  will  be 
found  that  1402*17 1  X  •05=70-109,  or  £70  :  2  :  2  is 
the  sum  by  which  the  rent-roll  of  the  lord's  estate 
ought  to  be  increased  on  account  of  the  fines  there 

mentioned. 

COROLLARY  IV. 

^219.  Since  the  purchase  money  paid  for  the 
lease,  together  with  the  present  value  of  all  the  fines 
to  be  paid  on  renewal,  is  equal  to  the  value  of  the 
perpetuity  of  the  rack-rent  of  the  estate  (=/)) ;  that  is, 

since  *  +  4  (  T  ~  ^'~'  ^ — ^ — ^0  =  /> ;  it  follows 
that/,  or  the  fine  which  ought  to  be  paid  on  renew- 
ing, will  be  equal  to  — ^.Elifl :  whence  the  fol- 

2 

lowing  rule. 

§  220.     Subtract   the  tenant's  interest  in  the  lease 
(or  the  purchase  money  which  he  has  given  for  the  same) 
from  the  value  of  the  fee  simple  of  the  estate,  and  mul- 
tiply the  remainder  by  the  assumed  value  of  an  ajinuity 
on  the  common  life,  with  which  the  lease  is  supposjd  to 
l)€  constantly  renewed ;  reserving  the  product : — divide 
the  number  of  lives  on  which  the  lease  is  now  held,  by  the 
rate  of  interest ;  and  from  the  quotient  subtract  the  sum 
of  the  values  of  an  annuity  on  each  of  those  lives :  the 
reserved  product  being  divided  by  this  remainder,  will 
give  the  sum  which  ought  in  justice  to  be  paid  as  afine 
on  each  renewal. 
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§  221.  Ej^ample.  Suppose  a  person  to  have  p.ur- 
chased,  -for  £1000,  a  copynold  estate,  the  rack-rent 
of  which  is  estimated  at  £100  per  annum  ;  and  that 
such  estate  is  held  on  three  lives,  renewable  for  ever 
on  the  extinction  of  either  of  those  lives,  by  paying 
a  fine  certain  :  what  ought  such  fine  to  be  fixed  at, 
in  order  that  the  purchaser  may  make  5  per  cent 
interest  of  his  money,  supposing  the  ages  of  the  lives 
(on  which  the  estate  is  now  held)  to  be  30,  50  and 
70,  and  that  the  probabilities  of  living  are  according 
to  the  observations  oi  M.  De  Parcieu.v? 

Here  we  shall  have  p  (or  the  value  of  the  per- 
petuity of  the  rack  rent  of  the  estate) =2000,  *=:  1000, 
and  the  remaining  quantities  as  in  the  example  id 
§  216.     Consequently  the  value  of  the  fine  ought  to 

be  'Z'Xnr  =  S3 1  -340,  or  £581 :  6  :  10. 

COROLLARY   V. 

§  222.     If  the  estate  is  held  on  one  life  only,  the 

piesent  value  of  the  landlord's  interest  therein  will  be 

,  universally  expressed  by  /  X  — ^| — .     Now,  imme' 

''^lately  after  the  receipt  of  a  fine,  the  life  in  posses- 

■    .      .  * 

.sioQ  is  equal  to  A;   whence  the  expression  in  this 

case  becomes y  X  ---r~:   and  immediately  before  the 

receipt  of  a  fine,  the  life  in  possession  having  become 
extinct,  the  expression  in  this  case  becomes/X  — r-* 

*  These  three  formula  will  serve  to  express   the  value   of  perpetual 
Advowsons  (considered  as  an  oljject  of  traffic)  under  the  three  most  usual 
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But,  since  the  present  value  of  the  next  fine  is  uni- 
versally expressed  by/  (i — g^l),  or  by  the  amount 
of  such  fine  multiplied  into  the  difference  between 
unity  and  the  product  of  the  rate  of  interest  by  the 
value  of  an  annuity  on  the  life  in  possession,  we  may 
readily  determine  the  landlord's  interest  in  the  estate 
or  the  value  of  all  the  fines  to  be  paid  on  renewing, 
by  the  fullownig  rule. 


§  223.  Divide  the  present  value  of  the  next  Jine  by 
the  product  of  the  rate  of  interest  into  the  value  of  an 
annuity  on  the  common  life  with  which  the  lease  is  to 
be  continually  renewed :  the  quotient  thence  arising 
will  be  the  value  required. 


c!reuiD>taDees  :  1*>  where  the  living  is  possessed  by  an  incumbent  whose  lifo 
is  equal  to  A  ;  2*  immediately  q/ter  presentation,  wlicre  the  life  presented 

is  of  the  same  common  age,  J^  as  that  with  which  the  living  is  supposed 
to  be  constantly  filled  op  3*  with  immediaU  retignation. 

It  must  however  be  here  particularly  observed  that,  in  thete  caset  the 
value  of  ^  (or  the  value  of  an  annuity  on  the  common  life  with  which  the 
living  is  supposed  to  be  constantly  fillel  up)  must  never  bo  assumed  so  great 
as  in  those  cases  mentioned  in  the  text  :  because  the  person,  wlio  is  pre- 
sented to  the  living,  must  always  be  above  2-k  years  of  age  :  and  it  leldom 
happens  that  he  is  even  so  young  as  this. 

It  has  been  ingeniously  suggested  that  the  ages  of  the  incumb«ot8,  when 
they  are  inducted,  may  be  partly  fixed  from  the  value  of  the  liyiogs.  See 
I>#  Moivre,  Prob.  14  and  16*:  and  Dodton,  vol.  iii.  pag«  347. 

X 
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^  224.  Example.  Suppose  that  a  copyhold 
tenant  pays  to  the  lord  of  the  manor  a  fine  of  £100 
on  his  admission,  and  that  every  successor  does  the 
same;  what  is  the  present  value  of  the  lord's  interest 
in  that  copyhold,  on  the  supposition  that  the  tenants 
admitted  thereto  are  (one  with  another)  25  years  of 
age  at  the  time  of  their  admission  :  interest  being 
reckoned  at  5  per  cent,  and  the  probabilities  of  living 
as  at  Northampton? 

Here  we  shall  have  A  zz:  13-1567,  gr: -05,  and /= 
100 ;  consequently  the  value  of  the  lord's  interest  im- 
mediately  before  the  receipt  of  a  fine  will  be  equal  to 

100  X  .05-^3:667  =  147-41 G,  or  £147  :  8  :  4  :  and 
immediately  after  the  receipt  of  a  fine  it  will  be  equal 

to  100  Xi=-^|if  =  47-416  or  £47:8:4:. 
But  if  the  life  now  in  possession  be  70  years  of  age, 
we  shall  have  ^z=  6-023  ;  in  which  case,  the   lord's 

interest  will  be  £100  x  ^~2^X^Tm  =  103-022,  or 
£103  :  0  :  5. 

Therefore  if  the  tenant  gave  £500  for  the  lease, 
the  whole  value  of  the  purchase  may  in  this  latter 
case  be  estimated  at  £603  ;  and  the  corresponding 
rent  at  £30  :  3  :  0. 

COROLLARY    VI.* 

§  225.     If  the  estate  is  held  on  the  longest  of  any 

♦  Simpson's  (Sup.  Prob.  28.     De  Moivre,  Prob.   12.      Dodson,   vol.   iii. 
Ques.  05. 


Pr26.  oif  COPYHOLD^  170 

number  of  lives  (that  is,  on  condition  that,  whenever 
all  those  lives  become  extinct,  the  lease  may  be  re- 
newed with  the  same  number  of  lives,  and  on  the  same 
conditions,  by  paying  the  given  fine)  the  formula)  in 
the  last  corollary,  since  all  the  lives  may  in  this  case 
be  considered  but  as  one,  will  still  express  the  true 
value  of  the  landlord's  interest ;  if  we  make  A  denote 
the  value  of  an  annuity  on  the  longest  of  all  the  lives 
in  possession,  and  A  the  assumed  value  of  an  annuity 
on  the  longest  of  all  the  lives  with  which  the  lease  is 
to  be  continually  filled  up. 

§  226  Kvample.  Suppose  an  estate  to  be  leased 
on  two  lives,  with  condition  that,  on  the  extinction  of 
both  those  lives,  the  same  may  be  renewed  with  two 
other  lives  (the  best  that  can  be  found)  on  paying  a 
fine  of  £300 ;  and  so  on  for  ever  :  what  is  the  pre- 
sent value  of  the  landlord's  interest  in  the  estate  : 
taking  the  probabilities  of  living  as  at  Northampton, 
and  the  rate  of  interest  at  5  per  cent.? 

Here  we  shall  have  A  {ox  the  value  of  an  annuity 
on  the  longest  of  two  lives,  both  aged  8  years)  zi 
17*721,  J  =:  -05,  and  /zz300;  consequently  the 
value  of  the  landlord's  interest  immediately/  be/ore  the 

receipt  of  a  fine  will  be  equal  to  300  X  ~K)gx  17-721  ~ 
340  656,  or  £340  :  13  :  1  :  and  immediatelj/  after  the 
receipt  of  a  fine  it  will  be  equal  to  40*656.  But, 
if  the  ages  of  the  lives,  on  which  the  estate  is  now 
held,  be  40  and  60  years  of  age,   the  landlord's  in- 
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terest  will  be  equal  to  300  x  ^^^~  =  1 14-880  : 

^  •05x17-721 

or,  if  the  eldest  of  those  lives  be  extinct,  the  land- 
lord's interest  will  be  equal  to  300  X    ^—^^''^^'^^'^  - 


•05x17-721 
138-192. 


SCHOLIUM. 

§  227.  From  the  principles  here  laid  down,  it 
will  be  easy  to  determine  whether  it  is  most  advan- 
tageous to  the  lessee  or  the  landlord,  to  fill  up  a  life 
as  soon  as  it  becomes  vacant :  or  to  wait  till  two  or 
more  of  them  have  dropt  before  the  renewal. 
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CHAPTER.  VIII. 


On  Assurances  depending  on  a  particular  Order  of 
Survivorship, 

§  228.  Xhe  subject  of  the  present  chapter  is  cer- 
tainly one  of  the  most  intricate  in  the  whole  doctrine 
of  annuities,  since  it  involves  contingencies  for  which 
it  is  very  difficult  to  give  a  concise  and  accurate  ex- 
pression. When  two  lives  only  are  concerned,  the 
investigations  are  not  very  complex :  and  the  solu- 
tions may  be  obtained  without  much  labour  or  incon- 
venience :  but  when  three  or  more  lives  are  involved 
in  the  question,  the  investigations  become  more  intri. 
cate,  and  in  many  cases  indeed  baffle  all  our  endea- 
vours to  obtain  the  correct  value.  These  latter  cases, 
which  are  equally  numerous  with  those  whose  values 
we  can  obtain  correctly,  arise  out  of  the  subject 
already  mentioned  in  page  123  ;  and  will  mostly 
occur  towards  the  end  of  this  chapter :  we  may,  in- 
deed, approximate  to  their  true  value  by  the  help  of 
the  two  lemmata  given  in  the  fifth  chapter ;  as  will 
more  distinctly  appear  hereafter. 

I  would  here  observe  that  I  have  not  considered 
any  cases  where  more  than  three  lives  are  involved  : 
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those  cases  are  so  very  rare  that  it  would  not  be 
worth  while  to  lay  down  any  general  rules  on  the 
subject ;  and  to  investigate  them  properly  would 
swell  the  present  work  to  an  enormous  bulk. 

In  order  to  avoid  any  unnecessary  repetitions  in 
the  ensuing  problems,  I  will  take  this  opportunity 
of  mentioning,  once  for  all,  that  I  shall  in  every 
case  denote  the  given  sum  by  s ;  and  that  the  pro- 
babilities of  living  will  be  still  represented  by  the 
same  quantities  as  in  §  23.  The  resulting  formulae, 
which  show  the  value  of  such  sum,  will  sufficiently 
enable  the  experienced  analyst  to  determine  its 
numerical  value  :  but  they  are  too  complex  and 
intricate  to  be  inserted  as  rules,  in  words  at  length. 

^  229      I  would  also  observe  here,  that  1  use  the 

characters  J.,  J5,  C  to  denote  the  value  of  an  annuity 
on  a  life  one  year  older  than  the  life  A,  B,  or  C  re- 
spectively :  and  the  characters  A,B,C  to  denote  the 

value  of  an  annuity  on  a  life  one  yea.r  younger  than 
the  life  A,B,  or  C  respectively.     Consequently  when 

the  character  A'^R ,  or  &  occurs,  it  is  meant  to  de- 
note the  value  of  an  annuity  on  a  life  n  years  older 

than  A,B,  or  C  respectively :  that  is,  on  a  life  {n-\-l) 
years  older  than  A,  B,  or  C  respectively. 

The  same  observations  will  apply  to  the  characters 
A%B%  or  C%  which  respectively  denote  the  value  of 

an  annuity  on  a  life  ?i  years  older  than  A,  B  or  C  : 

that  is,  on  a  life  years(w-!-l)  older  than  A,  B,  or  C, 
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respectively.  This  remark  will  also  extend  to  the 
case  of  such  lives  considered  jointly  with  any  other 

lives:  thus  i4B  denotes  the  value  of  an  annuity  on  the 
joint  lives  of  B  and  a  life  one  year  older  than  A ; 

ABC  the  value  of  an  annuity  on  the  joint  lives  of 
BC  and  a  life  one  year  older  than  A  :  and  so  on. 

PROBLEM  XXVII.* 

§  230.  To  determine  the  present  value  of  a  given 
sum,  payable  on  the  decease  of  A,  provided  that  shall 
be  \\i^ first  which  fails  of  two  given  lives  A,  B. 

SOLUTION. 

The  chance  of  receiving  the  sum  at  the  end  of  any 
one  year  will  depend  on  the  happening  of  one  or 
other  of  these  two  events :  1**  that  A  dies  in  the  year, 
and  that  B  lives  to  the  end  of  it:  2®  that  both  lives 
fail  III  the  year,  restrained  however  to  the  contin- 
gency that  A  dies  first.     The  probability  that  the  first 

event  will  happen  in  the  first  year  is  "~°^  ;  and  the 
probability  that  the  second  event  will  happen  in  the 

same  period  is— ^y—-^:  these  two  values,  there- 
fore, being  added  together  &  multiplied  byi'(l-f-g)''S 
or  the  present  value  of  the  given  sum  certain  to  be 

*  Price,  Ques.  11,  and  Note  (M).  Dodson,  vol.  iii.  Quei.  23.  Simpson's 
Aip.  Prob-  32.    Morgan,  Prob.  16,  and  in  Phil.  Trans,  for  1788,  Prob  2. 
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received  at  the  en  d  of  the  year,  will  give  ^  ( 1  +g)^  ^  X 


;  / 


W ^ ^  +  -^)  for  the  value  of  the  expect- 

ao  a  0  a  b  a  b  '  l-v.«. 

tatioii  of  receiving  such  sum  at  thejend  of  the  first  year. 
In  like  manner,  since  the  probability  that  the  first 


//  // 


event  will  happen  in  the  second  year  is^^^^-^ — ,   and 

the  probability  that  the  second  event  will  happen  in 

I  II  I  II 
the  same  period  is  ~°  2b'~~^*  ^^  follows  that  the 
sum  of  these,  multiplied  by  5(l+g)"^,  will  give  the 
value  of  the  expectation  of  receiving  the  sum  at  the 
end  of  the  second  year.  By  a  similar  method  of 
reasoning  we  may  find  the  value  of  the  expectation 
of  receiving  the  sum  at  the  end  of  the  third  year :  and 
so  on  for  every  succeeding  year,  to  the  utmost  extent 
of  human  life;  the  sum  of  all  which  yearly  values, 
or  the  series 

!  /   /  /  /   "~j 


4(i+srx 


4(1+8^ 


a  0  a  0  a  b  _,     a  o 

^a  b  a  b  a  b  ~*     a  b 


+ 


//  //          ///  ///         „,  „  I,  III 

ah  a  0 a  b     .      a  b        , 


a  b  a  b  a  b     *^   a  b 

&c  &c  &c,  ^ 

will  be  the  total  present  value  of  the  sum  5  to  be  re- 
ceived on  the  above  contingency. 

§  231.  But,  the  sum  of  the  first  two  of  these  per- 
pendicular series  (independent  of  the  common  mul- 
tiplier^)  is  by   Prob.   XXII,    equal   io^^^\  the 
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third  will  be  found  equal  to  ^  I±i?.x  j  ;   and    the 

a 

last,  equal  to  ^J3  X-'*      Consequently    the    total 
present  value  of  the  given  sum  will  be  equal  to 

•  The  third  of  these  perpendicular  ierie.,  or~:^+^:^:^   + 

a  h 
ah(\Jr  p'  ^  ***  ^**y  uking  all  the  terms  as  affirmatire  and  omittiog  tha 

eommoo  multiplier— ),  ii  eridently  eqaal    to      ah     V(  a  i 

If   II  IIU    III  II     I  in    II 

a  b  a  b  Tvi./-  <»*  a  b 

^(\H)*     ob(l+g)»  J  «^(1+?)        ab(l+2)*, 

hh  III  I 

+  &c  is  equal  to  AB)  will  become  equal  to  ■    (1+^5) 


1+^B       o 


SS-- r-x  — •    In  lilce  manner,  it  will  be  etidcnt  that  the  fourth  perpea- 

(I r^)      o 

/  I  M                         II  III                                                                  * 

n  b  ab               a  b          «.            , 

dicular series,  oi  ., ,  .  ^^  +  .^ .  .    ,^-H  ....  .  ^^^ +°^»  '•  *V^  ^ 

LI                            in  II   III                             ~~]                                                            I 

ab              ab  .        a  b  -luu/-           <»  ^ 


a 


5(T+7)»"*'oJ(l+7F  '^**'  "  '^'^"^  ***  ^^^  will  become  equal  to.4B+  — 

The  ralae  of  these  series,  howercr,  may  be  expressed  in  a  diffcreot 
manner,  bj  inrerting  the  ii.ethod  here  porsucd  :  for  the  third  perpendicular 
ssriM  is  (on  the  assumption  just  mentioned)  and  eoosequeDtly,   (since  ttuM 
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As  this  formula  will  often  be  referred  to  in  the 
subsequerl  problems,  it  will  be  convenient  to  denote 
it  by  a  more  simple  expression;  therefore  let  it  be 
represented  by  t/l  :  that  is,  let  •^  denote  the 
present  value  of  £1  to  be  received  on  the  contingency 
mentioned  in  the  pjoblem ;  consequently  s  X  ^     will 

f  r       '  ;.                'J.  A                  ""L               "^  "^ 

'I  a  b  a  0  ah  „T  >„/ 

also  equal  to        —  ■ -, — .+  . .,  ,    ,     ,    ..,  ,    ,,  +&c    ]~ABx        -. 

ab       r           n'i, 
and  the  fourth  perpendicular  series  is  also  equal  to     .   .  j— rj    ^^ 

ab{\^2) 


•Whence  it  rppears  that 


,,  , — r— X  —        A.B  X  -T 
(1+S)        a  ,        b 

\-\-AB       b   _              '. 
TT — ;  "T  sc  ~T  —  A.B  y. • 


series  may  be  summed  up  in  two  different  ways)  that  we  may  adopt  either 
expression  for  the  value  of  the  same  :  a  circumstance  of  which  I  have  availed 
myself  in  some  of  the  subsequent  problems.  The  same  observations  wiU 
apply  to  any  other  two  lives. 

•  .  Mr,  Morgan  (apparently  not  aware  of  this  property)  has  run  into  some 
strange  errors  on  this  subject.  He  has  given  both  expressions  in  the  same 
formula:  and  such  expressions,  being  there  always  used  with  contrary 
signs,  of  course  destroy  each  other  ;  and  are  therefore  unnecessarily  intro- 
duced! These  cases  are  by  no  means  singular,  as  they  occur  in  almost  all 
ll^  problems  (involving  similar  contingencies)  inserted  by  him  in  the  Philo- 
sophical Ti  a  nsactions.  See  a  remarkable  instance  of  this  kind  in  the  not* 
t*  :he  First  Case  of  Problem  XLV. 
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denote  the  present  value  of  the  given  mm  under  the 
same  circumstances.* 


*  The  ODiy  methods  of  lolring  thia  problem  (preriotu  to  the  iorettigt* 
tion  or  it  by  Mr>  Morgan  from  the  real  probabilities  or  liTe)  where  thos« 
giTen  by  Mr.  Simpson  in  the  Supplement  to  his  Dxtrine  of  AnnuUie*, 
Prob.  XXXII,  and  by  Mr.  Dodsoo  in  the  ihi/d  volume  of  his  Math$m%(icai 
Jtepoeitory,  Ques.  XXIII  :  botli of  which  are  deduced  from  M.  De  Moirre's 
hypothesis.  Mr.  Simpson  however  has  inserted  a  rule  which  may  be  ap- 
I'lied  to  any  table  of  observations  :  whilst  Mr.  Dadson  still  abides  by  the 
hypothesis  of  his  Trieod  De  Moivre.  Mr.  Morgan,  with  his  usual  aoiipathy 
against  that  theory,  has  despatched  Mr.  Dadson's  rule  iu  very  few  words, 
by  saying  that  ^  bavin;  derived  his  rule  from  a  wrong  hypothesis,  he  has 
rendered  it  of  no  use."  (Phil,  Trant.  vol.  Ixxviii.  p. 332)  :  and  Dr.  Prict 
has  observed  that  be  knows  of  no  other  method  of  solution  but  tliat  ot  Mr. 
Simpson.  Had  these  gentlemen,  however,  taken  the  trouble  to  compare 
Mr.  Simpson's  rule  with  that  given  by  Mr.  Dodson,  they  would  have  found 
that  tlie  hitter  (even  on  De  Moivre's  hypothesis)  gives  the  values  oftentimes 
more  correctly  than  the  former  ;  and  were  it  adapted  to  the  real  probabilities 
of  life,  in  the  same  manner  as  they  have  adapted  Mr.  Simpson's,  it  would 
in  many  cases  gpve  the  values  btill  more  corresponding  to  the  true  values. 
I  agree  with  them  however  that  neither  of  these  methods  can  be  safely 
used,  except  in  the  middle  stages  of  life  ;  and  that  it  will  be  best  in  all 
cases  to  deduce  the  values  from  real  observations.  Nevertheless  as  a  near 
Tslue  may  be  oftentimes  required,  without  much  labour  of  computation,  I 
have  thoaght  it  necessary  to  point  out  how  far  these  methads  may  be 
depended  on. 

But,  is  it  not  singular  that,  after  the  unlimited  censure  which  Mr.  Morgan 
has  cast  upon  the  •*  wretched''  hypothesis  of  De  Moivre,  he  should  (ps 
editor  of  Dr.  Price's  Obaervationt  on  Revertionary  Payment*  suffer  the 
Fortieth  Table  in  that  work  to  remain  without  a  commcntP  particularly  as 
be  must  well  know,  because  he  has  taken  much  pains  to  prove,  that  the 
▼alues  in  that  table  are  ettremelg  erroneout,  and  in   mnny  eases  are  mere 
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COROLLARY    I. 

§  232.  Having  thus  found  the  present  value  of 
the  given  sum  on  the  contingency  of  B  surviving  A ; 
the  present  value  of  the  same  sum  on  the  contin- 
gency of  A  surviving  B  (that  is,  of  the  same  sum  to 
be  received  at  the  death  of  B,  provided  his  life  be 
the  first  that  becomes  extinct)  is  readily  found  by 

substituting  the  symbols  a,  a,  a,  &c  for  b,  b,  Z>,  &cm 
the  above  analysis :  whence  such  value  will  come 

o»t  equal  tol[l^^(0±iJL^B.^)f) 


th&a  one-third  of  their  true  value  too  much.  And  is  it  not  more  sinjuiar 
that,  to  this  very  hour,  it  should  serve  to  determine  t!ie  value  of  such  assur- 
ances at  the  Equitable  Society,  the  business  of  which  Mr.  Morgan  has  so 
long  and  so  ably  conducted!  It  is  true,  that,  the  concerns  of  tliat  society 
being,  for  the  most  part,  established  upon  such  fair  and  truly  equiti'ole 
principles,  it  little  signifies  hou)  much  is  paid  for  an  assurance  provided 
every  one  pays  a  proportion  ;  but  it  must  be  evident  that,  in  the  present 
case,  the  rest  of  the  society  are  benefitted  at  the  expense  of  those  who  as-  ' 
sure  on  the  contingency  mentioned  in  this  problem.  And  it  is  amuj'nj  to 
observe  how  blindly  the  other  established  OJSvjes,  as  well  as  the  nev?  ephe- 
meral Companies,  have  followed  this  error  of  their  great  prototyi)e. 

I   I  have  inserted  the  table,  above  alluded  to,  at  the  end   of  the  present 
work  (being  the  fifty-third  table  there  given);    not   only  as   a   matter    of 
cariosity,  but  to  show  upon  what  erroneous  princii-les  the  business  of  those 
Offices  is  sometimes  conducted.    See  th9  Sctiolium  to  Question  XXX  iq 
Chapter  XII, 
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But,  if  the  present  value  of  the  given  sum  to  be 
received  on  the  death  of  A  according  to  the  problem 
be  once  determined,  we  may  easily  find  the  value  of 
the  same  sum  to  be  received  on  the  death  of  B,,  pro- 
vided his  life  be  the  first  that  fails,  by  subtracting  the 
value  found  by  the  problem  from  the  present  value  of 
the  given  sum  to  be  received  on  the  extinction  of  the 
joint  lives  AB,  as  found  by  Prob.  XXII  :  or,  in  other 
words,  by  changing  the  sign  of  the  second  term  in  the 
general  expression  deduced  from  the  problem.  Thus 

i[^^+(^TFr-^^f ']  ""'  »'^°  ''*"<"« 

the  present  value  of  the  given  sum  onthecontingency 
of  A  surviving  B.* 

As  these  formulae  will  be  often  referred  to  in  the 
subsequent  problems,  it  will  be  more  conveniert  to 
denote  them  by  a  more  simple  expression  ;  thcr  f •  e 
let  them  be  represented  by  tS  :  that  is,  let  /^ 
denote  the  present  value  of  £l  to  be  received  on  the 
contingency  mcnti»»ned  in  thiscorollary ;  consequenll 

sY^H'^  will  denote  the  present  value  of  the  givcu 
sum  under  the  same  circumstances. 

*  UniTcrsally  wo  iliall   find  that  by  this  method  of  inrestigation,  the 

^-—y— p~^?'*)-p     will  denote  the  value  io  either  etfe  ;  where 

(he  upper  sign  ii  to  be  Uken  if  the  sum  depends  on  the  conUiigeiiaj  cf  A'« 
dying  6rit ;  and  tb«  lewer  sign,  if  on  B's  dying  first. 
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COROLLARY    II. 


^  233.  From  the  principles  laid  down  in  the  pro- 
blem we  may  readily  find  the  value  of  any  sum  de- 
pending on  the  contingency  of  C  surviving  A ;  that 
is,  of  such  sum  to  be  received  on  the  death  of  A 
provided  his  life  be  the  first  that  becomes  extinct  of 
thetwo  lives  A,C.  The  value  of  suchsum  will  beequal 

I   shall  (for  reasons   above  mentioned)  denote  by 

AC  ^ 

s  X-^  . 

In  like  manner  the  value  of  any  sum  depending  on 
the  contingency ofCsurviving  B  will  be  found  equal  to 


which  I   shall 


for  the  same  reasons  denote  by  sxJ^  .  These  for- 
mulae will  often  be  referred  to  in  the  subsequent 
problems. 

COROLLARY  III. 

^  234.  If  the  contingency  mentioned  in  the  pro- 
blem, and  on  which  the  given  sum  is  to  be  received, 
is  Deferred  for  any  given  number  of  years  {—n),  less 
than  that  to  which  it  is  probable  the  two  joint  lives 
may  extend,  it  is  evident  that  the  several  perpendicu- 
lar series,  in  the  general  expression  given  in  page  184, 


[( 
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must  be  coutinued  from  after  the  n'^'term  only ;  and 
thence  to  the  utmost  extent  of  h  uman  life.  The  sum 
of  which  terms  will,  by  an  attention  to  the  steps  pur- 
sued in  the  Problem  XXII,  cor.  1,  be  found  equal  to 

I— ^•ir,a_(H.^'-J3-)alf^.i?-(l+g)a     :*    an  ex 
pression  which  1  shall  denote  by  sx{^  ) 

COROLLARY    IV. 

§  235.     Or,  if  the  contingency,  on  whi  ch  the  given 

sum  is  to  be  received,  is  Temporary  (that  is,  to  continue 

only  for  a  given  term  zz  «,  less  than  that  to  which 

it  is    probable  the  two  joint  lives   may   extend)   it 

is  evident  that  the  several  perpendicular  series,  in 

the  general  expression  given  in  page  184,  must  be 

continued  for  n  terms  only :  and  the  sum  of  these  will, 

by  an  attention  to  the  steps  pursued  in  Prob.  XXII, 

t-i  t 

cor.  2,  be  found  equal  to  -^    "1^) C^^)  — 

*  U  mast  be  remembered  that  A'  B'*  denotes  the  value  of  an  annuity 

on  two  joint  lire*,  each  n  years  older  tiian  A  and  B  ;  and  than  ^  5*  de- 
notes tlie  raiue  of  an  annuity  on  two  joint  lives,  each  n  years  older  than  A 

aad  B  respeetircly  :  agreeably  to  what  has  been  snij  in  §  223. 
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/       t'l  ,  t 

But,  since  (AB)      -\ ^A_  rz(ij5  =  i  B  — 

/  n 

I 

A'B'X^   (1 +§)"""  ,  we  may  (by  substituting  these 

a\b 

values,  as  explained  in  the  problem  just  referred  to 
render  this  formula  more  convenient  for  practice   by 

the    following    expression   ^FwiB,!-?^"^    ^ 

«^,,       — n         \JrAB    a      .     l+Jo^o     a  jS  ,,     ,   „  — n 
•^(+8;'         (IZI^-a    +-Xq^-.^(l+2)  +    AB. 

L  -^A  JS- 1(1  +^rj  =  ..^'^  -  s.(^^)    ; 

that  is,  equal  to  the  difference  between  the  present 
value  of  the  sum  found  by  the  problem,  and  the  pre- 
sent value  of  the  same  sum  Deferred  as  in  the  pre- 
ceding corollary.* 

*  I  believe  ibat  this  formuk  is  the  first  correct  rule  that  has  ever  been 
given  for  determining  the  value  of  such  assurances  for  given  terms.  In  the 
sulution  of  the  fifteenth  question  in  Dr.  Price's  Obs,  on  Rev,  Pay.  the  authot 
has  given  a  rule  by  which  we  may  obtain  a  near  value  of  such  assurances) 
and  has  referred  to  note  H  for  a  demonslmiion  of  the  same.  This  demon* 
stration  (as  he  calls  it)  would  indeed  lead  us  to  the  exact  va'ue  according 
to  any  table  of  observations  agreeably  to  what  the  author  has  justly  re- 
marked :  the  rule,  however,  has  not  been  deduced  from  th  is  investigation 
but  from  Question  XXIII  in  the  third  volume  of  Mr.  Dodson's  M-Tthe>na_ 
Heal  Repository  or  from  the  process  laid  down  by  Mr.  Simpson  in  the  Sup- 
plement to  his  Doctnne  of  Annuities,  page  62. 

Mr.  Morgan,  by  way  of  improving  on  this  expl^tnation,  has  given  a  ru!« 
(without  a  demonstration)  which  he  says  is  obtained  "without  the  aid  of 
M.  De  Moivre's  hypothesis."  This,  however,  is  not  strictly  true  ;  for,  his 
rule  is  deduced  on  the  supposition  that 
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COROliLAity   f. 

§  236      If  the  two  lives  are  equal  to   each   other, 
or  of  the  sarne  a^e  A,  the  general  expressioa  ia   the 

problem  becomes  equal  to-J-X  Tlo     »  because  the 
second    term  in  such    expression,  or— -./itddif!,— 

°      V     (1+2) 

il^.a),  will  then  vanish  altogether  :   whence  it   fol- 
lows  that  the  value  will  i  n  such  case  be  equal  to  one 

the  deeremenU  of  lifejare  e^uol  during  the  given  term  ;  tiaiilar  to  the  me- 
thod explained  in  the  note  in  page  150  of  the  present  work  :  and  this  ot* 
of  M.  De  Moivre**  hypothesis  but  little  accords  with  what  he  has  repeated!  j 
advanced,  "  that  it  is  best  to  exclude  it  entireljf  from  the  doct  riae  of  sar- 
Tivorsliip."  This  Tery  fact  will  show  that  it  may  occasionally  be  used  with 
good  eflFec:,eTen  in  the  solution  of  the  Tcry  problem  where  he  has  censnred 
t  the  most.  I  sliall  here  subjoin  an  investigation  of  Mr.  Morgan's  rule, 
which  will  show  the  method  of  proceeding  in  similar  cases,  when  we  wia^ 
to  adopt  the  same  principles. 

It  will  appear  that  the  general  series  in  the  problem  maj  be  conrerted 
into  the  following  one. 


„  in  II  III 

# « g  /     b  0       V 

2(l+^)»        ~^    b     ^     b    '-^ 


&c  &e. 

Now,  if  we  sappoee  the  decrements  of  A's  life    to  be  equal   daring    the 
Ten  term,  (which  in  many  easej  wi/1  be  found  to  eoireepoad  very    DMrf/* 

2 
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half  the  present  valu?  of  the  given  sum  to  be  received 
on  the  extinction  of  the  joint  lives. 

This  observation  will  equally  apply  to  the  formulae, 
in  the  last  two  corollaries,  for  terms ;  and  is  indeed 
^elf-evident.     For,  as  the  given  sum  is  not  to  be  re- 


a — a 
with -the    fact,)  and  if  Jiuch  decrements  be  denoted  by  3= j    then    will 

he  first  n  terms  of  this  series  be  equal  to 


2a{l+s) 


(7  +  y)-^ 


*-^     (1  +  A)  + 

2a(l+^)    ^b  bJ 

II        III 

(t  +  t)- 


2a(i4-j)»  "»   b    ^    b 
But,  the  first  of  these  perpendicular  series,  within    (he   parentheses,    is 

(independent  of  the  common  multiple  _£:£.,  eqnal  to  ^  "*"("'  ;  and  the 

2o  (l+i.) 

second  is,  in  like  manner,  equal  to  (5)t:  whence  the  total  present   value   of 
the  assurance  for  the  given  term,  will  upon  this  <4rypothesis   be  denoted   by 

a    I    l+(^)'~^    .   .g.t  "j_.(a-a)    fl+C^)'"^    ,.J      land 

whence  Mr.  Morgan's  rule  is  manifest. 

But  this   rule  mjiy  be  more    conveniently    expressed    b     — -sc 

Ian 

i+(2+g)g— ri+(2+p')g°ix£-(i+g)  — ".  ...    ,     , 

!= ,.,- b ~ •  which,  wlien  the  two   ferie^ 

we  continued  to  the  utmost  extent  of  human  life  (B  beina;  the  oldest),  wil' 

,  8{a—a)       1 +(2-1-0)5 

become — ^on"  ^  — (T+TJ — *    ^"  ^^'^*  ^*"*''  *^'^*»  however,  the  formula 
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ceived  till  after  the  evtinctlon  of  the  joint  lives,  and 
as  it  is  certainly  an  even  chance  which  of  the  two 
may  survive,  it  is  manifest  that  one  half  the  present 
value  of  the  sum  to  be  received  on  the  extinction  on 
those  joint  lives  will  be  the  true  value  of  the  sum  de- 
pending on  this  contingency  ;  whether  such  contin- 
gency  extends  to  the  whole  continuance  of  the  given 
lives,  or  exists  only  for  a  given  term. 


Observations  on  Mr.   Morgans   Method  of  investi- 
gating this  problem. 

§  237.  I  cannot  dismiss  this  problem  without  some 
remarks  on  the  singular  and  unscientific  manner  in 
which  Mr.  Morgan  has  summed  up  the  four  colla- 
teral series  (in  page  184)  which  express  the  present 
value  of  the  given  sum  to  be  received  on  the  contin 
gency  mentioned  in  the  problem  :  and  I  am  the  more 
induced  to  do  this  because  similar  expressions  arise 
in  many  oi  his  subsequent  problems,  in  which  the 
same  loose  and  eccentric  method  has  been  pursued ; 
whereby  an  air  of  obscurity  and  difficulty  has  been 
thrown  over  the  subject,  which  it  is  my  intention  here 

^cannot  be  depended  apon,  anleas  A  is  much  the  youngest  of  the  two  lives 
but  at  the  same  time  not  younger  than  15  years  or  age:  indeed  it  must  at 
oil  timet  b«  used  with  peuper  caution,  and  with  a  due  regard  to   the  ublea 
of  obserrations  mode  use  of.     These  remarks  will  equally  apply  to  the  solu- 
tion of  the  sixteenth  questioa  in  Dr.  Pri«e*s  work  ab)r«  quoted. 
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to  remove.     Mr.  Morgan  divides  the  whole  expression 
into  the  twro  following  collateral  series,*  viZp 


(a — 0)6     ,    (a — a)b 


I        II   II  I       u     I 

(q — 0)6    1      (a — a)b 
ah        "■  ab       ^ 


+ 
+ 


//    III  III  I    III  II 

(a—a)b       .      (g — a)b        , 

-\--r^j-^      «^  '  ab      _j"*' 

which  is  evidently  the  same  series  as  that  which   I 
have  given  in  page  184. 


*  Id  the  subse<^uent  process  given  in  the  text  I  have  adopied  the  method 
of  notation  made  use  of  throughout  the  whole  of  this  work,in  order  to  prevent 
any  obscurity  or  circumlocution  by  the  introduction  of  new  symbols.  But 
lest  I  should  be  charged  with  having  misrepresented  Mr.  Morgan,  I  shall 
here  sulguin  the  method  which  he  himself  has  pursued  in  investigating  this 
problem  ;  and  for  the  sake  of  greater  accuracy  shall  adopt  the  same  cha- 
racters which  he  has  used. 

Let  r  denote  ;£l  increased  by  its  interest  for  a  year :  let  a  represent   the 

number  of  persons  living  in  the  table  at  the  age  of  A  ;  and  let  a,  a,ay  &c 
represent  the  deeremonts  at  the  end  of  the  first,  second,  third,  &c,  years 
from  the  fige  of  A.  Let  6  represent  the  number  of  persons  living  at  the  age 
of  B  J  and  let  c,  d,  e,/,  &c,  represent  the  number  of  persons  living  at  the 
end  of  the  first,  second,  third,  fourth,  &c,  years  from  the  age  ofB. 

Then  (in  the  words  of  Mr.  Morgan,  in  Phil.  Trans,  for  1788,  p.  242)  it 
will  follow  that  the  present  value  of  S  to  be  received  on  tlie  death  of  A, 
should  that  happen  in  the  life-time  of  B,  will  be  expressed  by  the  series  S  X 

LI  II  HI  Jill 

(b+c)a  .  (c+d)a      (d+e)a      (e+J)a  ~1  . 

-2^  +  -2^^*+  ;2^6;T  + 1^^  +  ^»  J    This  sene.  may  b« 
esolved 
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^  238.     The  first  of  these  collateral  series  he  ex- 
pands into  ft  more  complex  one,  by  making  it  equal  to 


&o  &c  &c ; 

and  be  then  proceeds  to  sum  up  these  several  colla- 
teral series  in  the  following  manner.  The  first  he 
makes  (independent  of  the  common  multiple  2-)equal 
to  B,  the  second  equal  to  —AB,  the  third  equal  to 

^y-L-X  -V*  and  the  fourth  equal  to  .-4-^-  X  4": 
(i+?)        A  ^  (i+?)         » 

_  , '  M  III  im 

8         >      ca  da  ea         fa,  \^ 

into  the  two  followiDg  ;-l-X-^  +  ^^  +  ^3;^+  ^.+  &c  J+ 

/  II  Mt  '         nil 

8         r~  h  a  c  a  da  e  a  "] 

I  I      II 

S        ^    c        n—'Cik        d       da^-du—da 
m«y  be  again  resolred  into: -^X^-^ ;6r  +  67r+        abr» 

— )         8c  l~  d  da— da 

,   , Let  B  denote  the  raloe  of  an  annuity  on 

cr*  acra  ' 

the  life  of  B,  C  the  Talae  of  an  annuity  on  a  life  one  year  older  than  B,  AB 

and  AC  the  valofls  of  annuities  on  the  joint  Urea  of  A  and  B  and  of  A  aod 

^       .    .                    .,. .         8x(B— AB)      8xc(C— AC)      ^    ,       . 
C  aod  these  leriet  wiUb»=    ^  ^ ^ '.    Ag^n,  the 

CI  II  ,11 

ba  ea  da        .     ~] 

"ai ^  ttbr*   "^  abr*  ' 


,    • 

ea — ea — ea — ea 

'    br- 

abn 

€ 

1      i> 
ea — ea—oa         , 
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SO  that  the  total  value  of  these  four  collateral   series 
(or  of  the^r*^  collateral  series  in  page  196)  is  made 

equaltoB— ^-x|+^fi,-xj-^B.         ' 

And,  by  proceeding  in  a  similar  manner  with  respect 
to  the  *ecoW  collateral  series  in  page  196,  the  sum 

b 

of  it  is  found  equal  to  -B  X  -^ -7^-^ A  B  x 

h 

'  AB 

-J-  +  TiJri'     Consequently,  the  total  present  value 
of  the  given  sura,  to  be  received  on  the  contingency 


mentioned  in  the  problem,  is  equal  to- 


[^x-r- 


.       ,                                         ,         )83    ^     ,^,      Sx(B-AB) 
by  pursuing  the  same  steps  may  be  found  =  -^t-(K — AK.j 

where  /3  denotes  the  number  of  persons  living  at  the  age  of  u  person  one 

year  younger  than  B,  K  the  value  of  an  annuity  on  that  life,  and  AK  the 

value  of  an  annuity  on  the  joint  lives  of  A  and  K.     The  whole  value  of  the 

.       ,.    .    \      ,        ■                 (r~l)x(R-\B)   .  /3rK-\K) 
survivorship  is  therefore  =  S  x       57 +  ^ — 

c(C— AC) 


2br 
These  are  Mr-  Morgan's  own  words :   and  if  the  several  values,  above 
alluded  to,  be  expressed  by  the  characters  which  I  have  adopted  in  the  pre- 
sent work,  they  will  be  found  to  agree  with  the  process  given  in  the  text. 
cC  c  ,   /3.K  B  1         ,  ,      u      J-. 

But  B ; —  =  —7 — ,  and  -^-7 —  =  —  ;  whence  the  absurdity 

br  or  b  r  t 

Of  his  formula.  Mr.  Morgan  however  has  at  Ici^th  altered  his  formula  for 
this  particular  case  ;  although  he  still  preserves  the  same  method  of  solution 
both  here  and  in  all  his  subsequent  problems.  See  Price's  Obt.  edit.  1803, 
A>te(0). 
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%  239.     But,  surely  it  cannot  be  necessary  to  tell 

Mr.  Morgan  that  B-  -^-jy-  xyU  equal  to  -—    X 

_»_-  and  that  Bx'-^,^    "   ^'»"'"   '°  O^ 

only  ! !  1     Whereby    the    complex   and   troblesome 

ormula.  -above  given,  may  be  more  simply  expressed 

^Ti-Mfl  _,.  i+iB        _^ ^  B  X-l   I   and 

which  is  one  of  the  formulaB  which  I  have  given,  In 
the  note  in  page  189,  for  the  value  of  the  sum  depen- 
ding on  this  contingency.  Indeed  it  is  difficult  to 
conceive  why  he  should  ever  have  thought  it  neces- 
sary to  employ  those  quantities  which  denote  the 
value  of  an  annuity  on  a  single  life;  since  it  is  clear 
from  the  nature  of  the  several  series  in  page  196,  that 
such  values  could  not  properly  belong  to  the  subject; 
and  that  no  quantities  are  involved  in  the  solution 
but  such  as  arise  from  two  joint  lives. 

As  this  strange  error  runs  through  the  whole  of  Mr. 
Morgan's  paf)ers  in  the  Philosophical  Transactions, 
where  this  and  similar  contingencies  are  involved,  I 
have    thought   it   right   to   take  this  public  notice 

*  This  is  Indeed  evident  un  inspection  of  the  first  and  third  of  the  col- 
lateral series  in  pnge  197.  For,  it  i«  manifest  that  all  the  subsequent  terms 
of  tliose  two  series  after  the  first  term,  destroy  each  other  ;  and  conse- 
quently that  the  sum  pf  tliose   two  collateral  series  will  be  equal   to  the  first 

term  only  :  that  is,  (independent  of  the  common    multiple — „—  )   equa^  to 

1  i 

..     '    X     .     ■     In  like  manner  we  may  prove  the  equality  of  the  othe' 

two  qaaatiliM  alluded  to  in  tht  text. 
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of  it;  not  only  with  a  view  to  obviate  any  difficulty 
that  may  arise  from  a  comparison  of  his  formulae  with 
those  which  I  have  here  deduced,  but  to  clear  the 
subject  from  all  diffuse  and  unconnected  matter. 
And  I  shall  have  occasion  to  make  a  similar  remark 
on  his  method  of  summing  the  several  series  where 
three  lives  are  concerned  :  for  which,  see  the  Obser- 
vations in  §  251  &c,  at  the  end  of  Problem  XXIX; 
and  §  272  at  the  end  of  Problem  XXXV. 

PROBLEM  XXVIIL* 

§  240.  To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A,  provided  that  shall 
be  the  second  which  fails  of  two  given  lives  A,  B. 

SOLUTION. 

It  is  evident,  in  this  case,  that  the  chance  of  receiv- 
ing the  sum  at  the  end  of  the  first  year  will  depend 
only  on  one  contingency  ;  viz.  that  both  the  lives  be- 
come extinct  in  that  period,  restrained  however  to 
the  condition   that  A  dies  last,   the  probability  of 

which  in  the  first  year  is- ~°^^^  ~^^  ;     and    which, 

•  Price,  Ques.  12,  wid  Note  (M).  Dodson,  vol.  iii.  Ques.  24.  Simp- 
son, Prob.  28  ;  and  Sup.  Prob.  33  ;  also  Prob.  3  in  page  72.     De  Moivre, 

Prob.  17.  Morgan,  Prob.  17  ;  and  in  Phil.  Trans,  for  1788,  Prob.  3,  p»ge 
347. 
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being  multiplied  by<H-3)'S  or  the  present  value  of 
the  given  sum,  certain  to  be  received  at  thd  end  of 

th*y<»r.  will  give  l(i+s)-  x  (i|  +  i^  -  T^" 

-2—)  for  the  expectation  of  receiving  such  sum  at  the 
end  of  the  first  year. 

In  the  second  and  following  years,  however,  tb^ 
chance  of  receiving  the  sum  will  depend  on  thehap- 
peping  of  either  of  two  events :  I  °  that  both  the  livei 
fail  in  the  year,  A  having  died  last :  2°  that  only  A  die  > 
in  the  year,  and  that  B  dies  in  either  of  the  preced- 
ing years.     The  probability  that  the  first  event  will 

happen  in  the  second  is  "^^^^ ;  and  the  pro- 
bability of  the  second  event  happening  in  the  same 

I   II  I 

period   is^^(l  —  j).     These  twu  values  theretore, 

being  added  together  and  multiplied  by  *(14-?)'*%  will 
'         f*  II       II II        II I      t  ft 

'fit     \-iv^/2a  2a  a  b    .      a  b     ,      ab         a  6 

give  -(1+3)  'Xi- r-T7+  TT  +  ^-71) 

for  the  expectation  of  receiving  the  given  sura  at  the 
end  of  the  second  year. 

In  like  manner,  it  will  be  found  that  the  proba- 
bility of  the  first  event  happening  in  the  third  year  is 

M        III  H        II 

^~^^%ib^~  '•   ^'^^  ^^^®  probability  that   the  second 

event  will  happen  in  the  same  period  is  ^^(1 — — v 
tlicrcfore  these  two  values  being  added  together  and 
mthiplied   by   »(l-|-2)-».   will    give -^  (l-fj)"'   X 

2    A 
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0  mi  u  n  III  III  III  II  II  III 

So  2a  ab     .      a  b     .      a  b  a  b  s.    n         ., 

J- H J- H — r)  f^i"   "^^  ^x- 

a  a  a  b      '      a  0      '      a  t>  a  b  ^ 

pectation  of  receiving  tlie  sum  at  the  end  of  the  third 
year:  and  so  on  for  every  subsequent  year,  to  the 
utmost  extent  of  human  life;  the  sum  of  all  which 
yearly  values,  or  the  series* 


/  lit  I 

2a  2a  ah    ^^ah     ^^    a  b  a  b 

a              a  a  b  *^ a  b      *^    a  b            a  b 

I                              II  I      I  U   II                      II     I      ^                   I      II 

2a           2  a  a  b  ,   a  b     ,      a  b            a  b 


+ 


a^A-t-g;     ^L.-^  -  ^"^Vb"^   ab         ab 

Ct 
//                 III              II  II           III  III           III  II  II  III 

2a   2a  \a  b    ^^  a  b    ,    a  b    ab 

a  a  ab"*    ab"^  ab  ab  _ 

&e  &c  &c, 

will  be  the  total  present  value  of  the  sum  s  to  be  re- 
ceived on  the  above  contingency. 

§  241.  But  the  sum  of  the  first  two  of  these  per- 
pendicular series  is,  by  Prob.  XXII,  equal  to  the  pre- 
sent value  of  the  given  snm  to  be  received  on  the  de- 
cease of  A;  that  is,  equal  to  s  X-J^-j :  and  the  re- 
maining four  of  these  perpendicular  series  are  the 
same  as  those  produced  in  the  last  problem,  with  a  con- 
trary sign ;  and  the  sum  of  which  is  there  denoted  by 

*  The  value  of  the  first  year's  expectation  has  been  found  in  the  'pr:>ced- 


/  / 


,,,,     .          ...               ,        ,                   ,  ab        ab           ab 
jng  part  of  the  invest  gation,  equal  to  »(1  -j-on-  i  x  (— r-+  — 7 ~T 

t  I 

•^-^^  ;  an  expression  which  is  evidently  equal  to— (I-j.^)'j  j  x  ( — 

ab        a  b        ab        ab  ^ 

^'TT+'oT"  aT^'  "  ^"^"^   ^*'  ^*'^"  assumed  in 

order  to  correspond  with  the  terms  of  the  Subsequent  expectations,  and 
h  ereby  render  the  several  collateral  series  complete.  A  ymiiar  method  it 
poraued  in  many  of  the  following  problems. 
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-ife,'-^  W-^-^-?>];     Consequently  the 
total  lvalue   of  these  series   will  be  expressed   by 

COROLLARY  I. 

§  242.  Having  thus  found  the  present  value  of 
the  given  sum  on  the  contingency  of  A  dying  after 
B  ;  the  present  value  of  the  same  sum  on  the  contin- 
gency of  B  dying  after  A  (that  is,  of  the  same  sum 
to  be  received  on  the  death  of  B,  provided  his  life  is 
the  second  that  fails)  is  readily  determined  by  sub- 
tracting the  value  above  found  from  the  present  value 
of  the  given  sum  to  be  received  on  the  extinction  of 
the  longest  of  the  two  lives  ;  which,  by  Prob.  XXII, 

cor.  3,  is  expressed  by  ^X  ^  i^,  7 — -  •  Conse- 
quently, the  present  value  of  the  given  sum,  on 
the  contingency  of  B  dying  after   A,  will   te  equal 

COROLLARY  II. 

§243.  If  the  contingency  on  whfch  the  sum  is 
to  be  received  is  Deferred  for  a  given  number  of  years 
(=«),  less  than  that  to  which  it  is  probable  the  life 
A  may  extend,  it  is  evident  that  the  sum  o  all  the 
terms  of  the  first  two  perpendicular  series,  after  the 
n»^  year,  will  be  Prob.  XXII,  cor.  1.  be  equal  to 
*    X-^l5^X-^(l+«)"""'and  the  sum  of  all     th« 
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similar  terms  of  the  remaining  four  perpendicular 
series  will  te  denoted  by  the  same  oxpression  as  that 
which  has  been  deduced  in  the  second  corollary  to 
the  preceding  problem,  but  with  a  contrary  sign. 
Therefore  if  the  value  found  by  that  corollary  be 
subtracted  from  the  present  value  of  the  assurance  of 
the  given  sum  after  the  extinction  of  the  life  A,  pro- 
vided that  happens  after  the  given  term,  the  difference 
will  be  the  valae  required. 

COROIXAftY  III. 

^244.  If  the  contingency  on  which  this  sum  is 
to  be  received  commen6es  immediately,  but  continues 
only  for  a  certain  number  of  years  (=«),  less  than 
that  to  which  it  is  probable  the  life  A  may  extend  : 
or,  in  other  words,  if  we  wish  to  determine  the  value 
of  a  Jemporary  assurance  of  such  sum  ;  it  is  evident 
that  the  several  perpendicular  series  given  in  the  pro- 
blem, must  be  continued  only  for  n  terms.  Now, 
the  sum  of  the  first  n  terms  of  the  first  two  of  these 
perpendiealar  series  will,  by  Prob.  XXII,  cor,  2,  be 

found   equal    to -^^^^ — ^ij^  X  ■"  (1 +?)"■*  *    i>om 

•  When  n  \^  equal  to,  or  greater  than,  the  number  of  years  betwjeea  the 
nge  of  B  and  that  age  In  the  table  of  observations  at  winch  human    li(e    be- 
comes extinct,  we  must  subtract  the  toAofe  value  of  th«  four  reHMiming  series 
SB  found  by  tbp  lasiJ  problem. 
That  i«,  the  correct  value  ip  both  such  cases  will  be  denoted  l».y  *  iftijJtipli^d 


a 

— n 
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which,  if  we  subtract  the  first  n  terms*  of  the  four 
remaining  series,  as  found  by  cor.  4  in  the  preceding 
problem,  the  dii!Wence  will  be  the  value  of  the  as- 
Bortftce  for  the  given  term .♦ 


•  See  the  note  to  Gor.  4,  in  the  last  problem  ;  where  the  process  thert 
|iUMe(l  will  enable  us  tu  ArKl  «  neat"  value  of  an  assurance  for  a  given  («rm 
•Mor4iog  to  tbe  oondiii*nt  v(  tlie  present  probkoi.  For,  if  we  (ieduct  tbe 
near  value,  there  deduced,  from  the  near  value  of  an  asaurance  of  ihc  •uidc 
■am  on  the  life  of  A  for  the  same  term,  ns  found   by  the   process    laid  down 

la  the  note  to  Prob.  ZXII,  €»r.  fi,  tbt  diffeMoee,  •r-^-~    2x i— f  i 

60  g 

i-l 


JLil?l ^    L  will  be  the  T*lue  required. 


This  fotfttuU  is  tfcc  SMI*    iii   f»«,    M  ikat  given  by    Mt.  Morgan   in 

Note   H  of  Dr.  Price's  Obs.  on  Rev.   Pay.  ;  and    as  tnother  instance   of 

the   utility  of  De   Moivres   hypoiiiesis  but,  it  may  be  rendered  more  con- 

Teoient  for  practice  by  the  substitutions  adopted  in  the  note  to  Cor.  4  of  the 

ffo— «)— U      I— C+f)"^ 
preceding  probltm  ;   whtffeby  h  wiH  Ucome  -^__-j2x - 


When  n  is  equol  to,  or  greater  than,  the  number  of  years  between -the  age  of 

B  and  th»tage  «i  the  taWe  of  obsertHtiobs  when  human  life  becomes  extinct 

S  — n       .  . 

B  i«  **ual  to  O  md  c«n6«quem)y  [l  +  (2+^)5«]x  —  (*+P)       ^""^sftcs  ; 

0 

ii(a — a 

whereby  the  formaU  in  both   these  cases  would  becoise  ■  n^'~        *  ^ 

^.^1^]'^^^        1-K2^j>)ff  ^^^  ins.l«tidk  cMithsviJtte  is  %m 

obiaijisd  by  th*  rials  givcu  «« tho  prfe«iijig  note  :  mwo  h  «  thti>  oqtial  (• 
the  difference  between  the  value  of  an  assurance  on  the  life  A  for  the  given 
la«^  and  tko  v&lMt«f m««MNNPcs  M  thd  ukUf  iik  A  fuvtdffi  km  he  lbs 
irst  that  (iaiU. 
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§  245.  If  the  two  lives  are  equal,  or  of  the  same 
age  A,  the  general  expression  in  the  problem  becomes 
(agreeably  to  what  has  been  already  said  in  cor.  5  of 

the  last  problem)  equal  to  -|  X  -^rf+T~~^  *  ^^^^^  '^ 
equal  to  one  half  the  present  value  of  the  given  sura 
to  be  received  on  the  extinction  of  the  longest  of  the 
two  lives. 

PROBLEM   XXIX.* 

'^  246.  To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A,  provided  he  be 
Xhtjirst  that  fails  of  three  given  lives  A,  B,  C. 

SOLUTION. 

In  order  to  receive  the  given  sum  at  the  end  of  any 
one  year,  it  is  necessary  that  one  or  other  of  four 
different  events  should  happen  :  l^  that  all  the  three 
lives  fail  in  the  year,  A  having  died  first,  2°  :  that  A 
and  B  fail  in  the  ye  ir,  A  having  died  first,  and  that 
C  lives  to  the  end  of  it  :  3°  that  A  and  C  fail  in  the 
year,  A  having  died  first,and  that  B  lives  to  the  end  of 
it :  4°  that  only  A  dies  in  the  year,  and  that  B  and  C 
both  live  to  the  end  of  it.  The  probabilities  of  the  hap^ 
pening  of  these  several  events  in  the  first  year  are  re- 

*  DodsoD,  rol.  iji.  Ques.  33.     Morgan,   Prob.  10  ;  and  io  Pbil.  Trana 
for  1701,  Prob.  1,  pag«  34S. 
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,       ^l     »i')  <»--A>Yc— r)     (a— w).rft— ftVr     (g— a)Ce— c)A 

speclivcly  5;;^;^ , JSS^ ^, 2^4^       » 

a,^t>  l2z£l*5  ;  which  being  added  together  and  multi- 
plied by  *  (1+3)-^  will  give  ^  (!+?>-»  X  (^- 
III       /  .  ' '  '        '    '         .  '       ' ' 

2a  be       9alic    ,    Unhc    ,    nhc       a^bc     .    aoc        <^"C\c^^t\ 

—, ; h  '-r — I-  —J ; 1 — ; T")  'orthe 

vbc  uitc      '      HOC      '    ubc       abe     *    abc        ubc 

expectation  of  receiving  the  sum  at  the  end  of  the 
first  year. 

In  like  manner,  it  will  be  found  that  the  proba- 
bilities of  the  happening  of  these  several  events  in 

-  J  .       ,        (a     'n.\('b—'hMc~"r) 

the  second  year   are  respectively  — 


Lube 


II     u 


(it—nMb—hy.     (a'-a).(c—c)b  ,  (a—a>bc        i-    i    i     •  i 

^^ .  ^^ — ;»  and  —z;:^:  which  being  ad- 
ded together,  and  muliipiied  by  *  ( I  -\-2J~^*  w^'  ii'^*^ 
the  expectation  of  receiving  the  smn^at  the  end  of 
the  second  year.  And  by  a  .similar  process  we  may 
find  the  expectrxlion  of  receiving  the  sum  at  the  end 
of  the  third  and  every  succeeding  year,  to  the  utmost 
extent  of  human  life;  the  sum  of  ail  which  yearly 
values,  or  the  series. 

rill         I  II 


«H»-tlf> 


* ...» V  2aftc        ^a  b  c    y^  a  b  c    ,n  h  e        a  b  c  ^^a  b  c  abc       j^ 

•r^}    [.    ubc  ubc      .   abe    *^  abc       abe       a  b  e      a  b  e  u  b  e 

I        '   '  »  II  II I           II  I  I           t  II  II        I  II  I       II  I  II        I  I  II  II II  I 

'       '      2a  be  2a  b  c        fa  &  c     i^Ta  b  e     ,  n  be       a  b  c    ^^a  b  c  abc       ^^ 

fniTto'  .      tilf  c  abe        ubc    *    ubc    '  ajlcf      a  b  c*  a  b  c  06  c_' 

I         -"  V  >J  III  III  III            III  n  ,,             II  HI  1,1          II  /.(  II           III  I,  1,1         41  II  III  III  III  li^' 

»             *nbe  \a  b  e       ,0  b  c  i^2a  b  c     f^a  b  c       ubc^^ube  abc 

t>^' t  !(•)•*  L_    **l*c  abc  ""  'o'lTe*     abe    '  o  b  c~  ~a^b~c*a^b  c  a~A~e     '■' 

*■"  &c                         &c                        &c,  &c, 

will  be  the  total  present  value  of  the  given  sum  to  be 

received  od  the  contingency  above  mentioDed. 
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^  247,     But  the  sums  of  these  eight  perpendicular 
and   collateral  series  (independent  of  the  common 

WIN  *•      1  1  *     i+ABC        ABO 

multiple  .v)  are  respectively  equal  to^  ^^  ■■ ^ 

1±^-  ^  ^Anr    '    j_  l±A^  *        Ann     '    ^ 


/    / 


e 


1+4^  i ABC—*     WheBce,  tb»  sum  of  the 

*  The  sum  of  the  ffrst  and  second  of  these  collateral  series  is  found  by 
the  process  laid  down  in    Proh.  XXII ;  and   the   remaining  onest  in   the 

following  manner.     Tlie  sum  of  the  third  perpendicular  series,  or-j*   ■■•  •• 

//  /  /  III  III  III 

+  J^e^l+^yi' +  ai^yil^)i  +  &<=  Q^'i  ^"^"^^  ^^^  ^^^ tetaoe  asaffirmatiTc 

/ 

and  leaving  out  tl>e  copjmon  maUiple  -77)   is  eridently  equal  to  —5^ — ■ — — 

*^^     6''  ao<;{l+2)  , 

»'      '     /  ///  II  II  UU   Ul  lU 

,.         alic  a  h  c        ,         a  b  c        ,,         • 

I  H — —  H H +   <^c      I   which,   since 


a6c(l-|.^)    ^abc(l+g)^'        abc,l+^)i 


] 


nil  , 

n  h  c  a  h  c  a  h  c  , 

»*■■■  ■'■■  ■    +  — "-i — -^  +  ■■'  r.  .  ■  ..  ^   8ic  ia  e^iMl  to  ABC,    will 

ft&£jCl+«>       a6c(l+?^3       a6/;(l+^.>i 

o&c        ,       ,^„ ^+ABO       a       ^   ,.. 

become  equal  to     ^.        .  ■- — (1+ABC) — -Tj — -y   X  -jp.   Inlikeman- 

2r 
ner,  it  is  evident^that,  by  leaving  out  the  common  multiple—  the  fourth 

/  /  I II II  II  III  III 

ah  c  aha  a  b  c- 

perpendicular  serie?,  or  ^t.^l-r^)     +'abci.l-tS)'*   ^  o..(H-.)'»  +  *^''  '* 
a  I  ,  ,  /  „  „  //  ///  III  •"! 

af>r.      .         a  be  a  be       _    „        I 


/  «■  // 


//  III 


abj',   __abj__     __ab_c_  +   See  i»  equul  to  ABO^  wiH 
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first  and  9Ccoad  is  (;ts  in  Pi^b.  XXII)  equal  to  4-  X 
i-^ABC     ^jjg  ^^^^  ^f  ^Ijg  ^JjIj.^ g^^  fourth  is  equal  to 

-  £L'i±4i££-^BC.«_]     ,be    gum    of  the    fiftl^ 

«  become  eqitnl  to 

ABCk^^^>    Thcrcrort  the  turn  of  the  two  Mries,  taking  the  furuicr  of 

a 
Uiem  at  n -gativr,  agre«tbly  tu  ihegtneral  ez|ressiooin  the  text,  will  bo 

'  '  ? 

— liJ — Ix  — +ilBCx  — »   '"•*  •''"^'*  *>«'"*  ■ultrplied    b^   their 
^^-ti)        a  a 

eotnmon  multiple^,  itill  pro4uet  —  .!>  X  FO  t'^^O''— ABC^~| 
a  34      L.     O'i-*';  '         '  -J 

for  the  value  oF  the  tame.  The  tame  methoU  must  be  pursued  in  order  to 
find  ilie  auiu  uftho  nrxt  x^to  series,  uud  also  uf  the  last  two  :  but  cnou'h 
has  been  here  said  to  enable  tlie  reader  to  perform  the  operations  wiihout 
staling  the  |iruccss  at  laigc. 

I    would,  however,  ob^erTO    that    these   seTetal    series  may    be    ex-  ' 
pre«scd    by    other    foriiiu'iB    than    those   given    in  the   t?xt :     Tor,    the 
thiid     pcipendicular     aeries,     taking     all      the     terms     as      affiroiutive 

and    leaving    out   the    common     multiple i.)is   also   equal  to x 

9-  be 

I                        II  It  III  II II 

CaJic                     ulir  u  lie                     ^ 

fiftc  (i  -^  i)"^  «U»tVi  TtA*  »^cJT^riJT~+  &c_J  ;    which  ^since 

II                            .  *  I  t-r- 

the  sua  of  the  terms  within   the  brackets   is  e^aal  to  ABC)   will 

be 

btoooM  equal  to  ABC  x  _| :    ani    th«'  fourth    perpcndieuhr    sefieiu 
'  '         be 

1 1 
leaTisg  out  the  cotnmoo  multiple    -  *_,  is  also  equal  to  "  °  ^       ,,  ,  4. 

turn  m  III  ut  m  mi  mi  "^ 

^1^    ./?,^'!,.  .,^    ^^f.n.^4.^^^^^        j^iu:\.    which 

2  e 
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and  sixth  is  equal  to-^    —^^ — ' — ABC.b     ;    and 

the   sum   of  the   seventh   and   eighth   is   equal   to 

(since  the  sum  of  ihs  terms  within  the  brackets   is  equal  to   1  -{-ABC) 
becomes  equal  tolzLd££:  x         •      Consequent! v,  the  sum  of  tlie  third 

and  fourth  perpendicular  series  given  in  the  text  will  also  be  denoted  by  + 

Ef       ..  >  '    '  '  I 

CiA-AhOh  c — jipc.bc      ;  and  may  be  substituted  at  pleasure 
(1+^;  ''"J 

for  the  sanie.     And  universally  we  shall  find  that 

<,i-rf)  -a  '  '       be 

__  \+ABC  hn 


ABC. 


{i-ti)     b« 


I  **'^ 

(1+V)     *  '     '       as 

b  I      .    ,, 

ABCJ—^  1+^C_«^ 

,     .  «* 

(i-i-i)  '   c  ~f?^*o6 


ABC. 


*  II  II 

'         \-^AB^       ub 


I:  therefore  appears  that  ecuh  series  may  be  summed  up  in  two  diffi-rcnt 
ways,  and  that  wo  may  adopt  cither  mode  of  txprcs.-i(in  for  ti.o  va  ue  of  ihe 
same.  For  the  sake  of  uniformity  I  have,  in  this  nri<l  the  fulitiwiii^ 
problems,  kept  to  those  which  are  given  in  the  text :  but  Air.  Morg.m  (">y 
merely  changing  these  expressions,  one  for  the  oiher,  iceo  diti;j  ti»  the 
seniority  of  the  hves,  and  then  treating  them  as  rf/^ereni  qunniitiisj  hiis 
tliiown  an  air  of  oljscurity  and  confusion  tlirou^'Iiout  the  whole  ol  his 
investigations;  as  1  shall  poiut  out  ia  \\\er Observaliont  u(  the  (ud  of  this 
problem.     Se«  §  261. 
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-'  I  ^*tl*"^'^  — i4 J3C.C   .       Consequently,  Ihe  total 

present  value  of  the  given  sum  to  be  received  on  the 
above  contingency,  will  be  equal  to  j  multiplied  into 

1  -  -ABC  __  _^  I  iyx_knc<n,  __  ABCm  I      I     czr   V 

r     '     '  1    r     •'       1 

-(»+?>  '      'J     ^L     (i-t-^>  '  'i 

As  this  formula  will  often  be  referred  to,  in  the  sub- 
sequ  nt  problems,  it  will  hz  convenient  to  denote  it 
by  a  more  simnle  expression  ;  therefore  let  it  be  repre* 
sented  by  j\^^ '•  that  is,  let  ^^^^  denote  the  pre- 
sent value  of  £l  to  be  received  on  the  above  contin- 
gency: consequently  J  Xy£®<^will  denote  the  pre- 
sent value  of  the  given  sum  under  the  same  circum- 
stances. 

COROLLARY   I. 

§  243.  If  it  were  required  to  find  the  present 
valuw^of  the  given  sum  payable  on  the  decease  of  R, 
provided  he  be  the  first  that  fails  of  the  three  lives, 
we  may  reidlly  obtain  such  value  by  substituting  A 
for  B,  and  B  for  A,  in  the  invesligition  of  the  pro- 
blem.    Whence,  the  present  value  required  would 

come   out  equal  to  s  muUi piled  into     y(.j+^; 


^l^  Olf    CONTINQPN^    ASiSiJJlA»<?E«^>  Ch.  8. 

ABC.b\       ,     2_\l±AB(r^  r-  ABC.r]^  »ic  t 

By  a  similar  process  it  will  be  found  that  the  present 
value  of  the  given  sum  payable  on  the  decease  of  C, 
provided  he  be  the  first  that  fails  of  the  three  lives  is 

eaual  to  y  multiplied  into  l^^  "^,  4- -L  \^]±AE211  — 

I  — (i-f^;  '    '  J  — C^     •       As  these  formulae 

may  occasionally  be  found  of  use,  I  have  thought 
proper  to  insert  the^i  ^ere. 

Cpl^)J.LAIlY    ir, 

§  ?49.     If  the  three  lives  are  equal,  orof  the  sa)Tj9 

•  I  have  represented  these  complex  foniiula  by  the  more  simple 
quantities  JJ^  and  ^.4B,  for  the  sake  of  n  more  conwnient  rcrerence  ; 
and  the  following  process  \vill.sj|^:jw  with  hpw  little  trouble  they  amy  be 
converted  into  each  other.— —Let  us  make 

r=  b,  and  J-UllABiA^ABac  ji=  c;  then  wi 
j^BO      i_-9yiBC        a         b  c 

jy,4C_  I -0^1  PC        a       _b_      _c^ 
^^5       l^^ABC        a         b         p 
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Age  A,  the  Jatt  three  terms  in  each  of  the  above  ex- 
pressions destroy  each  otikcr;  aad  the  formula  is  then 

reduced  to  J  X  -j^rr'  •  *°  expres$ron  whtc'i  ilj- 
notcs  one  third  of  the  present  value  of  the  ^iven  sum  to 
be  received  on  the  extinction  of  the  three  joint  lives. 

COROLLARY    III.* 

§  250.  If  tlie  contingency,  on  which  the  sum  is 
to  be  received,  continues  only  fi)r  a  given  term  (=//), 
the  present  value  of  such  sum  will  be  equal  to  the 
sum  of  the  first  w  terms  of  the  several  series  given  in 
the  problem  :  the  method  of  determining  which  will 
be  manifest  from  the  many  examples  which  have 
preceded. -f 

*  Morgan,  Prob.  3l. 

t  Wc  iiNiy  in  general  obtnin  n  near  ralve  of  llie  sans,  in  this  raa*,  by  ths 
help  of  M.  De  iloivre's  liypotlicsis,  whic!i  w  II  s^vn  mash  tiineanJ  truublo 
Fur,'  the  series  given  in  the  probkein  is  evidently  cq<iAl  to  . 

f_  ^  «-"'  r  2  6  <5  J.  2A  c      i  #      « <-n 

M       ''  I  II  II  _  III  lit  III  H  11  III  ^^ 

•  n-'\      2  Ac        2b  c        be.      *   '^     I    , 

&c  8cc  &c, 

whith  bemf  continue!  to  r  terms  wilt  be  the  required   volas  of   the  glrcn 

I     I     m   41       in 

•am.  Buf,  sinee  the  auiQtiiiesa— a,a— «.  <i— a,  *3  are  cup  posed   to  b« 

a— a 
Cfual  «od  BuifiiriD  (U>»t  t^  e^u«l  to  i  —  '"  '">  t^*  xun  of  th«   fir»t  • 

tsrms  of  Ui«se  Mreral  perpeodioular  series  will  t>e  equal  to'«. mql. 
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Obsei'vations  on  Mr,  Morgans  Aletnod of  invezstiga- 
ting  this  Problem, 

§  251.  The  motives,  which  induced  me  to  notice 
(in  page  195)  the  strange  method  vvliich  Mr.  Morj^na 
has  adopted  in  summing  up  the  several  series  arising 
from  the  investigation  of  t'ue  twenty-seventh  problem 
must  bemyapoloj^y  here  for  aj^aindetainingthe  reader 
whilst  I  exposL'the  equally  diff.iseandobscure  manner 
which  he  has  also  adopted  in  summing  the  several 
series  arising  from  the  investigation  of  this  problem. 

It  will  be  seen,  froin  a-i  inspection  of  the  series  in 
page  237,  thit  sui-h  ssries  may  be  expressed  in  the 
following  manner  ; 

I  /  //  /'  ///I 

g         j     (n — n  h  /•>    ,    (n—n)bc   ,  (n—n^hn    ^   (a—n^fjr.^    I 
(l+7)~  I-      '6abc  6aZ;c        •"     G  uic        '       3  ate        j"*" 

1/  '     '■   J  '  I      II  "  I  I      II  I II         I      I  II II      I 
('«  -7^)/.            fo—n^',-          (ft  -t)fjC         (il—nhr\        ' 


+^^VTr-  :+ 


rll      1,1  II II  II      III   1,1  „  II      III  I,  III  II      III    III  III 
(n — aSftc   ,    ( -1  ~fi -ti  "   _    (^  —  lyhc    ,   ('i—n)hr 


___^^^_.        ,^^^^_^^^        __^_^_;^^ 

l.ff.'ii"  1^  ...J  ,/•  i\iiltr  I     * 


&i;  &c  &c 

and  this  is  the  way  in  which  iMr.  Morgan  has  thought 

t_l4.  '       f_l    '        (^^)^        * 

t.pl.edmto      3^^^^^  -^     +^^^-^-^__    -  +  ___^      ^ 

If  A  13  the  yo;ina;est  of  the  three  lives.  piiJ  diffjn  much  fron  the  £?es  of 
both  t'le  other  lives,  this  foriniila  will  be  tolerably  correct,  even  if  the  several 
perpendicular  series  are  continujj  to  the  utmost  cxt.nt  of  hum:in  life  ;  and 
will  cofisequeoily  serve  in  sui'i  cases  to  fin  I  a  njar  value  of  thj  sum  for 
the  whole  cuutiquaacc  of  the  lives  :  but  it  must  ultvays  be  used  with  proper 
eaution. 
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proper  to  represent  the  present  value  of  the  given 
8iini,  to  be  received  on  the  contingency  mentioned 
in  the  problem.* 

*  la  tliii  inre«ttj^iti'>n  I  Iinrc  mloptc  1  tlia  ume  f/niSuli  ir!tich  Inro  been 
oacU  ilifjujliout  die  wliolu  qI  ilim  w  *rk  ;  but,  Ictt  I  in  ly  be  acvuitc.l  ot 
liMriii^  miiiri-|>rc«cittcd  Mr.  iM.>r;;ui,  1  •li^l  litrj  givtt  bi«  u«ra  solutiuu,  anJ 
iu  bu  uMTii  »t\lr. 

L.t  r  Jeiiulu  XI  ino'eoMtl  by  it«  interest  for  a  jnr.     Let  a  Jenotr  tha 

nniiiber  oT  pircuns  living  at  the  o^e  ^r  A  ;  aii«J  u,  a,  a,  &c.,  the  dccrementt 
of  iiTc  ttl  ibu  CU.1  uf  the  tirst,  ikcjikJ,  tliirl,  &.:.,  yuur«  fruni  tlic  aju  of  A, 
Lcl  b  tiv-nule  ibe  nuiuUcr  uf  pcisont  living  ui  ibu*  u;;v  of  li  ;  unJ  m,  n,  o, />. 
4fi'.»  ibe  iiuu)lM-r  livtiij;  at  die  ca.l  uf  one,  two,  ibrce,  &j,  year:*  Iruia  iiiac 
a;<-.  Let  c  (lci)ulc  the  naiuber  uf  iicisuiu  liviii^f  ut  (be  a^u  ul  C  ;  au  I  ^,  • 
/,  J^.-,  ibe  tiuiii'x-r  living  ai  tlie  cud  of  one,  two,  tbrev,  &o,  ycara  Iroiii  tbu , 
agi.-.  1a.'1  F  Uviiute  ibo  value  ol  an  uiitiuiiy  ou  a  Jile  one  year  younger  lliaa 
U;  auJ  1^  ibe  iiuiu'x-r  of  |>cr:oui  living  at  lb  it  a^e.  L.>t  K  J.nioie  tbo 
Tabic  of  an  annuity  on  a  bfc  ouo  year  yuuiijcr  tliau  C ;  a.i  1  a  the  n  iiuWr 
ol  |>eraon«  bvinj  at  tb<it  a^c.  L.'t  P  denote  the  value  of  au  iinnui<  v  n.ie 
ycur  oMcr  lb lu  ii  ;  un  1  T,  lUts  viitu-  of  au  aiiuaity  o:ic  year  older  iIkih  C 
Aud  let  ilic  given  auin  bi  denoted  by  S. 

Tben  (ni  ilu  wr^ris  of  Mr.  Mjr^an,  PMl.  Trant.Jo:  1791,  p.  2iO,)  lbs 

vrbvie  vuluc  of  tbe  giren  auin  will  be  _.  ^  I      "  "^      ,      »ma 

*"  "1  *1 '  *  /.»  '  ^  « 

«*n  8  I  .ire        und       aO»,   „        \     ,      a 

TT  +  &c  J  +  ^r;^  X  J  — +-,-   ^-;,+  &c  J  +-^^-X 

;      udb      iwn       »fn  S  I      ami        a»n 

o/o     r™  _^ 

tS:  •  L.     ^"'»  '''*  ^"'  *'  *'"^*  ieries  (be  obfcrrcs)  it  =s       3        >< 

£rf_FK^AFK__^      X     (BC-ABC);    tbe   -eccnd    I.  =    ^   »< 

«(KK  — ABK)          8            IB(PC-APC)       .....         S 
— —  X       i, ;    the    tbird    « =  -g     X 
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§  252.  In  orJsr  to  sum  up  these  fjur  collateral 
series  he  proceeds  in  the  follovviiig  manaer.     TI13 


P(Fr.-\vc)      S      rfCTJT— ART  S 

Z ~"Gr^ c '  ihe  fourth  is  =  ~x  (BC— ABC)— 

S     ,      m-ff^-r-  \^T)      „,      ,       , 
— r —  'x    ••     Taerefore  these  Sdvoral  expressions  beina;  ad- 

r          r/JfFK  — AFK) 
dcd    together    will"  be    found    •=    S    into    —r, —  X    1      r ~  •\- 

BK— \BK  P  /3  r—\ 
2 L    "^"ir    ^    (FC-AFC)+    g-^-X    (EC -ABC) - 

p,^Pn— AT^C^         d        pBT—ABT      »7jrPT— APT)"! 
-— : ' : —  V  I      -K : I. 


Kjbt' 


L"""^ — + -b 


Thus  far  Mt.  Morgan. And  these  sevenil  values,  bein^  eXDresse  1  by 

the  cljariicters  made  use  ofin  the  present  work,  will  bj  foa  1 1  to  ajreU  with 
the  process  given  in  the  text.     Bat  it  mi/  bo  dcounsiratei  that 


/3r.FK            BC 
be                 r 

__     1 

r 

ic.^K            m.PC 
,  ,c                   br 

m 
""    br 

p.FC              rf.BT 
b                     cr 

_       d 
er 

dmVV 

BC     — 

Ocr 

,   dm 

bar 

whence,  the  complex  formula  abote  given  may  be  diveslcd  of  all   those 
expressions  involving  two  joint  lives,  and  may  be  more  simj  ly  expressed  by 

8  multiplied  into +  "r^  X       ■  ^ AFK.i3K    1 

vhieb  corresponda  with  the  formula  given  in  the  text. 
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first  of  Ihem  he  expands  (as  in  P/tii.  Trans,  for  1789, 
page  44)  into  the  more  complex  series 

be  a  b  e  }  , 


(l-»-?J 


(l+«>*^ 


U+*> 


&i  i>c 


^g      .       o  &  e  fc  tf     y^ab  c  J  I 

3&#        JoTc        "ale    '  5^mJI^ 


3a/M|Ji' 


_£ ^e    ab  c  h  e  a  b  e    I  i 


the  sum^pf  all^vybiQh  (independent  of  the  common 


.4.) 


be 

I  I 


multiple'3  ^  he  makes  equal  to  BC  X^  — ABCx 

'      '         be  '     ' 

he 
iJJ  BO         ,        ABO 

By  proceeding  in  a  similar  manner,  he  makes  the 
«eco/7^  collateral  series,  in  page  214,  (independent  of 

the  common  multiple  o*^  equal  to  BCx  ^  — ABCx 

I  Q  I 

r-'^^-i-^.Trfexi:th1,ri/;^equaIto 

-^  :  and  the /owrM  equal  to  BC  —  ABC—  -~-  x 

-r^  -+•  TTT's  X  ri.  Consequently,  the  sum  of  the 
four  collateral  series  in  page  214  (or  the  total  present 
value  of  the  given  sum  to  be  received  on  the  contin- 
gency  paentipo^d  in  the  problem)  will,  as  he  observes, 

be  found  equal  to  j  multiplied  into  BCx  -ji 


Sc 
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_.-^L    1-1-- 
BC  ABC   BC     y  ^  c    I       >i'lr^     y  '^  g 

§  253.  Now,  a  moment's  attention  to  the  steps  of 
this  process  will  convince  us  that  all  those  quantities, 
in  which /z^o  joint  lives  are  involved,  are  u?inecessariij/ 
introduced  into  the  above  formula;  since  they  evi- 
dently destroy  each  other,  and  may  consequently  be 
made  to  vanish  altogether.     For, 

be 

n(2  v-lJ ^^     —  __L__* 

,7    ^   be  (1+s)     —    (1+0 

*  /  /  / 

,^    ^^T"  (1+?)     ^       C  —    e(l+f) 

/  /  /  /    / 

BC  —     ^^      X  -^  —     ^'^     ' 

(l  +  j)  6c  ""  bcii+2)' 

whence,  the  complex  formula  given  by  Mr.  Morgan 
may  be   reduced   to  s  multiplied  into  -i:J~-— |- 

,  *  It  if  evident,  on  tatpeetion^  that  this  is  the  value  of  the  first 
and  third  collateral  series  in  page  217;  because  all  the  subsequent 
terms  qfter  the  first  term  manifestly  destroy  each  other.  Conse- 
^[uently  tha  |um   of  thoM  two  collateral   series   will    b«  equal   te   the 
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ADC.bU  ±r)]±AJ!^^ABC.c']:    and   which  , 
is  the  very  same  as  that  which  I  have  given  in  page  - 

first  trnn  onlj  :  that  is,  (indcfoadent  of  the  eoounoa  maldple  ""^  '   e^oM 

**  ~/i  X  r:  X  -T —  =  ,i,-^'     In  like  manntr  mty  l>d  a«monttrtied  fte 

truth  oftbo  remaining  e^uutiuao. 

I  shall,  however,  make  another  obaerration  here,  which  I  think  of  con- 
siderable inoportance.  Althoui^h  these  equations  are  strictly  and  ma* 
theoMtically  correct,  yet  (owing  to  the  imperfection  of  the  Tables  which 
■bow  Uie  Taloe  of  Lrfe  Annuities)  they  ottentimes  rary  in  a  material  degree 
whea  solved  arithmttiealty  :  an  innccuracy  which,  being  repeated  so  fre- 
qaently  in  the  tnmt  formula,  mtist  render  tlie  solotion,  according  to  Mr. 
Morfao*s  iavestigation,  extremely  erroneous. 

be 


I II 


Thus,  the  compound  q<iantiiy  J9^. ^        in  equal  to      ■      ,,  and 

"be      (l+?)  a+«) 

(if  simplicity  and  elegance  were  out  of  the  question,  and  no  regard  were 
paid  to  the  labour  and  intricacy  of  the  solution)  might  be  substituted 
instead-  Let  u»,  however,  reduce  these  expressions  to  numbert :  for 
which  purpose  let  us  take  the  age  of  B  15  years,  the  age  of  C  18  years,  the 
r»te  of  interest  4  per  cent,  and  the  probabilities  of  living  as  at  Northampton. 

In    this  ease   we    shoald    have  ,  ,    .  ^  .    =  -962;    but  the    value    of 

be 

>  '  BC 

BO. .,  .    ■  is  eqaal  to  13'M8>-12-6U  =  -952  only  ;    a  difference 

which  arises  from  the  want  of  more  enlarged  tables  of  the  value  of 
annuities  on  two  joint  lives,  and  which  will  have  a  considerable  effect  upon 
the  pro]ier  i olution  of  the  pioblcm.  This  remark  extends  Koall  the  formulas 
inserted  by  Mr.  Morgan  in  ihe  several  volumes  of  the  Fhi/otophieal 
Traruaetiont  ;  and  wilt  show  that  those  formula,  however  correet  in  prio* 
eiple,  are  of  little  or  no  lue  in  proeft'ee. 
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211,  except  as  to  the  substitution  of  the  second  term 
,j^\    (\+ABC)bc_  ABC.bclfor  its  equal  —  1 

^^^i^^v'* :-^Ca,   ,  agreeably  tor^what  ibave 

said  in  the  note  in  page  210. 

From  this  it  will  be  readily  seen  that  Mr.  Morgan  s 
formula  consists  of  double  the  number  of  terms  that 
are  requisite  for  solving  the  problem  ;  whereby  it  is 
rendered  not  only  unnecessarily  intricate  and  labor- 
ious, but  also  liable  to  considerable  error  in  the 
arit Jimetical  soXuixon.  Indeed  it  is  manifest,  from  the 
nature  of  the  series  in  page  207,  that  no  expression 
involving  two  joint  lives  can  properly  arise  :  and  it  is 
singular  that  this  consideration  did  not  induce  Mr. 
Morgan  (if  his  object  were  perspicuity  and  informa- 
tion) to  retrace  the  steps  of  his  investigation,  in  order 
to  render  the  process  at  once  more  simple  and  clear. 

§  254.  But,  there  is  another  part  of  Mr.  Morgan's 
investigation  on  which  I  think  it  equally  necessary  to 
make  some  observations.  He  states  that  the  theorem 
which  he  has  deduced,  as  above,  **  gives  the  exact 
**  value  when  either  B  or  C  is  the  oldest  of  the  three 
*'  lives ;  but  when  A  is  the  oldest,  it  will  be  necessary* 

•  It  certainly  is  not  necessary  to  change  the  symbols  ;  since,  in 
whaterer  manner  the  characters  are  varied,  we  must  come  to  the  same 
general  series  at  last  :  neither  does  such  a  measure  facilitate  the  means  of 
investigation.  Indeed  I  am  at  a  loss  to  conceive  why  Mr.  Morgan  should 
have  attempted  to  render  so  obscure  this  interesting  branch  of  the  subject. 
As  a  display  of  ingenuity  it  must  completely  fail  ;  since,  his  papers  will  be 
read  with  very  different  emotions  from  those  of  admiration. 


/  to  chans^e  the  symbols  ftrc  :"  and  he  has  defaced" 
another  Ibrmula,  for  the   sohition  of  the  problem  in 
(his  case,   involving  other  characters  and    symbols 
which  render  the  investigation  still  more  confused.  ' 
From  all  which  he  would  seem  to  imply  that  the 
first  formula  was  not  applicable  to  the  second  case. 

But  the  second  formula  which  he  has  deduced  is 
still  the  same  (mixed   however  with  the  useless  and 
extraneous  quantities  above  alluded  to)  as  that  which  I 
have  given  in  page  211;  except  as  to  the  exchange  of 

the  last  term+'^L^-TH^^^-^p-^J'^''  ^^^  ^^"'^^ 

_    '       '±^§£^^ABC.ab    \,  agreeably  to  what 
I  have  said  in  the  note  in   page  210.*     And  ittnay  ' 

*  Mr.  Morgan's  fonnuh,  expressed  by  his  own  amfiisrouus  characters,  ifl 
ID  ihis   cass    equnJ  to  S    multiphed    into-—-   x         — —^ —        "     ■  — 

n        1        ra(HB+2HBC)  "  1a.'  I 

(AF+iAFoJ  +  ^x  L 7—^  -  fAB  +  2ABC)  J+^,^, 

X  r  ^°-^^^^^q>  ^  (AB  -  ABC)  n^  ^  X  r  ^^I^rl^  VI^' 

(AP— 'APC)    1.     Whtro  H  snd  N  denote  the  uluo  ofan  annuity  oa  •  , 

life  one  year  youngc  and  one  year  older  than  A  respectively  ;  and  where  a  , 
aad  #  denote  the  number  of  persons  living  at  those  ages  respectively  ;  the 
other  syicbols  being  the  same  as  in  the  note  in  page  215. 

But  this  complex  formula,  beiiig  divested  of  those  UHfe*»  quantities 
which  express  (he  values  of  annuities  on  r«co  joint  livcji,  may  be  reduced  to 
the  simple  terms  alluded  in  the  text.  Set  the  original  formula  in  Phil. 
Train,  for  1761,  page  161  :  or  in  Price's  Obt,  en  Fev.  Pay.  Problem  1  in 
note  (P). 
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be  here  useful  to  remark  that  the  formula,  which  I 
have  giveu  in  page  211,  is  universally  true,  and  does 
not  depend  on  the  seniority  of  the  lives  concerned. 
The  substitutions  above  mentioned  are  mere  arbitrary 
arrangements  for  the  numerical  solution  of  the  pro- 
blem; which  may  be  occasionally  used,  or  nojt^^at 
the  option  of  the  calculator. 

^  255.  It  is  easy  to  perceive,  from  what  is  here 
said,  that  the  formula  (denoting  the  value  of  the  sum 
depending  on  the  contingency  in  this  problem)  may 
be  varied  in  three  different  ways,  merely  by  the 
manner  of  summing  up  the  several  collateral  series 
given  in  page  207;  agreeably  to  the  method  laid 
down  in  the  note  in  page  209.  But  such  variation 
is  by  no  means  necessary  or  useful.  Mr.  Morgan 
has,  in  a  very  circuitous  and  diffuse  manner,  de- 
monstrated only  two  of  these  ways  :*  but,  by  this 
additional  attempt  at  elucidation,  he  has  certainly 
rendered  the  subject  still  more  confused.  The 
introduction,  indeed,  of  unnecessary  quantities  into 
any  investigation  (but  more  particularly  the  retaining 
of  them  in  any  resulting  formulae)  and  the  capricious, 
changing  of  the  symbols  employed,  ought  to  be 
universally  reprobated ;  not  only  as  subversive 
of   the    true    ends    of   science    (whose   object    is 

*  That  is,  wlicn  B  or  C  is  the  oldest  of  the  three  lives,  and  when  A  is 
the  oldest  of  the  three  lives.  But,  in  none  of  the  problems  (inserted  by 
him  in  the  Phil.  Trans,  for  1788,  1789,  or  1791)  do  the  values  depend  on 
the  seniority  of  the  lives  concerned  :  for,  either  of  the  formu!»  deduced  by 
him,  in  the  re8pectiv»  problems,  will  be  squally  correct  whether,  A,  B,  or 
€  b«  th«  oldest  life. 
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information  and  not  mystery),  but  also  as  destructive 
of  all  good  taste  in  mathematical  reasoning. 

I  have  thought  it  proper  to  make  these  observations 
in  this  place,  because  the  present  problem  is  of  con- 
siderable importance  in  enabling  us  to  determine  the 
value  of  many  of  the  subsequent  problems;  and  is 
made  use  of  by  him  for  that  purpose  :  therefore  the 
remarks  here  made  will  equally  apply  to  those  pro- 
blems in  which  Mr.  Morgan  has  so  used  it.  Indeed, 
1  believe  there  is  not  a  single  problem  inserted  by  him 
ID  any  of  his  papers  in  the  Philosophical  Transactions, 
respecting  the  value  of  Contingent  Assurances, 
wherein  this  prolix  and  confused  method  has  not 
been  adopted,  in  order  to  determine  the  same. 


PROBLEM  XXX.* 

^  256.  To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A,  provided  he  be  the 
second  that  fails  of  three  given  lives  A,  B,  C. 

<  k 

] 

SOLUTION. 

The  sum  may  be  received  at  the  end  of  the  first 
year,  on  the  happening  of  either  of  three  different 
events  :  1^  that  all  the  three  lives  fail  in  that  year,  A 
having  died  second  :  2"^  that  A  and  B  fail  in  the  year, 

*  Morgan,  Prob.  20  ;  und  in  Phil.  Tnns.  for  |791»JProb.  2,  page  H&Z. 
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A  having  died  last,  and  that  C  lives  to  the  end  of  it : 
3°  that  A  and  C  fail  in  the  year,  A  having  died  last, 
and  that  B  lives  to  the  end  of  it.  The  probabilities  of 
the  happening  of  these  several  events  are  respectively 

'(■«t—a)  .  (b—h)  .  (c—e)       (a^a)  .  (h—h)c  ,        (a—a).(e'^)h 

HaOc  *  -Zabc  ^^  2ub€    '      ■    ' 

which,  being  added  together  and  multiplied  by 
j(14:g)'*\  will  give  the  expectation  of  receiving  the 
sum  at  the  end  of  the  first  year. 

But  in  the  second  and  following  yeai:s,  the  givpn 
sum  may  be  received  on  the  happening  of  either  of 
seven  different  events  :  I  °  that  all  the  three  lives  be- 
come extinct  in  the  year,  A  having  died  second  :  2° 
that  A  and  B  both  fail  in  the  year,  A  having  died 
last,  and  that  C  lives  to  the  end  of  it :  3"  that  A  and 
C  both  fail  in  the  year,  A  having  died  last,  and  that 
B  lives  to  the  end  of  it :  4®  that  A  and  B  both  fail 
in  the  year,  B  having  died  last,  and  C  having  failed 
in  either  of  the  preceding  years  :  5°  that  A  and  C 
both  fail  in  the  year,  C  having  died  last,Jand  B  having 
failed  in  either  of  the  preceding  years :  6^  that  only 
A  dies  in  the  year,  B  living  to  the  end  of  it,  and  C 
having  died  in  either  of  the  preceding  years  :  7°  that 
only  A  dies  in  the  year,  C  living  to  the  and  of  it,  and 
B  having  died  in  either  of  the  preceding  years.  The 
probabilities  of  the  happening  of  these  several  events 

•I  :    .  )     r      *  ■   I  II         II         II  t  M 

2abe  •  2ab9  *  2oZ»  (  T"''' 
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t  It  I  t  J  I         U      II  I 

(-"['f--^^    (r~  4-),     -^^^^^  (-  —\  -     and 

^"'J^^*"  ( ^-):  which,  being  addt-d  together  and 

nuiliiplicd  by^CI+s)"'*  will  j^ivcthe  expectation  of 
receiving  tlie  sum  at  the  end  of  the  second  year.  In 
like  manner  it  will  be  found  that  the  probabilities  of 

the  happening  of  these  several  events  i.i  the  third  year 

//  ///   //  III    'I  III 
will  be   respectively   denoted  by     •  ~^'^'  ^^J'  *^^  , 

tt  lU         II         III  III  II        HI  II       III  III  II  III        II         lU  II 

(g  — «i).(w  —h)c  {a—n\.{c—c)h        (a—a).(h—h)      .  c    ^ 

'lobe  *  tubn  .  'lab  \  T"''* 

II        HI  II         HI  If  II         HI     l"  II  II         III  III 

(a-a).re-c)    . b_.       (a-a)b c_  (a^)c 

213  V         b  J*  ab        ^  e    J*  ^""       ae      ^ 

II 

(1 — r* )  :  which,  being  added  together  and  multi- 
plied by  s  (1+2)'*,  will  ^ive  the  expectation  of  re- 
ceiving the  sum  at  the  end  of  the  third  year  :  and  so 
on  for  every  subsequent  year  to  the  utmost  extent  of 
human  life  :  the  sum  of  all  which  yearly  expectations 
will  be  the  total  present  value  of  the  given  sum  to  be 
received  on  the  above  contingency. 

§  257.  Now  if  these  several  annual  expectations 
be  reduced  to  their  least  terms,  and  then  arranged 
under  each  other  as  in  the  preceding  problem,  they 
will  be  found  to  form  sixteen  collateral  series  ;  the 
sum  of  all  which  will  be  equal  to  j  multiplied  into 


l-oAB 


2d 
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J.     AC    ■- ?  y  l-SABC      l+ABCya        Aj^r.^^ 

it^|+  ABC.lrJ±^^'l+ABC.L 

But,  the  first  three  terms  here  given  are.  by  Prob. 
XXVII,  equal  to  ^  -^^  ;  the  next  three  terms  are,  by 
the  second  corollary  to  the  same  problem,  equal  to 
A  ^;  and  the  remaining  seven  terms  are,  by  Prob. 

XXIX,  equal  to  —  2jt^^\  Consequently,  the  total 
present  value  of  the  given  sum  depending  on  this  con- 
tingency will  be  equal  to  s     A.^+A.^'—2A.^^   •* 

COROLLOEY 

§  258.  If  the  three  lives  are  equal,  or  of  the  same 
age  A,  then  j^^  and  yl^'  will  each  of  them  become 

(as  in  Prob.  XXVII,   cor.  5)  equal  to  ■~^'      ;    and 

jt,^^  will  become  (as  in  Prob.  XXIX,cor.  2j equal  to 

1 oAA  A 

■^ J       .     Consequently   the   present  value  of  the 

*  It  will  be  evident  from  an  inspection  of  the  several  quantities,  whence 
this  forniHla  is  deduced,  that  a  more  convenient  one  might  li&ve  been  lui med 
for  the  numerical  solution  of  tlie  problem  :  similar  to  the  method  imrsucd 
in  the  CDth  and  subsequent  jroblemF.  But  the  present- sinijile  loniuilii,  at 
the  same  time  that  it  is  more  easily  retained  in  the  mcmury,  has  ulsu  the 
additional  advantage  of  enabling  us  readily  to  discover  any  error  wliic!i  niuy 
arise  in  the  process,  I  have  therefore  on  this  account  inserted  ii :  but  tiiC 
readerAnay,  from  the  values  of  tlie  several  series  above  given,  arrange  ihe 
formula  in  such  other  manner  as  he  may  tind  most  convenient  to  biIn^clf• 
The  same  observations  will  (tpply  to  many  of  the  subsequent  problems  in 
this  chapter.  ■ ' 
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given  sum  will  in  such  case  be  represented  by  #  x 
'zi:il!±*-:i±ll:   or,   by  one   third  of  the  present 

value  of  the  given  sum  payable  on  the  extinction  of 
any  two  out  of  the  three  given  lives. 


PROBLEM   XXXI.* 

§  259.  To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A,  provided  he  be  the 
^ast  which  fails  of  three  given  lives,  A,  B,  C. 

SOLUTION. 

It  is  evident  that  the  sum  can  be  received  at  the 
end  of  the  first  year,  only  on  the  extinction  of  all  the 
lives,  A  having  died  last,  the  probability  of  which  is 

(«~^)x(ft— ft)  xie-e) ;  and  which,  being  multiplied  by 

.  .  dabc 

s{\  +9)"' »  will  give  the  expectation  of  receiving  the 
sum  at  the  end  of  the  first  year. 

But  in  the  second  and  following  years  the  sum 
m^y  be  received  on  the  happening  of  either  of  four 
different  events  :  1®  that  all  the  lives  fail  in  the  year, 
A  having  died  last :  2°  that  A  and  B  fail  in  the  year, 
A  having  died  last,  aud  that  C  fails  in  either  of  the 
preceding  years  :  H^  that  A  'and  C  fail  in  the  year, 
A  having  died  last,  and  that  B  fails  in  either  of  the 
preceding  years :  4®  that  only  A  dies  in  th*i  year,  B 

•  Mof^n,  Proh.  21  ;  and  fo  Phil.  Trtns.   for  1791,  Prob.  3,  paje  256. 
€im|won,  Prob,  80. 
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and  C  havmg  failed  ia  either  of  the  preceding  years. 

The  probabilities  of  these  several  events  happening 

I    II   I   II     I    II 
in  the  second  year,  are  respectively^" '""  '^^'abJ'  ^""""K 
'//'//  I  I    II      I  II  I 

(a—n)  .  (b—b)      .,  c  V         (a— a)  .  (c—c)     .  Ax  i 

^ti  U—  -c  )*  ^ C—  -J  )*      ana 

/    //  I  t 

^^(l ^)  X  ( —  -^):  which  being  added  together 

and  multiplied  by^(l  +?)  --,  will  give  the  expectation 
of  receiving  the  sum  at  the  end  of  the  second  year. 

In  like  manner  may  be  found  the  expectation  of 
receiving  the  sum  at  the  end  of  the  third  and  every 
subsequent  year  to  the  utmost  extent  of  human  life  : 
and,  if  these  several  yearly  expectations  be  reduced  to 
their  low^est  terms  and  arranged  under  each  other, 
they  will  form  eighteen  collateral  series,  the  sum  of  all 
which  will  be  the  present  value  required  :  and  which 
will  be  found  to  be  equal  to  s  multiplied  into  '~^'^-  — 


3(1+?) 
b 


this  expression  is  equal  to  j'~-i?*l_^®  ^A.^  4- 

Jm.     J:  which  therefore  denotes  the  present  value 
required. 

COROLLARY. 

§  240.  If  the  three  lives  are  equal,  or  of  the  same 
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age  A,  the  present  value  of  the  given  sum  will,  aji^'pc- 
al)ly  to  what  has  been  said  ui  the  corollary  to  tiie  last 

.  .  I.       1         »     I  I  v^      y'~t(^A     ^AAA-AAA) 

problem,  be  denotea  by  *  X  —    '  is^i^^) "  •  ^^» 

by  one  third  of  the  present  value  of  the  given  sum  to 
be  received  on  the  extinction  of  the  longest  of  the 
three  lives. 

SCIIOUUM. 

^  2GI.  If  the  present  values  of  the  given  sum,  as 
found  by  Prob.  XXIX,  XXX,  and  XXX!,  be  added 
together,  they  will  be  found  equal  to  the  present 
value  of  the  same  sum  to  be  received  on  the  decease 
of  A;  that  is,  the  sum  of  those  three  values  will  be 

equal  to  j  X   rp^  -    which  proves  the  accuracy  of 

the  investisjatious. 


PROBLEM   XXXII.* 

^  2('2.  To  determine  the  present  value  of  a  given 
sum  [)ayable  on  the  decease  of  A,  provided  he  be 
the  Jirst  or  stcond  that  fails  of  three  given  lives  A, 
B,  C. 

SOLUTION. 

The  given  sum  may  be  received  at  the  end  of  the 
first  year,  on  the  happening  of  either  of  four  different 

*  Morgan,  Prob.  24 ;  and  in  Phil.  Trans,  for  1791,  Prob.  5,  paga  26i. 
4Sinp«on^a  Sup.  Prob.  40. 
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events  :  1°  that  all  the  three  lives  fail  in  the  year,  A 
having  died  first  or'secoad  :  2^^  that  A  and  B  both 
die  in  the  year,  and  that  C  lives  to  the  end  of  it : 
3<^  that  A  and  C  both  die  in  the  year  and  that  B  lives 
to  the  end  of  it :  4°  that  only  A  dies  in  the  year,  and 
that  B  and  C  both  live  to  the  end  of  it.  The  proba- 
bilities of  the  happening  of  these  several  events  are 

respectively  denoted  ^^^('^-^^-(^-/^^-(q-^)  (n-aUh-h)c^ 


(a—a\.(p-r')h  ,    (a—'aW.  ,         i  •    u     i      •  i.- 

■::n:. >.  and  — -. —  ;    and   which   being:   raulti- 


abo 


plied  byj(l+?)''S  will  give   the   expectation  of 
receiving  the  sum  at  the  end  of  the  first  year. 

But,  in  the  second  and  following  years,  the  given 
sum  may  be  received  on  the  happening  of  either  of 
eight  different  events :   1^  that  all  the  three  lives  fail 
in  the  year,  A  having  died  first  or  second  :  2'^  that  A 
and  B  both  die  in  the  year,  and  that  C  lives  lo  the 
end  of  it:  B*-"*  that  A  and  C  both  die  in  the  year  and 
that  B  lives  to  the  end  of  it :   4°  that  only  A  dies  in 
the  year  and  that  B  and  C  both  live  to  the  end  of  it : 
6°  that  A  dies  before  B  in  the  year,  C  having  failed 
in  either  of  the  preceding  years  :  G"  that  A  dies  be- 
fore C  in  the  year,  B  having  failed  in  either  of  the 
preceding  ve;irs  :  7®  tliat  only  A  dies  in  the  year,  C 
having  died  in  either  of  the  preceding  years,   and  B 
living  to  the  end  of  it:  8°  that  only  A  dies  in  the 
year,  B  having  died  in  either  of  the  preceding  years. 
and  C  living  to  the  end  of  it.     The  probabilities  of 
the  happening  of  these  several  events  in  the  second 
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J  II  I        It  I        u 

year  are  denoted  respectively  by  ^!''~"^^V-''^~«'^ 

.»         H       ,  I        If    M  ./  It       .1         H     II  I        II      II II  I  II  I        H 

(m-^m)  (h-h)r        (n-,t).(,'-e)b^       (a~ii)h  n^       (n-a).(b~h) 

uOc  ubo  ubo  laa  *^ 

I 

(1  — r-):  which  being  added  together,  and  multi- 
plied by  s{\ — j)"*,  will  give  the  expectation  of 
receiving  the  sum  at  the  end  of  ihe  second  year. 
In  like  manner  we  may  find  the  expectation  of  re- 
ceiving the  sum  at  the  end  of  the  tiiird  and  every 
succeeding  year  to  the  utmost  extent  of  human  life  : 
the  sum  of  all  which  expectations  will  be  the  total 
present  value  of  the  given  sum,  to  be  received  on  the 
al.ove  contingency, 

These  several  yearly  expectations,  being  reduced 
to  their  least  terms  and  arranged  under  each  otiier, 
will  lorm  sixteen  collateral  series;*  the  sum  of  all 
which   is  the  present  value  required:  and  will   be 

found  equal  to*    A""  -^  A"  -A""^  -t 

*  h  would  \}9  needlMS  For  tne  to  swell  the  prcwnt  work  by  inserting  tbo 
$9ceral  tkIuch  of  i I.cmc  rrricr,  since  (from  llic  exnm|i!c8  which  have  [ireceded) 
lla-j  muy  he  niKlily  discuvered  by  &n  iaS|>ection  of  the  resulting  forum!*. 
Ftw  |.vr»uiws  leriuipB,  who  read  this  partuf  the  treatise,  will  be  saiislicd 
without  going  through  the-  frevtral  steps  of  ihe  proctss  :  in  whicii  case,  sucii 
a  mca»ure  would  not  be  rrquibilr.  And  I  cubnot  hcreuvoid  the  opportunity 
of  rccouiiiieiMiing  ihe  reader  to  adopt  this  plan  through  all  the  sabacqaeot 
problems  ;  as  be  will  find  it  ao  excellent  pinxit  fur  this  species  of  analysis. 

t  It  may  b«  here  useful  to  remark  thai  this  foriaala  may  be  obtained  by 
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COROLLARY. 

§  2G3.  When  the  three  lives  are  equal,  or  all  of 
the  same  age  A,  this  expression  (agreeably  to  what 
has  been  said  in  the  corollary  to  Prob.  XXX)  will 
become  equal  to  s  X    ~^[' — -^ ^ :  or,  equal  to  the 

difference  between  the  value  of  an  assurance  of  the 
given  sum  on  the  two   joint  lives,   and  one  third  of 
the  value  of  an  assurance  of  the  same  sum  on  the 
three  joint  lives. 

PROBLEM  XXXIIP 

§  2G4.  To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A,  provided  he  be 
the  second  or  third  that  fails  of  three  given  lives  A, 
B,  C. 

SOLUTION. 

The  given  sum  may  be  received  at  the  end  of  the 

taking  the  sum  of  the  values  deduced  from  Prob,  XXIX  and  XXX  ;  or,  by 

1—?  I 
taklo*  the  rfj^renc«  between  s  x  t: and    the    value    deduced    from 

Prob.  XXXI  ;  wliich  isevideiu  fro  n  tlie  inturo  of  the  questions.     For,  the 
su  II  is*  lo  be  ruceiveJ  on  tlie  dcaih  of  A  provided  !ie  d  e-JJ'".*/  or  second;  or 
(wbicli  is  the  same  thing)  it  is  to  be  received  on  the  deah  of  A  jtrovidod  he 
does  not  die  third. 
•  Morgan,  Prob.  25 ;  and  in  Phil.  Trans,  for  1791,  Prob.  0,  page  263. 


Fr.    98.  Olf    OUtfTlMOENT    ABSURANCBS.  233 

first  year,on  the  happening  of  either  of  three  different 
events:  lo  that  all  the  three  lives  become  extinct  in 
the  year,  A  having  died  the  second  or  third  :  2*  that 
A  and  B  both  fail  in  the  year,  A  having  died  last,  and 
that  C  lives  to  the  end  of  it :  3o  that  A  and  C  both' 
fail  in  the  year,  A  having  died  last,  and  that  13  lives 
to  the  end  of  it.  The  probabilities  of  tiie  happening 
oftheseseveralevents  in  the  first  year,  are  respectively 

being      added     together      and      multiplied       by  » 
*(l+jj"*,  will  give  the  expectation  of  receiving  the 
sum  at  the  end  of  the  first  year. 

But  in  the  second  and  following  years,  the  sum 
may  be  received  on  the  happening  of  either  of  eight 
didcrent  events :  1 »  tjiat  all  the  three  lives  fail  in  the 
year,  A  having  died  second  or  third  :  2"  that  A  and 
Bboth  fail  in  the  year,  A  having  died  last,  and  that 
C  lives  to  the  end  of  it :  3o  that  A  and  C  both  fail  ia 
the  year,  A  having  died  last,  and  that  B  liv^s  to  the 
end  of  it :  4*  that  A  and  B  both  die  in  the  ye:ir,  C 
having  died  in  either  of  preceding  years  :  6' that  A 
and  C  both  die  in  the  year,  B  having  died  in  either 
of  the  preceding  years:  6*  that  only  A  dies  in  the 
year,  B  livingto  the  end  of  it,  and  C  having  died  in 
either  of  the  preceding  years  :  7®  that  only  A  dies  in 
the  year,  C  living  to  the  end  of  it,  and  B  having  died 
in  either  of  the  preceding  years:  8^  that  only Adie» 

in  the  year,  B  and  C  having  both  failed  in   either  of 

2b 
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the  preceding  years.     The  probabilities  of  the  hap- 
pening of  these  several  events   in   the  second   year 


2(n-ti)*b  -bXr—r)     (a— a)  I?)     ?,)  e 


year   are   respectively 

(ff— r )■(/•—>•  )6  (fl—a\(b—fj)^^ e  V   (n—n).(r  -  c)       .  b     i  n  -  n\h 

UtUjc  »  ab  ^  C''    ■       «W  ^^'        "i)»      JIT"* 

(I~:-).^':'-t).  ='°'i%^:i-r)-(l  -f ):  ^vhicl. 
being  added  together  and  muliiplied  by  <l+g)--, 
will  give  the  expectation  of  receiving  the  sum  at  tlie 
end  of  the  second  year  In  like  manner  we  may  find 
the  expectation  of  receiving  the  sum  at  the  end  of 
the  third  and  every  subsequent  year  to  the  utmost 
extent  of  human  life  ;  the  sum  of  all  which  expecta- 
tions will  be  the  total  present  value  of  the  given 
sum,   depending  on   the  above  contingency. 

These  several  yearly  expectations,  being  reduced  to 
their  least  terms  and  arranged  under  each  other,  will 
form  ten  collateral  series  the  sum  of  all   which   will 

be  found  equal  to  Pr^^A^^l* 

COROLLARY. 

\  265.     When  all  the  lives  are  equal,  or  of  the 

*  The  valat  of  the  sum  depending  on  the  conth^eacjr  tneniioneJ  in  this 

problem  is  manifestly  equal  to  the  difference  between  the. value  oFsuch  sum 

to  be  received  on  the  decease  of  A,  and  fts  rulue  depenJitig  on    the  coiitin- 

f  cncjr  tha^  A  tliall  be  the^f«t  that  fails  :  or,  it  is  equul  to  the  eum  of  iha 

lV4t  TtluMfettndbjProb.XXZ  aod  XXXIJ 


.5  .f?«  ^^nMntrt//  *"»t^''^«t^*  *^^ 
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same  age  A,  the  last  term  in  this   formula  become* 

equal  to  ^i^777rC'^8:»"ceabIy  to  what  has  been  already 

said  in  Prob.  XXIX,  cor.  2),  consequently  the  whole 

expression  is  in  this  case  reduced  to  sX 5-; — • — ^ 

that  is,  equal  to  the  difference  between  the  value  of 
an  assurance  of  the  given  sum  on  a  single  life,  and 
one  third  of  the  value  of  an  assurance  of  the  same 
ium  dn  the  three  joint  lives. 


PROBLEM  XXXIV.* 

^  266.     To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A  provided  he  be  the 
first  or  last  that  fails  of  three  given  lives  A,  B,  C. 

SOLUTION. 

The  given  sum  may  be  received  at  the  end  of  the 
6rsl  year  on  the  happening  of  either  of  four  different 
events  :  I  that  all  the  three  lives  fail  in  the  year,  A 
having  died  first  or  last:  2(f  that  A  and  B  both  fail 
in  the  year,  A  having  died  first,  and  that  C  lives  to 
the  end  of  it :  3*  fTiat  A  and  C  both  fail  in  the  yea^ 
A  havinj  died  first,  and  that  B  lives  to  the  end  of  it: 
40  that  only  A  dies  in  the  year,  and  that  B  and  0 
both  live  to  the  end  of  it.  The  probabilities  of  thtf 
hl[);)enin^  of  these   several  events  are    respactively 

*  MorgM),  Pr»b  20^  Phil.  Tmn.  for  1791,  Prob.  7,  r°^  205. 
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Cf:i:^   ^    ,  xe  .-A 

2(g~oV('A-fc).(c— r)  („-^).(h-b)c     (a-.(l).fc-c)b         ^('a-'a^b 

which,  being  added  together  and  multiplied  by 
'(1+8)"^  will  give  th  eexpectation  of  receiving  the 
sum  at  the  end  of  the  first  year. 

But  at  the  end  of  the  second  and  following  years 
the  given  sum  may  be  received  on  the  happening  of 
either  of  seven  different  events  :  1°  that  all  the  lives 
fail  in  the  year,  A  having  died  first  or  last :  2"  that 
A  and  B  both  fail  in  the  year,  A  having  died  first, 
and  that  C  lives  to  end  of  it :  3"^  that  A  and  C 
both  fail  in  the  year,  A  having  died  first,  and  that  B 
lives  to  the  end  of  it :  4**  that  only  A  dies  in  the  year 
and  that  B  and  C  both  live  to  the  end  of  it  ;  5"  that 
A  and  B  both  fail  in  the  year,  A  having  died  last,  and 
C  having  failed  in  either  of  the  preceding  years,  G'«* 
that  A  and  C  bothfail  in  the  year,  A  having  died  last,' 
and  B  hiving  failed  in  either  of  the  preceding  years  : 
7*  that  only  A  dies  in  the  year,  B  and  C  having  both 
failed  in  either  of  the  preceding  years.  The  proba- 
bilities of  the  happening  of  these  several  events  in  the 

second  year,  j^e^.  respectively  — °^^    -^^.c         — * 

/       //  /  II  II  I     '   iti  t        U   II        I  II  II  II         I      II  I  II  ' 

(a — a)-(6 — b)c    (a — a).(c — e)b  (a — a)b  c  (a—a).(b — b>^  ^    /■■  g\ 

2abc  *  Uabc  »       abc      >         UuO  ■    ^  c  •'' 

which,  being  added  together  and  multiplied  by 
i  (l+g)"',   will  give  the  expectation  of  receiving 
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the  sum  at  the  end  of  the  second  year.  In  like  man- 
ner we  may  find  the  expectation  of  receiving  the  sum 
at  the  end  of  the  third  and  every  subsequent  year  to 
the  utmost  extent  of  human  life  :  the  sum  of  all  which 
yearly  values  will  be  the  total  present  value  of  the 
given  sum  to  be  received  on  the  above  contingency. 
These  several  yearly  expectations,  being  reduced 
to  their  least  terms  and  arraiigci^l  under  each  other, 
will  form  eighteen  collateral  scries:  the  sum  of  all 

which  will  be  found  equal  to  j  X     ■'~?'^  • — ji,^  — 

COROLLARY. 

§  267.  When  the  three  lives  are  equal,  or  of  the 
same  age  A,  this  expression  (agreeably  to  what  has 
been  said  in  the  corollary  to  Prob.  XXX)  will  be- 

come  equal  to  s  X — an+Tl •  ^^^^  '^  equal 

to  the  difference  between  the  value  of  an  assurance 
of  the  given  sum  on  a  single  life  and  on  two  joint 
lives,  added  to  two  thirds  of  the  value  of  an  assurance 
of  the  same  sum  on  the  three  joint  lives. 

SCHOLIUM. 

§  268.     If  the  present  values  of  the  givea  sum,  as 

•  This  formalft  may  be  obtained  by  takinjthe  turn  of  thcTalue*  deduced 
from  Prob.  XXIX  aod  XXXI  :  or  by  taking  the  difference  between  e  X 

Y    I-  ■■  Mid  the  T«!a«  deduced  from  Prob.  XXX. 


found  by  Prob.  XXXII,  XXXIII,  and  XXXIV,  be 
added  together,  they  will  be  found  equal  to  twice  the 
present  value  of  the  same  sum  to  be  received  on  the 
decease  of  A  :  that  is,  the  sum  of  those  three  values 

will  be  equal  to  2s>C^~f. 

PROBLEM   XXXV.* 

§  269.  To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  ot  A  or  B,  provided  either 
of  them  be  iuejirst  that  fails  of  three  given  lives  A, 
B,  C. 

SOLUTION. 

The  given  sum  may  be  received  at  the  end  of  any 
one  year,  on  the  happening  of  either  of  six  different 
events  ;  l^that  all  the  lives  fail  in  the  year,  A  or  B 
havinjf  died  first  :  2'*that  Aand  B  both  die  in  the 
year,  and  that  C  livCvS  :  3'  ihat  A  and  C  both  fail  in 
the  year.  A  haviuif  died  first,  and  that  B  lives  to 
the  end  of  it  4°  that  B  auvl  C  both  fail  in  the  year, 
B  havinu:  died  first,  and  that  A  lives  to  the  end 
cf  it  :  5"  thai  only  A  ciies  ia  the  year,  and  that  B 
and  C  both  live  to  the  ^m\  of  it  :  Go  that  only  B 
dies' iiVthe year,  and  that  A  and  C  both  Pvc  tV  tfic 
end  of  it.  The  probabilitif^s  o(  the  happeninij'  of 
which  sovtmie\^nts  ill  the  first  yeaf  are  respectively 

•  Phil.  Tran«,  for  1791,  Prob,  8,  paje  967. 
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2(9'-»^/h^it\(t^'c\     f»^n)(k—%\i'   (n^^.ff^'M    (h-t>\.(rJf)^ 
,  '     ^»~— >  ■  » 

'    S  '  I         '     '  ' 

-^-^^~,  and  '^J,'  "^ :  which,  being  added  tog^ether 
and  multiplied  by  j  (I -f-?)"*.  will  j^ive  the  exj)i?ci'a- 
tiuii  uf  receiving  the  sum  av  ^he  eiii  of  the  tirst 
year. 

I^  like  m.inner  may  he  found  the  expsttation  of 
receivini^  ihe  sum  al  the  eiirt  oi"  'he  secoil.  llml 
and  every  sul)S£'q.ienl  year  to  the  utanxt  oMeut  «»fi 
himian  lifi-;  which  several  yearly  vdluos,  reJ.iCc'd  i^ 
their  lea^t  terms  nnd  beinz  arranijed  under  each  otiier 
as  iti  Pro!).  XXIX*  will  i'orm  the  lollawing  series, 

4^hc         iabc  abc    ^^   a  h  c       thp.    ah  c  ^tabc  ^    ?ahc    \^^ 

ttbc  a^  c  cTA  c    •    ~ab  c~  -ofic  "^  a  b  c*   a  be  *~  «  b  c_J  ' 

rill  u  n  u  tl    I    t~'.  I  $f7l^  '  V     '  II    >    It  I    I  II      .      It  II     I      \ 

4a  b  c        4a  b  c  a  be  _,     ab  c^       a  b  c        a  b  c   ^iu  h  c     lub  c    I   , 

Oi » t^)  *;L.    a  bv         u  b  c         ah  c         ab  a       u  b  c   'a  b  c       u  b  c       a  b  c  _j  "^ 

Lw  II  II  III  III  III  III  II  II  It  III  1,1  tl  III  II  III  II  III  II  II  III     ■    III  III  II      I 

Aabc       4a  b  c        abcy^abc        a  b  c,     aibe^2ab  e      I'abc    I, 
a  be         abe  abe        abc        a  b  e'    a  b  e*^  a  b  c       a  (»  c_J  • 

the  sum  of  all  which  will  be  the  total  present  value 
required.  t 

^  270.  But,  if  we  compare  this  general  series  with 
the  one  inserted  in  page  207,  it  will  be  lound  that  the, 
several  collateral  series,  of  which  it  is  composed,  aror^ 
for  the  most  part  the  same  as  those  which  are  there, 
given  :  and  that  the  on/i/  difference  between  them  is 
in  the  common  muUiple,  and  in  the  sign  prefixed  to  the 
fifth  and  sixth  collateral  series.  Consequently  the  sum 
pfiliese^veral  perpendicular  and  collateral  series  may 
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be  readily  obtained  from  the  process  there  laid  down, 
For  the  first  and  second  collateral  series  will  be  thus 

found  equal  to  f  X—^^^^;  the  third  and  fourth, 
equal  to iT^-^^j^-^ABC.a];  the  fifth  and 

Sixth,  equal  to  --^[^i^^ -^BC.^]  ;     and 

the  seventh  and  eighth,  equal  ^o  -r^J~^-- 
ABCj:^  .  Therefore  the  total  value  of  the  general 
series  above  given  will  be  equal  to  s  multiplied    into 

3  (1+?;  Ca    X^         Kit  J  J  ,  ,       I 

c/L— iT,) ^?^/L"^3cL    C1  +  .)     -^^ffj 

As' we  shall  have  occasion  to  refer  again  to  this 
formula  in  some  of  the  following  problems,  it  will  be 
convenient  to  denote  it  by  a  more  simple  expression  ; 
therefore  let  it  be  represented  by  ^^^. ;  that  is,  let 
^/35^  denote  the  present  value  of  Xl  to  be  received 
on  the  above  contingency;  consequently  X«^<^  will 
denote  the  present  value  of  the  given  sum  under  the 
same  circumstances.* 


•  By  comparing  this  formula  with  tlie  second  formula  in  Prob.  XXJX, 
cor    1,  it  w  11  be  Ecen  tbflt  j©*^—  ^■'^^"^^  C-^*. 


4-       J-       -'- 


COROLLARY. 

§  271.  When  the  thrv.'e  lives  arc  equal,  or  of  the 
simt*  a^e  A*  the  last  three  terms  in  the  above  expres- 
sion  destroy  each  other;    and  lUe  whole  is  theu  re- 

dijced  to  ^  X ' ~^.  •  '•  or,  to  two  thirds  of  ibe  nre- 

sent  value  of  the  (^iven  sum  payable  on  the  extinction 
of  the  three  joint  lives. 


Observations  on   Mr.  Morgans   Method  of  investi 
gating  this  ProhUni. 

§  272.  I  cannot  omit  the  present  opportunity  of 
recalling  tijc  reader's  atiention  once  more  to  the  sin- 
gular and  confused  manner  which  .Mr.  Morgan  has 
adopted,  in  this  case  also,  for  finding  the  value  of  (he 
general  series  in  page  239 :  and  I  am  the  more  in- 
duced toxio  this,  because  it  appears  that,  the  further 
Mr.  Morgan  proceeds  in  his  subject,  the  more  disorder 
and  irregularity  seems  to  run  throu^^h  the  whole  of  his 
invesligalions.  1  would  previously,  however,  inlieat 
the  reader's  patience  whilst  I  conduct  him  through  this 
mathematical  labyrinth. 

The  sum  of  t'ne  several  expectations  of  receiving 
the  given  sum,  on  the  contingency  mentioned  in  this 
prol^lom,  Mr.  Morgan  makes  equal  to  the  folloiving 
series 
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\  273.  Now.  the  last  six  collateral  series  in  the 
above  general  expression  may  be  reduced  to  the  two 
following  ones :  viz.  ^ 

•  (h-i)ae    •    (b^)ae        . 

I         II    n     f  I         II     II  H 

{b—h)  ac    .    (h—h)nr 
"T" 


(^■^i)* 


i^T  V 


.  'iabe        *^       '■iuLc 

l<        II    III  H  II     III  III  III 

(h — b)n  c    1^  f  b — h)n  c 


4- 


'ZaOc  'iabe 

&e.      ~  &c.  &c. 

in  which  case,  that  expression,  instead  of  being  com- 
posed of  t  wen  I  J/*  ditferent  series,  might  have  been  re- 
duced to  tvxlvc.  Or,  had  the  whole  of  these  colla- 
teral series  been  reduced  to  their  simplest  terms.they 
would  have  formed  the  vcrj/  same  expression  as  that 
given  in  page  239;  and  which  consists  of  only  eight 
ditferent  terms!!!  But,  owing  to  this  careless  and 
diffuse  mode  of  treating  the  subject,  it  follows  that 
the  formula,  which  denotes  the  value  of  the  given  sum 
depending  on  the  contingei  cy  mentioned  in  this  pro- 
blem»  contains  (upon  Mr.  Morgan's  method  of  solu- 
tion) no  less  tiian  twenty  different  terms  if  and  when 
it  is  considered  that,  in  order  to  obtain  those  terms, 

*  £ach  ortlio  ten  eollatrnil  Mrics  in  pnzc  242,  evidently  Furms  two  dis- 
tinct kiTics  M'lii-n  ex|wndcd  by  muliiplicatioD  ;  the  sum  of  both  which  It  ia 
ttew'-Mwry  lo  find. 

t  Leu  I  kJiuul'l  \>3  charged  with  misrepresentation  I  shall  liere 
luiRR   Mr.     Morgan**     formala     in     hit     owa     dmracters ;      viz     S 

,(,-.,.,nc--Anc,  ^  »iP^Arc,_^  [(bt-a^^ 

wf  PT  — APT)     r 

^  1     +    X  (  »  deootinf  tha  yalu«  of  8  oa  the  eou- 
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it  is  necessary*  to  sum  up  between  thirtij  and  forty 
different  series,  the  reader  is  equally  struck  with  sur- 
prise and  indignation  :  and  is  left  in  doubt  of  the 
motive  which  could  have  induced  the  author  to  pursue 
so  anomalous  a  course. 


§  274  There  is.  however,  still  another  part  of 
Mr.  Morgan's  investigation  on  which  \  consider  myself 
equally  obliged  to  make  some  comment,  lie  says 
that  the  formula  (above  alluded  to)  gives  the  exact 
value  when  C  is  the  oldest  of  the  three  lives;  **but  if 
A  be  the  oldest,  the  symbols  must  be  c/nm^ed:'*  and 
the  value  of  the  given  sum  he  has,  in  this  case,  de- 
noted by  another  formula;  which  (being  introduced 
in  a  new  dress,  and  in  new  characters)  appears  ma- 
terially different  from  the  former  one.f  It  is  how- 
ever (when  divested  of  all  its  useless  and  extraneous 
quantities)  precisely  the  same  as  that  which  I  have 

tingcncy  of  C'a  surviving  B).  The  other  symbols  being  the  same  as  already 
cx])lained  in  the  note  in  page  215.  Sec  the  original  formula  in  Phil.  Tranf 
for  1791,  page  267;  or  in  Price's  Obs  on  Ren.  Pay.  Note  (P),   Pro;)lem 

vi;i. 

*  I  mean  upon  Jlr.  Morgan's  principles   as  cxplaine-l  in  page  217. 

t  Take   Mr.   Morgan's   own    worJf.      "  The  general   rule   cxjircssin:;. 

(r—\^    (V— AP) 
rhc    value     of     the     reversion     will     be  =  S      into*  ■  ^ 

-JL   r   ^(IlEzI!I!2)         HR— HBC    -|  /3CAF-AFC)      + 

a(r— nrAB^ABC)  ^     rr(AP— APC)  *      r^BN— BXC). 
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given  in  page  240,  except  as  to    the  substitution  of 
1    \    (i^ABoU AD  Cab    I    for  its  equal    + 

I  I  j}^  ABbu ADC.c  l    agreeably  to  the  princ»- 

st  L    ('-^^J  '   'J 

pies  expiaiaei  in  the  note  in. page  210. 


^  275.  It  surely  cannot  be  unknown  to  Mr. 
Morgan  tliat  the  value  of  the  given  sum  does  not  in 
this  case  depend  upon  the  seniority  of  the  lives  «!on- 
cerned.*  For,  let  the  n^es  of  A,  B,  and  C  be  what 
they  may,  niul  let  him  ch.in^e  i»is  sym'.)i>ls  asofleu  as 
he  pleases,  he  niust  siill  come  to  ihe  same  general 
series,  at  last,  as  t!»at  given  in  page  239  :  the  sum  of 
which  may  be  expressed  in  tliree  diHTerent  ways  tic- 
cording  to  the  method  of  summing  up  the  several  col- 
lateral series  of  which  it  is  composed. f  And  either  o{ 
these  formulae  will  denote  the  value  of  \^^c  given  sum, 
whether  A,  B,  or  C  be  the  oldest  of  the  three  lives. 

'• — . — "• — •    Y*      ^^n.frc  V  (]i>note9  the  perpetuity;    and  ilie  re« 

maiuin;;  letter*,  the  Mfne  q'nntit'e*  n^  ulrei'U  rxplninefl  in  rbtr  ntte  in  pdi^e 
2t\.  See  the  ori^nnl  rurni'ila  in  PhV.  Trnn*.  '^m  1791.  pge  20 J;  uiij  in 
Piic.'*  OU  on  Rev.  /'/i^.  N.lc  (I'j,  Pr.ihcm  VIH. 

*  'I  !•)•  ob«vrT4tioii  will  kpi'ly  lo  the  v'lole  uF  the  prohleoii  in*ericil  l>y 
Mr.  Mur.nui  ia  tho  PhlU  Trant.  Tor  1788.  1789,  ao  I  1701-  Se«  ibtf  uuie 
io  |ngv9ft2. 

t  See  wb«t  hxs  b«co  alreaJy  said  oo  tbii  subjec:  to  p&ge  222,  and  b  tie 
MU  t«  page  220. 
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These  observations  are  the  more  necessary  to  be  at- 
tended to,  because  the  solution  to  the  present  problem 
is  of  use  in  enablinof  us  to  determine  the  value  of  sums 
depending  on  the  contingencies  mentioned  in  several 
of  the  subsequent  problems.  Consequently  the  more 
simple  we  render  the  present  formula,  the  more  easily 
we  may  obtain  the  solution  to  those  problems.  This 
motive,  therefore,  will  be  a  sufficient  apology  for  the 
present  digression. 

PROBLEM  XXXVI.* 

§  276.  To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A  or  B,  provided  either 
of  them  be  the  second  that  fails  of  three  given  lives 
A,  B,  C. 

SOLUTION. 

The  given  sum  may  be  received  at  the  end  of  the 
first  year  on  the  happeiTing  of  either  of  four  different 
events :  1*^  that  all  the  thiee  lives  fail  in  that  year,  A 
or  B  having  died  second :  2^  that  A  and  B  both  die 
in  that  year,  and  C  lives  to  the  end  of  it :  3°  that  A 
and  C  both  fail  in  that  year,  A  having  died  last,  and 
that  B  lives  to  tiie  end  of  it :  4®  that  B  and  C  both  fail 
in  that  year,  B  having  died  last,  and  that  A  lives  to 

*    Phil.  Trans,  for  1701,  page  269. 
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the  end  of  it.  The  probabililies  of  the  happenings  of 
t}i»€A«rr«*mlpvpnt«  arc  respectively  ?(<-*») .  ^*-*>  •  (e-« 

HuLc  t 

(a~«t)(>— <>a       (n—n)/r—e)h       and       (h~b)(e-Ua       which 

he'wv^  added  togeilier,  and  multiplied  by  *(!+?)"* 
will  give  ihe  expectation  of  receiving  the  sum  at  llie 
end  of  the  first  year. 

But  at  tlie  end  of  the  second  and  following  years, 
the  sum  may  be  received  on  the  haj)|)eningof  either  of 
eleven  difi'erent  events  :  1°  that  all  the  lives  fail  in  the 
yenr,  A  or  B  having  died  second  :  2*-'  that  A  and  B 
both  die  in  the  year,  and  that  C  lives  to  the  end  of 
it:  3**  that  A  and  C  both  fail  in  the  year,  A  having 
died  last,  and  that  B  lives  to  the  end  of  it :  4®  that 
B  and  C  both  fail  in  the  year,  B  having  died  hist,  and 
that  A  lives  to  the  end  of  it:  5^  that  A  and  B  both 
die  in  the  year,  C  having  died  in  cither  of  the  pre- 
ceding years  :  6°  that  A  and  C  both  fail  in  the  year, 
A  having  died  last,  and  B  having  died  in  either  of 
the  preceding  years :  7°  that  B  and  C  both  fail  in  the 
year,  B  having  died  last,  and  A  having  died  in  either 
of  the  preceding  years:  8**  that  only  A  dies  in  the 
year,  B  living  to  the  end  of  it,  and  C  having  died  in 
either  of  the  preceding  years:  9**  that  only  A  dies 
In  the  year,  C  living  to  the  end  of  it,  and  B  having 
died  in  either  of  the  preceding  years  :  10*^  that  only 
B  dies  in  the  year,  A  living  to  the  end  of  it,  and  C 
having  died  in  either  of  the  preceding  years :  1 1^  that 
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only  B  dies  in  the  year,  C  living  to  the  end  of  it,  and 
A  having  died  in  either  of  the  preceding  years.  The 
probabilities  of  the  happening  of  these  several  events 

in  the  second  year  are  respectively   2('i  •'>!>.  i>~i,).r-r) 

,  liU'JC  t 

,> ,  »      '       l>  "        t      II     I      II  II         I       II     I      II  II         I      II       I       II 
(ft'-ft)  fh-f.M,     (a  -fi)  (r~r\h       (f,-h((i--,uu      (a  -n)  (h  -h)      + 

t*oc  t  'Za!>c  *  'Zjbc  '  uj 

I  I     II      I     II  I  I      II      I       II  I 


//  " 


UJ  e   *     uc  b     '  ub  e  » 

jjjj(j  (!!zJdl{l —    f)'    which   being  added  together, 

and  multiplied  by  .9(1 +  2)--, will  give  the  expectation 
of  receiving  the  Slim  at  the  end  ofthesccontl  year.  In 
like  manner  may  be?  f  lun  1  the  expectation  of  receiving 
the  sum  ai  the  end  of  tlie  t'urd  an  1  every  sn bseq  lent 
year  to  the  utmost  extent  of  hu  nan  life  :  the  su:n  of 
all  which  yearly  values  will  be  the  total  present  value 
of  the  given  sum,  to  be  receivevl  on  the  above  con- 
tingency 

Now  these  several  yearly  expectations,  being  re- 
duced to  their  lowest  terms  and  arranged  under  each 
other.will  form  eighteen  collateral  series:  the  sum  of  all 

which  will  be  found  equal  to  s  Qj^  +  A^  -h 

COROLLARY. 

"    §  277.     When  all   the  lives  are  equal,  or  of  the 
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same  age  A,  this  expression  (agreeably  to  what  has 
been  said  in  the  corollary  to  Prob.  XXX)will  become 

equal  to  t    x   ^''^'Ijl^^'^^  :  or.  to  two  thirds  of 

the  present  value  of  the  given  sum  payable  on  the 
extinction  of  any  two  out  of  ihree  given  lives. 

PROBLEM   XXXVIl.* 

§  278.  To  determine  the  present  value  of  a  gjven 
sum  payable  on  the  decease  of  A  or  B,  provided 
either  of  them  be  the  iast  that  fails  of  three  given 
lives  A,  B,  C. 

SOLUTION. 

The  given  sum  can  be  received  at  the  end  of  the 
first  year,  on  the  happening  of  one  event  only  ;  viz. 
the  extinction  of  all  the  lives  in  that  year,  C  having 
been  the  first  or  second  that  failed.  The  probability 

of  this  event  is'^J^-^Ho-'o) .    ^j^.^j^  ^^^j^^^  ^^j_ 

tiplied   by  *(1 — g)"',  will   give  the  expectation   of 
receiving  the  sum  at  the  end  of  the  first  year. 

But,  in  the  second  and  following  years,  the  given 
sum  may  be  received  on  the  happeningofcither  of  six 
different  events:  l**  that  all  the  three  lives  fails  in  the 
year,  C  having  died  first  or  second :  2*^  that  only  A 
and  B  fail  in  the  year,  C  having  died  in  either  of  the 

•  Pbil.  Tr»n<i.  for  1791,  Prob.  10,  page  272. 

2  a    •^>.    "J 
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preceding  years :  3°  that  A  and  C  both  fail  in  the 
year,  A  having  died  last,  and  B  having  died  in  either 
of  the  preceding  years  :  4®  that  B  and  C  both  fail  in 
the  year,  B  having  died  last,  and  A  having  died  in 
either  of  the  preceding  years  :  5®  that  only  A  dies  in 
the  year,  B  and  C  having  both  failed  in  either  of  tlie 
preceding  years  :  G*^  that  only  B  dies  in  the  year,  A 
and  C  having  both  failed  in  either  of  the  preceding 
years.  The  probabilities  of  the  happening  of  these 
several  events  in  the   second  year  are  respectively 

3uJbc  »  ub  ~  ^  c  '*  lac  ^ 

I  I     II       I     I,  I  .  I     II  I  t 

^         ~bJ*  2bi ^*        7^*  u     ^*         i^^U"~7, 

and  -^*=:^  (l_i.).  (j.  S):  which  being  added 
together  and  multiplied  by  s  (l+gT*.  will  give  the 
expectation  of  receiving  the  sum  at  the  end  of  the 
second  year.  In  like  manner  we  may  find  the  expec- 
tation of  receiving  the  sum  at  the  end  of  the  third 
year.  And  so  on  for  all  the  subsequent  years  to  the 
utmost  extent  of  human  life:  the  sum  of  all  which 
yearly  values  will  be  the  total  present  value  of  the 
given  sum,  payable  on  the  above  contingency. 

These  several  yearly  expectations,  being  reduced 
to  their  lowest  terms  and  arranged  under  each  other, 
will  form  twenty-two  collateral  series:  the  sum  of  all 
which  will  be   found  equal  to  *  ri-.M+/?-yiz?)_ 
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COROLLARY. 

§  27D.  When  the  three  lives  are  equal,  or  of  the 
same  age  A,  this  expression  will  becuine  equal   to 

-—  X "^-T-: ; :   or,  two  thirds  of  the  nre- 

sent  value  of  the  given  sum,  payable  on  the  extinction 
of  the  longest  of  the  three  lives. 

BcnoiiuM. 
^  280.  If  the  present  values  of  the  given  sum,  as 
found  by  Prob.  XXXV,  XXXVI,  and  XXXVH,  be 
added  together,  they  will  be  found  equal  to  the 
present  value  of  the  same  sum  to  be  received  on  the 
decease  of  A,  added  to  the  present  value  of  the  same 
sum  to  be  received  on  the  decease  of  B  :  that  is, 
the  sum  of  such  three  values  will  be   equal   to  t 

PROBLEM  XXXVIII^ 

^281.  To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A  or  B,  provided 
either  of  ihem  be  ihe  Jirst  or  second  that  fails  of  three 
given  lives  A,  B,  C. 

80LUTI0X. 

It  is  evident  that  in  this  case  the  payment  of  the 
given  sum  at  the  end  of  any  one  year  dcj)end»  wholly 

*  riiii  Truiu.  for  1800,  Prob.  1,  pegc  22. 
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on  the  extinction  of  the  joint  lives  A  B  in  that  year, 
independent  of  C  :  its  present  value  therefore  will,  by 

Prob.  XXII,  be  in  all  cases  equal  to  s  X^j^~rr  • 

SCHOLIUM. 

§  282.  In  the  preceding  problems  I  hove  deduced 
correct  expressions  lor  the  value  of  reversionary  sums 
depending  on  the  several  contingencies  therein  men- 
tioned :  but  the  remaining  problems,  for  the  most 
part,  involve  a  contingency  for  which  it  is  very 
difficult  to  find  such  an  expression  as  will  denote 
the  true  value  of  the  same,  and  be  likewise  fit  for 
general  use.  The  contingency,  to  which  I  allude,  is 
the  probability  that  one  life  in  particular  will  die 
before  or  after  another,  during  any  given  period  of 
their  joint  lives.  This  subject  has  been  already  dis- 
cussed in  the  fifth  chapter,  where  it  is  applied  to  the 
method  of  determining  the  present  value  of  certain 
reversionary  annuities :  and  I  now  come  to  consider 
it  again  in  its  application  to  the  method  of  deter- 
mining the  present  value  of  reversionary  sims. 
In  the  investigation  of  the  following  problems, 
the  contingencies  above  mentioned  will  be  expressed 
in  italics.  And  since,  by  means  of  the  two  Lemmata 
in  Chapter  V,  we  may  obtain  a  more  convenient 
expression  for  the  expectations  of  receiving  the 
given  sum  after  the  extinction  of  the  oldest  life  in- 
volved, I  shall  divide  the  investigation  into  two  distinct 
parts;  the  first  of  which  will  denote  the  value   of 
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all  the  expectations  for  the  first  n  years.*  or  during 
the  continuance  of  the  oldest  life  involved  ;  and  tiie 
second  will  denote  the  value  of  all  the  expectations 
after  that  period. 

PROBLEM   XXXIX.t 

§  283.     Todetermine  the  present  value  of  a  given-* 
sum   payable   oa  the  decease  of  A  or  B,  provided 
either  of  them   be  the  second  or  third  that  fails  of 
three  given  lives  A,  B,  C. 

SOLUTION. 

The  given  sum  may  be  received  at  the  end  of  the 
first  year  on  the  happening  of  either  of  four  different 
events  :  1**  that  all  the  lives  fail  in  that  year  :  2°  that 
A  and  B  fail  in  that  year,  and  that  C  lives  to  the  end^ 
of  it :  3°  that  A  dies  after  C  in  that  year,  and  that  B . 
lives  to  the  end  of  it :  4*=*  that  B  dies  after  C  in  that, 
year,  and  that  A  lives  to  the  end  of  it.  The  pro* 
babilities  of  the  happening  of  these  several  events  are 

a*nd  - — *2ab7^    '  w^'6^»  being  added  together  and 

*  I  shkll  liere  obaerre,  once  for  all,  thnt  I  take  n  to  denote  the  number  of 
•jmtt  between  the  aye   of   tlie    oldest    life   and    that  age   io    the  Ubie  of 

obserTationa  when  human  life  becomes  extinct  :  consequently  the  Talue  o 
n  will  vary  io  tu(k  problem  according  to  the  aeoiority  of  the  lires  con- 
ocmed. 

.  t  Phil.  Trans,  for  1800,  Prob.  2,  page  23. 
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multiplied  by  ^(1+9)"* ,  will  give  the  expectation  of 
receiving  the  sum  at  the  end  of  the  first  year. 

But  in  the  second  and  following  years,  during  the 
existence  of  the  oldest  life,  the  given  sum  may  be 
received  on  the  happening  of  either  of  thirteen 
different  events  :  I  **  tliat  all  the  lives  fail  in  the  year  : 
2°  that  A  and  13  fail  in  the  year,  and  that  C  lives  to 
the  end  of  it :  3**  that  A  and  C  both  fail  in  the  year, 
A  having  died  last,  and  that  B  lives  to  the  end  of  it ; 
4°  that  B  and  C  both  fail  in  the  year,  B  having  died 
Inst,  and  that  A  lives  to  the  end  of  it :  5*^  that  A  and 
B  die  in  the  year,  C  having  failed  in  eilher  of  the 
preceding  years:  C*  that  A  and  C  die  in  the  year, 
B  having  failed  in  eilher  of  the  preceding  years:  7^ 
that  B  and  C  die  in  the  year,  A  having  failed  in 
eilher  of  the  preceding  years  :  8°  that  only  A  dies 
in  ihe  year,  B  living  to  the  end  of  it,  and  C  having 
died  in  eilher  of  the  preceding  years  :  9®  that  only 
A  dies  in  the  year,  C  living  to  the  end  of  it,  and  B 
having  died  in  either  of  the  preceding  years :  10^ 
that  only  B  dies  in  the  year,  A  living  to  the  end  of  it, 
and  C  having  died  in  either  of  the  preceding  years: 
1 1^  that  only  B  dies  in  the  year,  C  living  to  the  end 
of  it,  and  A  having  died  in  either  of  the  preceding 
years  :  12®  that  only  A  dies  In  the  year  and  t/iai  B 
and  C  both  fail  in  either  of  the  f  receding  years,  B 
having  dit^<i  Jii'^t :  13°  that  only  B  dies  in  the 
year,  and  that  A  and  C  both  fail  in  either  of  the 
preceding  years,  A  having  died  first.  The  pro- 
babilities of  the  happening  of  these  several  events 
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in  the  second  year,  are  respectively-^ i^     " 

«M  t         f    -  »  M  >M«  I         It  I        U    II  I        U         .'." 

(.,  ->.t.^».  -T  ,-     <>      <t'yr-r;^       /^      M  /.  -,t„    ^«  -n).(U  -h) 

t     0   V  '  ,t     »i    II  t  .1      ,'"*  > 

f,^0,)h       ,.  rt     N        ft  ->.''        .  t    V       {h-h)it     ,.  c 

.0         ^* r^  M.  C 6    ^'         at    '    ^*""     7), 

iL±L''I— i).  ^'w,')  ^1      t  )   (I      r\  and  £-1  X 


6c        ^  a  -^^ 


(I — ~)'(^  —  ~)-*  which  being  added  together  and 
multiplied  by  j(I4-2)"'  t  will  give  the  cxpeclation  of 
receiving  the  sum  at  the  end  of  the  second  year.  In 
Vike  manner  we  may  find  the  expectation  of  receiving 
the  sum  at  the  end  of  the  third  and  every  subsequent 
year  :  and,  if  these  several  annual  expectations  be  re- 
duced to  tlieir  lowest  terms  and  arranged  under  each 
other,  they  will  form  sixteen  coll.Ueral  series;  the  sum 
of  which,  continued  to  the  utmost  extent  of  human 


*  In  ihnr,  tml  ill  Mninar  «nwf,  tliron^hoat  the  remniniiij;  {tnrt  of  tliis 
rtnptrr,  I  MippcMC  it  to  be  mi  ff  ua/  clmnce  wtndi  of  ilie  t«o  livtt  ilic* 
before  wr  ufu-r  the  oilier  during  the  |'ri>(M>lilf  lotm  6t  illcir  joint  cxitlrnco. 
N-'W,  iliou;li  iliia  i«  not  Mrictly  currec',  (•:)'!  I  liii«e  on  ilmi  uci-ourtt  |>.>iiitcd 
ou',  in  |>«ge  13J,  «  inttliod  o  fin  ling  nii  ii|i|iroxtiMRte  value  u(  audi  clianc« 
in  urlrr  to  deicr  i.iite  (lie  va'uo  of  cuniinseni  Annui.ie*,)  yet  in  tlie  cu-j  of 
Aumratiei*  lli«  tonthtgcacici  are  ao  iiiTulved  ibat  iio  tnm(cri«l  error  will 
}>rul>Nbij[  aria*  iunny  frac-ioii  easea  by  lliua  indiacHminately  aupposing  the 
clwnc<a  to  be  ttL-v,  Tiic  reauliiii^  furmulai  are  hereby  rcnJcrcJ  oiora 
«iuif  It  aaJ  CMy,  aid  are  aufficicatly  accurate  Tor  general  use. 
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life,  would  be  equal  to  s  multiplied  into  2[T+^  + 

I-?^  ATtA.     ^+^-^      "      -l-      ^+^-^     1_l1±^_ 

1+^C    a         14--BC \-\-BC    _b l-ABC ^BCX 

20+?;.  7"*"   2(1+?)        2(1  +  3)-    b  (^+3) 

a  b  e 

J ABC.-^^ABC.—.  But  this  expression,  in- 

a  ,26  /       c 

dependent  of  the  common  multiple  5,  may  be  reduced 

2-2(A+B-2ABC)+AC+BC  \  UB-AC)  a 


to 
--ABC. a 


4._L     (AE=E2E—ABC.b      +  ABC. 


-TT-:  and  which,  for  the  sake  of ,  a  more  convenient 
reference,  I  shall  denote  by  J[}) 

^  284.  Now,  since  only  part  of  the  several  collateral 
series  above  mentioned  (and  which  series  are  repre- 
sented by  the  quantities  here  given)  is  to  be  continued 
to  the  utmost  extent  of  human  life,  and  as  that  part 
will  depend  on  the  seniority  of  the  lives  concerned ;  it 
will  be  necessary  to  divide  the  subsequent  investiga- 
tion of  the  problem  into  three  distinct  cases,  accord- 
ing to  the  seniority  of  the  three  lives.  For,  in  each 
case  those  several  collateral  series  must  be  continued 
only  during  the  existence  of  the  oldest  of  such  live3  : 
because,  after  that  period,  we  may  obtain  a  more 
correct  value  of  all  the  subsequent  expectations,  by 
means  of  the  fitst  Lemma  in  the  fifth  chapter. 
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^  285.  Case  I.  Let  A  be  the  oldest  of  the  three 
lives.  lu  this  case,  all  those  collateral  series  in  which 
the  life  A  is  involved  must  of  course  be  continued  to 
the  utmost  extent  of  humnn  life  :  but  all  those  series 
in  which  the  life  A  is  not  involved  must  be  conti- 
nued for  n  terms  only.     Consequently,  the  quantities 

1-gB  .  »+g^T  and  -1±£?,  —^will  respectively  be- 
come     L^TrT77-^7rw>    b^'^^J       \  '  l^a^?) 

-—-(l+g)   "I  :*  whence,  the  sum  of  the  firsts  terms 

*  See  the  inctlioU  of  proceeding;  in  these  cases  explained  in  Prob.  XXII, 
cor.  2,  »nJ  Prob.  XXVII,  cor.  4.  I  shall,  however,  here  take  the  oppor- 
tunity of  ooticing  an  error  on  this  subject,  into  wliich  Mr.  Morgan  lias  in- 
advertently Tttllen  ;  and  which  pervades  the  two  papers  inserted  by  him  in 
84th  ^d  OOth  volumes  tif  the  PhilotopMial  Trantactions.  In  pointing 
oat  the  inc'hod  o[  finding  the  value  of  the  first  n  terms  of  the  soveral  series 
above  alluded  to,  in  which  the  oldest  life  is  not  involved,  he  directs  us  to 
convert  the  quantities,  exprccsins  the  value  of  annuities  on  the  v/hole  life, 
into  similar  expressions  for  the  given  ttrm.  This  however  is  certainly  in- 
correct ;  for,  it  is  not  the  aanuUiea  on  those  lives  which  are  to  be  continued 
for  n  years,  but  the  teriet  from  which  those  annuities  arise  ;and  which 
will  in  most  eases  make  the  value  of  the  annuities,  resulting  therefrom, 
equal  to  a  term  of  n — I  years  only. 

Thiui,  in  the  iavestigation  of  the  present  problem  in  the  Philotophieat 
Trantactiont  (for  1800,  part  1>  page  26)  be  says  that,  when  B  is  the 
oldefit  of  the  three  lives,  the  annuity  on  tliejoiot  lives  AC  m\ist  be  continued 
for  jr  years  ;  whereas  it  should  be  coatinned  for  x—  1  years  only  ;  ss  will 

2  II 
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of  the  several  collateral  series  above  mentioned  (that 
is,  the  sum  of  all  the  expectations  for  the  first  j^ 
years)  will  become  equal  to  s  multiplied  into  JO) — 

x-|r(i +«)-". 

But,  after  the  decease  of  A,  the  expectations, 
arising  from  the  several  contingencies  on  which  the 
sum  depends,  may  be  more  correctly  expressed  for 
all  the  subsequent  years  by  means  of  the  first  Lemma 
in  Chapter  V.  For,  since  the  chance  of  receiving 
the  sum  at  the  end  of  any  one  of  tho^  year  depends 

readily  appear,  by  attending  to  the  steps  of  the  process.  The  onnuity  on 
the  liPe  A,  he  also  saj's,  should  be  continued  for  x  years  :  wherens  neither 
»  nor  X— 1  will  give  the  correct  value  in  his  formula  ;  for,  the  true  vtilue 

1  o 

which  ought  to  be  there  substituted  for  A  is  A'  H r-  X z — ^      As 

this  error  runs  through  the  whole  of  the  investigations  instiled  by  Mr. 
Morgan  in  the  two  papers  above  mentioned,  I  have  though  it  necessary  to 
advert  to  it  in  this  place,  in  order  to  explain  any  diflerence  vhich  migiit  be 
observed  between  his  formulffi  and  those  which  are  here  given. 

I  cannot  dismiss  this  subject  without  censuring  the  careless  manner  in 
which  Mr.  Morgan's  papers  in  the  Philosophical  Transactions  lave  bcfn 
printed.  Wnt  a  proof  of  this  charge  required,  I  could  not  give  a  more 
convincing  one  than  the  two  formulae  in  the  page  above  referred  to,  and 
which  are  too  erroneus  to  be  of  any  public  utility.  I  at  first  imagined  that 
these  mistakes  might  be  errors  of  the  press ;  but,  when  I  observe  them 
faithfully  copied  into  the  last  edition  of  Dr.  Price's  treatise,  I  can  be  at  no 
loss  in  attributing  them  to  their  proper  source. 
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on  B's  dying  in  th«  year,  and  on  A  having  died 
before  C  in  either  of  Ihe  preceding  years  (the  pro- 
bability of  which  latter  contingency  is,  by  the 
Lemma,  denoted  by  *»•)  it  follows  that  the  sum  of 
the  expectations  for  those  years,  continued  to  the 
utmost  extent  of  human  life,  will  be  equal  to  9.m  X 

^-^        +    ..  ^-^        4.  ^z£_     .    &c     \ 

an      expression      which,      by      Problem     XXJLI, 


*  Mr.  Morgin  bai  given  two  septnte  Ubiea  for  determioing  the 
probtbili.ies  of  •uivirorship  between  two  lives  :  the  first  (which  is  inserted 
in  Pkil  Trant,  for  1788,  page  387)  shows  the  jrobBbiilty  of  one  life  dying 
btfort  another;  and  the  second  (whieh  is  inserted  in  Phil.  Trant.  for 
ITi^i,  page  229)  shows  the  probability  of  one  life  dying  after  the  other. 
Ther  are  both  given  in  the  last  edition  of  Dr.  Price's  Obt.  on  Rev-  Pa^. 
vol.  I,  page  406,  &e. 

These  tables  are  deduced  from  the  principles  laid  down  in  the  first  and 
second  Lemma  in  the  fifth  Chapter  of  the  present  work.  1\xifir»t  table, 
here  alluded  to,  will  occasionally  be  found  useful  in  determining  the  values 
of  M  and  f,  which  are  frequently  introduced  in  the  ensuing  problems  But 
as  that  table  is  very  limited  in  its  extent,  I  have  fin  the  note  in  page  114) 
laid  down  a  method  of  approximating  to  those  probabilities  ;  which  in  most 
probable  case*  will  be  found  sufficiently  correc*. 

Mr.  Morgan  might  have  saved  himself  the  trouble  of  talculating  the 
ueond  table  above  alluded  to ;  since  its  application  to  any  practical  cases 
nay  always  be  avoided  :  and  moreover,  the  values  in  that  tuble  are,  in  my 
opinion,  incorrectly  deduced.  It  is  certain  that  the  solutions  to  the  ensuing 
prolilems  may  be  more  i-rhiply  expressly  by  referring  only  to  the  first  table  ; 
as  any  person  will  readily  discover  by  comparing  the  formulas  in  the  present 
work  with  those  given  by  Mr.  Morgan.  See  what  has  been  already  observed 
OB  this  aubject  in  the  note  in  paga  118. 
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Cor»  1,  is  equal  to  s.  «  xt:|^"--i.  (i-|-g)-n.* 
Consequently  this  value,  added  to  the  sum  of  the 
first  n  terms  of  the  several  collateral  series  above 
mentioned,  will  express  the  total  present  value  of 
the  given  sum  in  this  case  required  ;  and  which 
will  be  found  equal  to  s  multiplied  into 

§  286.  Case  2.  Let  B  be  the  oldest  of  the  three 
lives.  In  this  case  all  those  collateral  series  in  which 
the  life  B  is  involved  must  be  continued  to  the  utmost 
extent  of  human  life  :  but  all  those  series  in  which  the 
life  B  is  not  involved  must  be  continued  for  7i  terms 

only.  Consequently,  the  quantities  2(1-^-2)  *  WiTs)  * 
and  ^7i^..~^  ^^11  respectively  become  equal   to 

Gl-g^  1-9^"  .    a.  /]    I  ^.-»,nr  \-\-AC      \-¥AoCn^ 

—  U-r?;       J  ^  J2(H-?J-  7       2(1+2)  ac     ^^^^      J: 

whence,  the  sum  of  the  first  n  terms  of  the  several 
collateral  series  above  mentioned  will  be  equal  to  s 

multiplied  into  U)— -2(7:;:^  7    (1 +8)-"— 20+7)  X 
But  after  the  decease  of  B,  the  expectations,  arising 

*  See  the  note  in  page  147.  J 
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iVoin  the  several  contingencies  on  which  tlie  sum  de- 
pends, may  be  more  correctly  expressed  for  all  the 
subsequent  years  by  means  of  the  first  Lemma  in 
Chapter  V.  For,  since  the  chance  of  receiving  the 
sum  at  the  end  of  any  one  of  those  years  defends  o^ 
A's  dying  in  the  year,  and  on  B  having  died  before 
C  in  cither  of  the  preceding  years  (the  probability  o£ 
which  latter  contingency  is,  by  the  Lemma,  denoted 
'by  f )  it  follows,  from  what  has  been  said  in  the  last 
case,  that  the  sum  of  all  the  expectations  for  those 
years,  continued  to  the  utmost  extent  of  human  life, 

will  be  equal  to  j.^  xAx^X  -(l+S)"".  Conse- 
quently  this  value,  added  to  the  sum  of  the  first  n 
terms  of  the  several  collateral  series  above  men- 
tioned, will  express  the  total  present  value  of  th6 
given  sum  in  this  case  required  ;  and  which  will  be 
found  equal  to  s  multiplied  into 

%  287.  Case  3.  Let  C  be  the  oldest  of  the  three 
lives.  In  this  case,  all  those  collateral  series  in  which 
the  life  C  is  involved  must  be  continued  to  the  utmost 
extent  of  human  life  :  but  all  those  series  in  which  the 
life  C  is  not  involved  must  be  continued  for  n  terms 
only.*     Consequently  the  quantities  IZ^^-*    ]\^^ 

*  Mr.  Morgan,  in  his  iovestigktioD  of  these  leferal  eases,  has  followed 
his  geaenl  praoiice  diektMjfiAg  th^tgmMt  m  th«  ImU  mt^  Mkd  of  imr»- 
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^J5,^i^^.^,and  |±^  t  will  respectively  become 


equal  to    L^u^)""  W+7/V(l  +  0""  J  '  UlT+l)  *"" 
TflT^  -T  (1+?)-"  JlAB—AoBo  -^  (1  +  ?)'-n-1 

I    14->i'b     a  1+A^    aj5     ,,    ,     .  I  1+^B       b 


20+  )  a6^'  '  ^>  iJ  •  "^^6"ce,  the  sum  of  the 
first  91  terms  of  the  several  collateral  series  above  men- 
tioned will  be  equal  to   s   multiplied   into    ][})  — 

'-°^'  -  -(1  +.)-"-. iT^f-  (i+s)-"  +'A-Bx 


2(14-?;     a 


ducing  another  formula  for  the  solution  thereof.  But  these  new  formulsB 
will  always  be  found  to  be  the  same  as  those  which  he  has  before  inserted, 
disguised  under  different  characters.  They  arise  from  the  different  modes 
of  summing  up  the  same  series  :  agreeably  to  what  I  have  before  remarked 
in  the  notes  in  page  186  and  210. 

In  the  notation  adopted  by  Mr.  Morgan  the  similarity  of  the  two  formula 
is  not  immediately  recognized  :  and  it  is  possible  that  be  himself  was  not 
awpreofit.  Yet  it  is  singular  that  he  should  ever  have  thought  it  neces- 
sary or  useful  to  recur  to  another  expression  for  the  value  of  the  different 
series,  when  he  had  already  obtained  a  formula  for  that  purpose,  which  (I 
presHme)  he  must  well  know  was  a  general  one.  This  remark  extends  to 
most  of  the  subsequent  problem  s  in  the  present  chapter:  and  will  show 
that,  by  such  acts  of  supererogation,  he  has  rendered  the  subject  unnecessa- 
rily tedious  and  confused.    See  the  note  to  the  first  case  ef  Prob.  XLV.    ^ 
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But  after  the  decease  of  C,  the  chance  of  receiving 
the  given  sum  at  the  end  of  any  subsequont  year  will 
depend  on  the  happening  uf  cither  of  tliree  events  : 
1®  that  ather  A  or  B  dies  in  the  year:  2*^  that  only 
A  dies  in  the  year,  B  having  died  before  C  in  either 
of  the  preceding  years  :  3®  that  only  B  dies  in  the 
year,  A  having  died  before  C  in  either  of  the  prece- 
ding years.  The  sum  of  all  the  expectations  of  receiv- 
ing the  given  sum  on  the  first  contingency,  for  evrry 
subsequent  year  to  the  utmost  extent  of  human  life, 

is  by  Prob.  XXII,  cor.  I,  equal  to  j  X    ^~j^'^    X 

";^('+p)"'";t  ^"^  ^^6  s""^  o^  ^^'  ^^^  expectations 
on  the  other  two  contingencies  is,  as  in  the  two  pre- 
ceding cases,  equal  to  *.^     X^-=^—    (1+?)""    -f 

*•"  ^  Ti+^''^^*'^^^"'"*  Consequently,  these  va- 
lues, added  to  the  sum  of  the  first  n  terms  of  the  se- 
veral collateral  series  above  mentioned,  will  express 
^be  total  present  value  of  the  given  sum  in  this  case 
required;  and  which  will  be  found  equal  to  s  mul- 
plied  into 


B 


(\-f)y  i\—  iA')a  —!;-[(«  +  A'Br)a  -  (\  -^  A'B')a  ] 

•  Mr.  Morgan  soys  {Phih  Tram,  for  1100,  page  26)  that  this  ebanc* 
depends  on  bAh  the  lives  becoming  extinct  within  the  jear  ;  which  ia 
•Tidently  crroneoat. 

*  Sec  the  ante  in  pafc  1 47. 
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COROLLORY 

^  288.  When  the  three  lives  are  equal,  or  all  of 
the  same  age  A,  the  last  three  quantities  in  the  for- 
mula denoted  by  ^  vanish  entirely  ;  and  the  general 
expression  for  this  case  will  become  equal  to  5   X 

SCHOLIUM. 

§  289.  As  the  expressions,  deduced  from  the  me- 
thod of  investigation  pursued  in  these  three  cases, 
will  be  frequently  referred  to  in  the  subsequent 
problems,  it  will  be  convenient  to  denote  them  by  a 
more  simple  character.     Let  us  therefore  make 


?<;  = 


j?  = 


y 


C^  _  «;.CJ  _  jB'j/S  +JL[fl  +  B'C)^  —  1  +  B,Co)i3] 

'2c 

(^—1>).(l'-2-A'')a  +  J~\(l+A''0')a—(\+l''C')al 

'Jc  ^   ^ 

(^  —  <o).(l  —  sB')p  —  ±_r(l+ A''B,)I3  -  (1  H-^'^/i] 


(i  -  ^).   —  M>  -- ^[  a+A''B'>)a-(\+A'B')a] 


Then  will  the  present  value  of  the  given  sum  de- 
pending on  the  contingency  medtioned  in  this  prob- 
lem   be  respectively   expsessed    by   these   several 

formulae, 

s\]B—w] 
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according  as  A,  B,  or  C  is  the  oldest  of  the  three  lives. 

PROBLEM  XL.* 

§  290.  To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A  or  B,  provided 
either  of  them  be  the  Jirst  or  iast  that  fails  of  three 
given  lives  A,  B,  C. 

SOLUTION. 

The  payment  of  the  given  sum  at  the  end  of  the 
first  year  will  depend  on  the  happening  of  either  of 
8ix  different  events:  1®  that  all  the  lives  fail  in  the 
year :  2®  that  A  and  B  fail  in  the  year,  and  that 
C  lives  to  the  end  of  it:  3®  that  A  and  C  fail  in  the 
year,  A  having  died  first,  and  that  B  lives  to  the  end 
of  it :  4°  that  B  and  C  fail  in  the  year,  B  having  died 
first,  and  that  A  lives  to  the  end  of  it :  5°  that  only 
A  dies  in  the  year,  and  that  both  B  and  C  live  to  the 
end  of  it :  6°  that  only  B  dies  in  the  year,  and  that 
both  A  and  C  live  to  the  end  of  it.  The  probabilities 
of  the  happening  of  these  several  events  in  the  first 

year  are  respectively  ^-•»^>-''-°'.    "-j^"-^'', 

'labc        ' 2:^c »"~:nr- and—^^;^:  which 

being  added  together  and  multiplied  by  s  (1+?)'"' , 
will  give  the  expectation  of  receiving  the  sura  at  the 
end  of  the  first  year. 

•  Phil.  Trans,  for  1800,  Prob.  3,  pog«28. 

2  I 
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But,  in  the  second  and  following  years,  the  given 
sum  may  be  received  on  the  happening  of  either  of 
nine  different  events  :  ,viz,  in  addition  to  the  six  just 
enumerated,  7°  that  A  and  B  die  in  the  year,  C  hav- 
ing failed  in  either  of  the  preceding  years  :  S°  that 
only  A  fails  in  the  year,  and  that  B  and  C  both  fail  in 
either  of  the  preceding  years,  C  having  died  fir, st ;  9'^ 
that  only  B  fails  in  the  year,  and  that  A  and  C  both 
fail  in  either  of  the  preceding  years,  C  having  died 
first.  The  probabilities  of  the  happening  of  these 
several  events  in  the  second  year  are  respectively 

I    II    I    II    I    II  .  I   »     I    II  II  I    II     I    II II 

(a—a).(b—b).(c—c)  (n—a).(h—h)c  ,  (a     n).  fr-r)  h 

ate  *  aOc  *  'Zubc  > 

I     II      I     II  ti           I      II  II  II        I       II  II  II          I      II      I      II  t 

(b—b).(e~c)a        (a — a)b  c       (h—h)a  c       (a — a).(b—h)  .^ c  v 

iubc  *  abc      '  abc       *  ab  ^  "c  '* 

H(1-tM1-4)  and  *^'  (I-  i-).(l-j): 
which,  being  added  together  and  multiplitd  by  s 
(l-fg)~^,  will  give  the  expectation  of  receiving  the 
sum  at  the  end  of  the  second  year.  In  like  manner,  we 
may  find  the  expectation  of  receiving  the  sum  aC  the 
end  of  the  third  and  every  subsequent  year :  and,  if 
these  several  annual  expectations  be  reduced  to  their 
lowest  terms,  and  arranged  under  each  otiier,  they  will 
form  sixteen  collateral  series  ;  the  sum  of  which,  con^ 
tinned  to  the  utmost  extent  of  human  life,  would  be 
equal  to*  multiplied  into  ^^^=:^^  +  j^^  +  AB~ 

l+JB     'a  _l-^AB    b       J+iiP',   Mv^O'     _£_  l  +  iiC      , 

2(l+«).a        2(1+?; -24      2(l+f)"ra(H-^>*    a  2(1+?;     -T 
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i+B£.  i  .^-tABC  .ABC.  '    xABC,  '  _ABC,^. 
^r+7T  h  "*"    (+?>  '  2a"^      '       aT  '    c  * 

an      expression      which,      independent     of     the 

common  multiple  s,  may  be  reduced   the  formula 

^~9f A^B^■7ASC)—AC—B0  .    ^  p        I        (  AB-AC)  a 

umT)  +^^—21  L  "TrfT) 

ylBC.a   I  —  -I    (AB-BC)b    ABC.b]  _ABC.l  . 

'J  2aL        (1+2)  '        'J  '    2«  ' 

and  which,  for  the  sake  of  a  more  convenient  re- 
ference 1  shall  denote  by  JE, 

§  291.  Case  1.  Let  A  be  the  oldest  of  the  three 
lives.  In  this  case,  the  sum  of  the  first  ft  terms  of  the 
several  collateral  series  above  mentioned  will,  by 
pursuing  the  same  steps  as  in  the  first  case  of  the  pre- 
ceding problem,  be  equal  to  JS— ^=^--|-(I -f  ?)~'* 

XA-B'O^Pr,  1  I  c^— »_  ^±A^  •  M 1  -f  '"     .  After 

"r-A»+i;  ^^  "^^  2(1+?)  '>c  ' 

the  decease  of  A,  however,  the  expectations  arising 
from  these  contingencies  may  be  more  correctly  ex- 
pressed for  all  the  subsequent  years  by  means  of  the 
second  Lemma  in  the  fiftii  chapter:  for,  since  the 
chance  of  reeiving  the  sum  at  the  end  of  any  one  of 
those  years  depends  on  B's  dying  in  the  year  and  on 
A  having  died  after  C  in  either  of  the  preceding  years 
(the  probability  of  which  latter  contingency  is,  by  the 
Lemma,  denoted  by  — *),  we  shall  find  that  the 
sum  of  the  expectations  for  those  years,  continued  to 
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the  utmost  extent  of  human  life,  will  be  equal  to 

•*.(1— «-)X^=^'.4-('  +^)"""-  Consequently  this 
value,  added  to  the  sum  of  the  first  n  terms  of  the 
several  collateral  series  above  mentioned,  will  make 
the  total  present  value  of  the  given  sum  to  be  equal 
toj[JE+w]. 


§  292.  Case  2.  Let  B  be  the  oldest  of  the  three 
lives.  In  this  case,  the  sum  of  the  first  n  terms  of 
the  several  collateral  series  above  mentioned  will,  by- 
pursuing  the  same  steps  as  in  the  second  case  to  the 

preceding  problem,  be  now  equal  to  JE — ^Tj^n  X 

After  the  decease  of  B,  however,  the  expectation 
arising  from  these  contingencies  may  be  more 
correctly  expressed  for  all  the  subsequent  years  by 
means  of  the  Lemma  above  mentioned :  for,  since 
the  chance  of  receiving  the  sum  at  the  end  of  any  one 
of  those  years  depends  on  A's  dying  in  the  year,  and 
on  B  having  died  after  C  in  either  of  the  preceding 
years,  (the  probability  of  which  is,  by  the  Lemma,  de- 
noted by  1 — (f)  we  shall  find  that  the  sum  of  the  ex- 
pectations for  tho^e  years  continued  to  the  utmost 
extent  of  human  life,  will  be  equal  to  ^.(1 — ^)x 

Vi4-^)'"^(^  +8)""'**      Consequently,  this  value  added 
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to  the  sum  of  the  first  n  terms  as  above  found,  will 
express  the  total  present  value  of  the  given  sum  Iq 
this  cose  required.  Whence,  such  present  value 
will  be  equal  to  s  [JE+J*]- 

§  293.  Case  3.  Let  C  be  the  oldest  of  the  three 
lives.  In  this  case,  the  sum  of  the  first  n  terms 
of  the  several  collateral  series  above  mentioned, 
will  (agreeably  to  the  method  pursued  in  the  third 
case  to  the  preceding  problem)  be  equal   to  J5J  — 

^,  X -fd +8)-" -i^,- ^« +«)— >B-.-^^ 

But,  after  the  decease  of  C,  the  expectations  arising 
from  these  contingencies  may  be  more  correctly  ex- 
pressed for  all  the  subsequent  years  by  means  of  the 
Lemma  above  mentioiied  :  for,  the  chance  of  re- 
ceiving the  sum  at  the  end  of  any  one  of  those  years 
will  depend  on  the  happening  of  either  of  three 
events  :  1®  that  A  and  B  both  fail  in  the  year:  2^ 
that  A  fails  in  the  year,  B  having  died  after  C  in 
either  of  the  preceding  years  :  3®  that  B  fails  in  the 
year,  A  having  died  after  C  in  either  of  the  preceding 
years.  The  probabilities  of  the  happening  of  these 
three  events  in  the  (w+1)"  year,  are  respectively 

^-  °'i''-^'.^(l-»-^)'and  g^l-.-^)* : 
which  being  added  together    and    multiplied    by 

*  8te  thf  8«koli«n  in  page  131. 
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(l4-g)"~<^"+^>'  will  give  the  expectation  of  receiving 
the  sum  at  the  end  of  the  (w+l)^^   year. 

In  like  manner,  the  probabilities  of  the  happening 
of  these  events  in  the  (w+2)nd  year  are  resprctively 

J,=^>^.  ^Xl-4-4-)    and    M1—-I); 

which  being  added  together  and  multiplied  b  y 
(l4-2)—rn+2>)  will  give  the  expectation  of  receiving 
the  sum  at  the  end  of  the  («+2)  "**  year.  By  the 
same  method  of  reasoning  we  may  find  the  expec- 
tation of  receiving  the  sum  at  the  end  of  the  (w  +  3)rd 
year  :  and  so  on  to  the  utmost  extent  of  human  life  ; 
the  sum  of  all  which  annual  expectations,  when 
reduced  to  their  lowest  terms,  will  be  found  equal  to 

^multiplied  into  (I—^)Xj^''-^(H-j)-n+ (!—«-)  X 

(1  +?)— "  :  which,  being  added  to  the  sum  of  the  first 
11  terms  of  the  several  collateral  series  above  men- 
tioned, will  express  the  total  present  value  of  the 
given  sum  in  this  case  required.  Whence,  such  pre- 
sent value  will  be  equal  to  [E-^y+^l- 


COROLLORY. 

§  294.     When    all   the   lives   are   equal,    or    of 
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the  same  age  A,  the  last  three  quantities  in  the 
furmula  denoted  by  JE  vanish  entirely ;  and  the 
general  expression  for  this  case  will  become  s  X 

SCHOLIUM. 

§  295.  Since  it  appears  that  the  present  value  of 
the  given  sum,  payable  on  the  contingency  mentioned 
in  this  problem,  added  to  the  present  value  of  the 
same  sum,  payable  on  the  contingency  mentioned  in 
the  preceding  problem,  are  together  equal  to  f  X 
t^HA-^B)  it  follows  that,  the  value  o(  one  of  them 
being  determined,  the  other  may  be  easily  obtained 
by  subtracting  such  value  from  ihe  general  expression 
here  given  :  j)rovided  the  ages  of  the  lives  are  the 
same  in  both  instances. 

PROBLEM  XLI.» 

§  290.  To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A,  provided  he  be 
the  stcoiid  that  dies  of  three  given  lives  A,  B,  C, 
and  provided  C  dies  before  B.t 

•  Siinpton'f  Sup.  Prob.  38,  and  Prob.  4,  in  pnge  74.  Dodson,  vol.  iii. 
Q.icii.  42  to  47.  Morsrnii,  Prob.  18 ;  nnd  in  Pliil.  Trans,  for  1789, 
P«ge41. 

t  Thn:  is,  provided  C  dies  first,  and  A  second  of  the  three  lives  ;  or, 
proTidcd  C  be  then  dead  and  B  living  :  but  I  have  thought  it  best,  for  the 
■Jte  ol  anirormit  J,  to  preaerre  the  mode  of  expreuion  adopted  ia  the  text. 
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SOLUTION. 

The  chance  of  receiving  the  given  sum  at  the  end 
of  the  first  year  will  depend  on  the  happening  of 
either  of  two  events  :  1°  that  all  the  lives  fail  in  that 
year,  C  having  died  first  and  A  next  :  2°  that  A  and 
C  both  fail  in  that  year  A  having  died  last,  and  that 
B  lives  to  the  end  of  it.  The  probabilities  of  the 
happening    of    these    two  events   are   respectively 

<!^^^#^',and  "-'l:!r''^  which,  being 
added  together  and  multiplied  by  s{\  +8)"^  will 
give  the  expectation  of  receiving  the  sum  at  the  end 
of  the  first  year. 

But  the  chance  of  receiving  the  given  sum  at  the 
end  of  the  second  and  following  years  will  depend 
on  the  happening  of  either  of  four  different  events  : 
1°  that  all  the  lives  fail  in  the  year,  C  having  died  first 
and  A  next :  2"^  that  A  and  C  both  fail  in  the  year, 
A  having  died  last,  and  that  B  lives  to  the  end  of  it: 
3°  that  both  A  and  B  fail  in  the  year,  A  having  died 
first,  and  that  C  dies  in  either  of  the  preceding  years: 
4*^  that  only  A  dies  in  the  year,  B  living  to  the  end 
of  it,  and  C  having  died  in  either  of  the  preceding 
years.  The  probabilities  of  the  happening  of  these 
several  events  in  the  second  year  are  respectively 

(a-n).(b-b),(c-r.)(a-a).(c^c)b^  (a^a)  (b^b)^l cj^  and 

iiubc  ,i.abc  2ab  c 

(a-a)a(^l — ^) ;    which  being  added   together  and 


\ 
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multiplied  by  j(l-fO~"»  will  give  the  expectation  of 
receiving  the  sum  at  tlie  end  of  the  second  year.  In 
like  manner  we  may  find  the  expectation  of  receiving 
the  sun!  at  the  end  of  the  third  and  every  subsequent 
year»  to  the  utmost  extent  of  human  life  ;  the  sum 
of  nil  which  yearl-y  values  will  be  the  total  present 
value  of  the  given  sum  to  be  received  on  the  above 
contingency. 

These  several  yearly  expectations  being  reduced 
to  their  least  terms,  and  arranged  under  each  other, 
will  form  twelve  collateral  series :  the  sum  of  all 
which,  or  the  present  value  required,  will  be  found 
equal  to, [yl^_^«<^J* 


•  This  problem  is  one  of  Frequent  oocurence;  and  is  ibe  first  of  that 
•erics  of  problenis,  inserted  by  Mr.  Morq:an  in  the  Fhi'oa':phical  Tran- 
mctiont,  for  determining  the  value  of  eontin^eut  reversions  ^wiierc  three 
lires  are  involred  in  the  survivorship,  Mr.  Morgan  has,  in  liia  usoul 
manner,  given  two  formula  for  the  solution  of  the  problem  ;  leading  us 
thereby  to  imagine  that  the  value  of  the  given  sum  depends  on  the 
ttniorttjf  of  the  lives  concerned.  Tliis  however  is  not  the  fact :  for,  the 
theorem  which  I  liave  given  io  the  text  is  a  general  one  ;  and  will  ap^  ly  to 
either  case. 

As  it  may  be  satisfactory  to  the  reader  to  see  the  dilTorentV results  which 
are  obtained  from  the  present  investigation  and  frum  that  puriiucd  by  Mr. 
Morgao,  I  shall  here  snbjwin  hia  formula.  But  since  the  same  livea  are 
DOC  ioTolved  io  the  lame  centinjencies,  I  shull  ^m  urd/r  lo  prewnt  any 
■iaanderstandin;;  on  this  8til>jtct)  prefix  hid  o«vn  stotcmcnt  of  tlia 
problem. 

•*To  determine  tnc  value  of  a  given  sum  payable  on  the  conimgcncy  of 
Cs  surviving  R,  provided  the  life  of  A  shall  bs  then  extinct. 

**  When  either  B  or  C  is  tlie  ekleet  of  the  three  Uvea,  the  value  of  the 

2  K 
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COnOLLORT. 

S  297.  When  the  lives  are  all  equal,  or  of  the 
same  age  A,  this  expression  (agreeably  to  what  has 
been  said  in  the  corollary  to  Prob.  XXX)  will  become 
equal  to  s  X  IriiM^l^didi ;  that  is,  equal  to  one 

given  sura  will  be  =:  S  into  ^.^  x    |""^^^^  ~^^^}  — (BK    ABK;!   + 
-yx  CFC-AFC;-*^^x(BC  -ABC)-.£rX('PC  ^APC)+~:X 

[(BT-ABT)-^^^^^!^!^^].. 

"  When  A  is  the  oldest  of  the  three  lives,  the  value  will  be  =5  S  into 
K          r-aCHK-HRKJ       AK-ABK-;           a 
^-■^X     L-^ a -+ ^— J-uT-xCHC-HBO- 
-57-  ^    rAC~ABC)+jr^^X  (NC-^  KBC)+.-;;;.X     |_ + 

■  J     :"  where  S  denotes  the  same  as  jgC7  in   tiie   notation 

used  in  the  present  treatisCj  &ud  the  other  characters  the  same  as  already 
explained  in  the  notes  in  page  215  and  221. 

These  formulss  are  token  from  the  last  edition  of  Dr.  Price's  Obs.  on 
Rev.  Pay.  vol.  1,  page  Si)2  :  the  gross  and  careless  errors  therein  being  first 
corrected.  It  is  hardly  necessary  to  remark  (after  the  repeated  observations 
that  I  have  made  of  a  similar  kind)  that  all  those  expressions  in  the  second 
formula,  and  some  of  those  in  the  first,  wliich  involve  ^wo  juint  lives  arc 
totally  useless  :  since  they  might  be  made  to  vanish,  in  the  manner  ]ioiiited 
out  in  .1  page  216.  They  consequently  now  only  tend  to  make  the 
aritmelical  solution  unnecessarily  tedious  and  confused  :  and  the  read,  r 
perhaps  maj  be  surprised  to  learn  that  these  two  formula  are  precisely  tht 
tamo,  disguitcd  under  diffetent  symbols  1 ! ! 
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sixth  of  the  present  value  of  the  given  sum  payable 
on  the  extinction  of  any  two  out  of  the  three  given 
lives. 


PROBLEM   XLII.« 

^  298.  To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A  ;  provided  he  be  the 
last  that  dies  of  three  given  lives  A,  B,  C,  and  pro- 
vided C  dies  before  B.| 

SOLUTION. 

The  given  sum  cannot  be  received  at  the  end  of  the 
first  year  unless  all  the  three  lives  fail  in  that  year, 
and  in  the  order  above  mentioned  ;  the  probability  of 

which  is  Q^  '  ''~^l  which  being  multipled  by 

jCl-f-S)"*' ,  will  give  the  expectation  of  receiving  the 
sum  at  the  end  of  the  first  year. 

But  in  the  second  and  following  years,  the  given 
sum  may  be  received  on  the  happening  of  either  of 
three  different  events  :  l*^  that  all  the  lives  fail  in  the 
year,  in  the  order  above  mentioned  :  2°  that  A  and  B 
both  fail  in  the  year,  A  having  died  last,  and  C  having 
failed  in  either  of  the  preceding  years  :  3°  that  only 

•  Morgan,  Prob.  29  ;  and  m  Phil*  Tran*.  for  1794,  Prob  0,  pa|«  3M. 
t  That  ia,  provided  C  diaa  first,  B  nrtt  and  A  laM. 


276        ON  CONTINGENT  ASSURANCES.       Qh.   8* 

A  dies  in  the  year,  and  that  both  B  and  C  fail  in 
either  vf  the  precedins,  years ^  C  having  diedjirsi.  The 
probabilities  of  the  happening  uf  these  several  events 


in  the  second  year,  are  respectively 


(a—a).(b-h).(c-c) 
Cube  * 


t  §t  I  II  9  I  II  I  I 

(a-a).(b-b)     ..  '^njW-O/^  '^\/i  c. 

which,  being  added  together  and  multiplied  by  * 
(!+<?)''',  will  give  the  expectation  of  receiving  the 
sum  at  the  end  of  the  second  year.  In  like  manner 
we  may  find  the  expectation  of  receiving  the  sum  at 
the  end  of  the  third  and  every  subsequent  year  during 
the  continuance  of  the  oldest  of  the  given  lives  :  and, 
if  these  several  annual  expectations  be  reduced  to 
their  lowest  terms  and  arranged  under  each  other, 
they  will  form  fourteen  collateral  series  ;  the  first  n 
terms  of  which  will  vary  according  to  the  seniority  of 
the  lives  concerned. 

§  299.  Case  \.  Let  A  be  the  oldest  of  the  three 
lives.  In  this  case  the  several  series  here  alluded  to 
must  be  continued  to  the  utmost  extent  of  human  life; 
because  the  life  A  is  involved  in  each  collateral  series. 
Therefore  the  value  of  such  series  will  be  equal  to  s 

multiplied  into  ^^^+^    ~  ^^4-^;+ 


a  1—qABC  __  l-^ABC     a^    4.   ABC. 


1-^AC 

l-^ABC     i^ijr^r^    J_ J+ABC     e       ABC/' 
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expression  which,  independent  of  ihe  common  mulli- 

pie  *,  may  be  reduced  to  — ^ ZCC^y ^^^T   + 

jS 9(A-^0-^BV)^  —(3AB  —  ABOa    [4-       ^       X 

\n^Ahc)2b ^  A ]ic.b\ —  I n±AB£)l,  jtRroA 

I       ll+?>  '         'J  Cc    [     (!+,;      +^^^201. 

and  which  I  shall  denote  by  jp.  Therefore  when 
A  is  the  oldest  of  thi^  three  lives,  the  present  value 
of  the  given  sum  will  be  represented  by  *  X  1^- 

^  300.  Case  2.  Let  B  be  the  oldest  of  the  three^ 
lives.  In  this  case  the  sum  of  the  first  ;/  terms  of 
the  several  collateral  serieS^Sbiive  mentioned  will  be 

found  equal  to  F-^-=^- 1;  (I  +8)-  +  J±d^X 

2(l+8)-"-l^."i(l+j)-».       But,    after  U.e 

extinction  of  the  life  of  B,  the  sum  of  the  expectations 
for  all  the  subsequent  years  may  be  more  correctly 
expressed  as  in  the  second  case  of  Prob.  XL,  by 

'•(I-*)  Xttt^'^(> +?)""•  Therefore  if  this 
value  be  added  to  the  sum  of  the  first  n  terms  of 
the  several  series  just  found,  it  will  make  the  total 
present  value^of  the  given  sum,  when  B  is  the  oldest 
of  the  three  lives,  equal  to  *[!?'+  .i]. 

5  30K     Case  3.     Let  C  be  the  oldest  of  the  three 
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ch.  e: 


lives.  In  this  case  the  sum  of  the  first  n  terms  of  the 
several  collateral  series  above  alluded  to  will  be  found 

equal  to  F-  l-^,.^( I  +,)-"-  A-B'.^H+.y 

4-  A'B'  _!_(! +?)■'"•     But,  after  the  extinction  of 

the  life.of  C,  the  chance  of  receiving  the  given  sum 
at  the  end  of  any  one  year  will  depend  on  the  happen- 
ing of  two  events  only:  1°  that  A  and  B  both  fail  in 
the  year,  A  having  died  last:  2°  that  only  A  fails 
in  the  year,  B  having  died  after  C  in  either  of  the 
preceding  years  :  the  probabilities  of  the  happening 
of  these  events  in  the  (;24-l)''  year  are  respectively 

("-'']•''' -^^^  and  ^'(^— ^"".-^^'hich  being  mul- 

tiplied  by  (l+pVn+i  will  give  the  expectation  of 
receiving  the  sum  at  the  end  of  the  (/H-1)^'  year.  In 
like  manner  we  might  proceed  to  find  the  expecta' 
tions  of  receiving  the  given  sum  for  every  subsequent 
year  to  the  utmost  extent  of  human  life :  and  the 
sum  of  all  those  expectations  will  be  found  equal  to^ 


multipl,edintoa-^)xl^.^(l-,)-«-^^"X 
(1+ )-«— ^^i?'._l_  (1+ )-n.       Consequently  this 

2ab 

value,  added  to  the  sum  of  the  first  n  terms  of  tjie 
several  collateral  series  above  mentioned, will  express 
the  total  present  value  of  the  given  sum,  in  this  case 
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required.      Whence,   such   present    value   will    be 
equal  to  s[]F  +  z].* 

COROLLARY. 

§  302.  When  the  three  lives  are  equal,  or  all 
of  ihe  same  age  A,  the  last  three  qtmntities  in 
ihe  formulae  denoted  by  JP  vanish  allogethcr,  and 
thvi  general  expression  in  this  case  will  become  *  X 

present  value  of  the  givefl  sum,  payable  on  the  ex- 
tinction of  the  longest  of  the  three  lives. 


PROBLEM   XLlIl.t 

^  303.  To  determine  the  present  value  of  a  giv^n 
sum  payable  on  the  decease  of  A,  provided  he  be  the 
first  or  second  that  fails  of  three  given  lives  A,  B,  C  ; 
and  provided  C,  in  the  latter  case,  dies  before  B. 

*  &lr.  Morgan  lias  dixided  iliis  problem  (I  know  not  for  t\hit  reason) 
into  lour  distinct  ca*8  :  and  in  li^i  invcstigutions  of  iliesc  cnscs  lie  lias 
fallen  into  the  rame  errors  nnd  ahsurditics  tl.ut  I  liiive  so  frtqiiently  noticed 
in  ike  preceding  )>agcr.  But  as  it  is  not  luy  wish  to  swell  tlr.-  present  work 
villi  those  dirguntiiig  repciitiuns  ;  and  as  tliu  remarks,  which  I  have  already 
n>«d«.*.  npi'ly  with  nearly  equal  propriety  to  all  Mr.  Morgan's  problem?,  1 
•hnl!  not  here  ester  more  into  detail.  It  may  howQver  be  useful  perba|'t 
for  Mr.  Morgan  to  know  that  it  is  impossible  that  L  for  the  Talue  of  an 
annuity  on  the  longest  of  ihe  three  lives)  can  properly  arise  in  any  of  hie 
problems,  unless  those  lives  are  equal. 

t  Phil.  Traoi.  for  1800^  Preb.  4.  PH*  9*. 
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SOLUTION. 

The  payment  of  the  sum  at  the  end  of  the  first 
year  will  depend  on  the  happening  of  either  of  four 
different  events:  I"  that  all  the  lives  fail  in  the 
year,  A  having  died  first,  or  C  having  died  first  and 
A  second  :  2°  that  A  and  B  fail  in  the  year,  A 
having  died  first,  and  that  C  lives  to  the  end  of  it ; 
3°  that  A  and  C  die  in  the  year,  and  that  .15  lives  t6 
the  end  of  it :  4^*  that  only  A  dies  in  the  year,  and 
that  B  and  C  both  live  to  the  end  of  it.  The  pro- 
babilities of  the  happening  of  ihese  several  events  are 
./  /         /  /         //        '/        // 

respectively  (n-a).(b-h)  (c~c)^   (a-  a).(h-  h  )c^  (a-  n).(c~  c)b 
2,abo  'Zabc  abc  * 

and  r^-°>^^:  which,  being  added  together  and  mul- 

ubo 

tiplied  by  5(1+?)— ^  will  give  the   expectation    of 
receiving  the  sum  at  the  end  of  the  first  year. 

But  in  the  second  and  following  years,  the  given 
sum  may  be  received  on  the  happening  of  either  of 
six  different  events ;  viz.  in  addition  to  the  four 
already  enumerated,  5*^  that  A  and  B  fail  in  the 
year,  A  having  died  first,  and  that  C  dies  in  either  of 
the  preceding  years:  6®  that  only  A  dies  in  the  year, 
B  living  to  the  tnd  of  it,  and  C  having  died  in  either 
of  the  preceding  years.  The  probabilities  of  the  hap- 
pening  of  these  six  different  events  in  the  second 

year  are  respectively    (n~>')'(i>-'>)-('--i')   (a-n)(h-h)c 


//  //  /       //  //  //  


(a~u).  (r—c)h^     (a—a)b  e        (a-^).(b~b)     ,,         Cx  , 

^c S2;r~'         Q^b  CA— ^;»      ana 
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1    M 


(1 — — ):  which  being  added  together,  and  mul- 
tiplied byj(-f-0~^»  ^''^  &'ve  the  expectation  of  receiv- 
ing the  sum  at  the  end  of  the  second  year.  And  so  for 
every  subsequent  year  to  the  utmost  extent  of  hiim^n 
life  :  the  sum  of  all  which  values  will  be  the  total  pre- 
sent value  of  the  sum  required:  aud  which  will  he 
found  equal  to  sX  A  ,  or  to  the  present  value  of  the 
given  sum  payable  on  the  decease  of  A  provided  he  be 
the  first  that  dies  of  the  two  lives  A.  B ;  as  found  by 
Prob.  XXVll.  The  truth  of  which  is  evident:  for, 
the  payment  of  the  given  sum  can  be  prevented  only 
by  the  event  of  B  dying  before  A.* 

PROBLLEM  XLIV.t 

§  304.  To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A,  provided  he  be 
the  second  or  third  that  fails  of  three  given  lives  A, 
B,  C;  and  provided  C  dies  before  B. 

SOLUTION. 

The  given  sum  may  be  received  at  the  end  of  the 
first  year,  on  the  happening  of  either  of  two  events  : 
1^  that  all  the  lives  become  extinct  in  that  year,  C 

*  It  m«7  b«  her«  aaeful  to  remark  that  the  preaent  ralue  fonnd  bj  tbw 
prublea  ia  equal  to  the  sum  of  tUc  two  raluea  found  bj  Prob.  XXiX  and 
XLI :  and  their  agreement  in  thii  particular  confirma  the  accuracy  of  (b« 
faiTeptigation. 

t  Pbn.  Tnn>.  for  1800,  Prob.  5.  pagr  M. 

2  J. 
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having  died  first :  2°  that  A  and  C  both  fail  in  that 
year,  C  having  died  first,  and  that  B  lives  to  the  end  of 
it.    The  probabilities  of  the  happening  of  these  events 
III  III 

are   respectively^ 9abc    '   ^^^    2^ 

which,  being  added  together  and  multiplied  by  s 

(4■^)"~^  will  give  the  expectation  of  receiving  the 
sum  at  the  end  of  the  first  year. 

But  in  the  second  and  following  years  the  given 
sum  may  be  received  on  the  happening  of  either  of  five 
different  events  :  1°  that  all  the  lives  fail  in  the  year, 
C  having  died  first :  2*^  that  A  and  C  both  fail  in  the 
year,  C  having  died  first,  and  that  B  lives  to  the  end 
of  it :  3*^  that  A  and  B  both  die  in  the  year,  C  having 
died  in  either  of  the  preceding  years  :  4°  that  only 
A  dies  in  the  year,  B  living  to  the  end  of  it,  and 
C  having  died  in  either  of  the  preceding  yeas '  5° 
that  only  A  fails  in  the  year,  and  that  B  and  C  both 
fail  in  in  either  of  the  preceding  years,  C  having  died 
first.  The  probabilities  of  the  happening  of  these 
several  events  in  the  second  year  are  respectively 

.1   »i     '    'I   ,1    II        I    II    I   II  II      I   II     I  II  I 

(a — a) .  (b—b) .  (c — e)       (a-a).(c — c)b      (a—a).(b—h)      ..         c^ 

^(l-i),  and  ^I_f-).(l_k):  which,  being 

added  together  and  multiplied  by  *(!  +2)""^,  will 
give  the  expectation  of  receiving  (he  sum  at  the  end 
of  the  second  year.  In  like  manner  we  may  find 
the  expectation  of  receiving  the  sum  at  the  end  of 


Pr.  U, 
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the  third  and  every  succeeding  year :  and  if  these 
several  annual  expectations  be  reduced  to  their 
lowest  terms  and  arranged  nnder  each  other,  they 
will  form  fourteen  colhteral  series;  the  sum  of  the 
first  n  terms  of  which  will  vary  according  to  the 
seniority  of  the  lives  concerned, 

§  305.  Case  I.  Let  A  be  the  oldest  of  the  three 
lives.  In  this  case,  the  terms  of  the  several  series  here 
alluded  to  must  be  continued  to  the  utmost  extent  of 
human  life,  because  the  life  of  A  is  involved  in  each 
collateral  series  :  therefore  the  sum  of  it  will  be  equal 

to  s  multiplied  intO'^^^^+:^,^^^    ^^^^^  .-.„  __ 

,  1+iC.  « J^fABC       l  +  ABC  a_ ^QQ    '         14-W 

r+^?C-      W-W^-'r     ~^^C/-   :    an    ex- 

pression     which,     independent    of     the    common 
multiple  s,   may    be    reduced,    as    in   the   former 

cases     to    ^-^  ( sa-ab  c ) +3a  b  ^3  a  c       1 
cases,    10  6(1  +g)  +&r^ 

(•77         '~      ,        'J'*'  «^>u      ^^-^i) 

^ABC.lJ]-^[_il±j£^+ABC.c']:    and 

'which  I  shall  denote  by  Q.  Therefore,  when  A  is 
the  oldest  life,  the  required  value  will  be  rejyesented 
by  J  X  G. 
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§  366.  Case  2.  Let  B  be  the  oldest  of  the  three 
lives.  In  t^jis  case  the  first  n  terms  of  the  several 
collateral  series  above  mentioned  will  be  equal  to 

"^(+§)     •     But  after  the  decease  of  B  the  expecta- 

tions  for  all  the  subsequent  years  may  be  more  ^r- 
rectly  expressed  by  means  of  the  first  Lemma  in 
the  fifth  Chapter :  for,  since  the  chance  of  receiving 
the  sum  at  the  end  of  any  one  of  those  years  depends 
on  A's  failing  in  the  year,  C  having  died  before  B 
in  either  of  the  preceding  years  (the  probability  of 
which  is,  by  the  Lemma  denoted  by  1-^^)  we  shall 
find  that  the  sum  of  the  expectations  for  those  years 
continued  to  the  utmost  extent  of  human  life,  will 

be  equal  to  s,{l — ^JX-J^^  ■^(rf  g)"~".  Consequently 
this  value  added  to  the  sum  of  the  first  w  terms  of 
the  series  above  found,  will  express  the  total  present 
value  of  the  given  sum  in  this  case  required :  and 

which  will  found  equal  to  ^r^  +  .i'l* 

§  307.  Case  3.  Let  C  be  the  oldest  of  the  three 
lives.  In  this  case  the  first  n  terms  of  the  several 
collateral  series  above  mentioned  willbe  equal  to 

^  9^i+!)  aCl+^^  —2(1+^;  "^^^-rsJ  + 
'g^+g;  *<5^^"^0~'*'    But*   *^tcr  the  decease  of  C, 
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the  chance  of  receiving  the  given  sura  at  the  end  of 
any  subsequent  year  will  depend  solely  on  the  death 
of  A,  C  having  died  before  B  in  either  of  the  pre- 
ceding years  ;  whence,  the  sum  of  the  expectations 
for  all  the  subsequent  years  will,  as  in  the  preceding 

case,   be  denoted  by  s  (1 — 0)  X  (^:JJ  *T(  1  +  1 )     * 

Consequently,  this  value,  added  to  the  sum  of  the 
first  n  terms  of  the  series  above  found,  will  represent 
the  total  present  value  of  the  given  sum  in  this 
case  required  :    and  which  will  be  found  equal  to 

COROLLARY. 

§  308.  When  the  three  lives  are  equal,  or  all  of 
the  same  age  A,  the  last  three  quantities  in  the  for- 
mula denoted  by  G-  destroy  each  other,  and  the 
general   expression  will  in  this  case  become  s    X 

PROBLEM  XLV.t 

^  309.     To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A,  provided  he  be  the 
Jirsi  or  last  that  fails  of  three  given  lives  A,  B,  C ; 
and  provided  C,  in  the  latter  case  dies  before  B. 

*  It  maj  be  here  oseful  to  remark   that  tlie   present  Taluc  found  by  thii 
problem  is  eijoal  to  the  aum  of  the  two  ruluea  found  by   Prob.   XLI   cod 
XLII :    tod  their  agrecmtnt  in  this  particular  ii  a  pi  oof  of  the  accuracy  cf 
Um  inTestigation. 

t  Phil.  Trano.  for  1800,  Prob.  0,  page  37 
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SOLUTION. 

The  given  sum  may  be  received  at  the  end  of  the 

first  year  on  the  happening  of  either  of  four  different 

events :  1"  that  all  the  lives  fail  in  that  year,  A  having 

died  first,  or  C  having  died  first,   B  second,  and  A 

last :  2*^  that  A  and  B  fail  in  that  year,  A  having  died 

first,  and  that  C  lives  to  the  end  of  it :    3^^  that  A 

and  C  fail  in  that  year,  A  having  died  first,  and  that 

B  lives  to  the  end  of  it :   4°  that  only  A  dies  in  that 

year,  and  that  B  and  C  both  live  to  the  end  of  it.    The 

probabilities    of    the  happening   of   these    several 

/         /        /  III 

events  are  respectively^^— ^i-''^-'— ''^■(^— g\     {a~a).ih—h)c 

2abc  2ubc  t 

.(a^n).(c—c)h^     and     (a-n)br>.     which  being  added  to. 

2abc  ubc 

^'^kher  and  multiplied  by  s{  1  4-  i>  )~^  will  give  the 
expectation  of  receiving  the  sum  at  the  end  of  the 
first  year. 

But,  in  the  second  and  following  years  the  given 
sum  may  be  received  on  the:  happeniug  of  either  of 
six  different  events  :  1°  that  all  the  lives  fail  in  the 
year,  A  having  died  first,  or  C  having  died  first  B 
second,  and  A  last :  2®  that  A  and  B  fail  in  the  year, 
A  having  died  first,  and  that  C  lives  to  the  end  of 
it :  3°  that  A  and  C  fail  in  the  year,  A  having  died 
firsti  and  that  B  lives  to  the  end  of  it :  4°  that  only 
A  dies  in  the  year,  and  that  B  ^rtd  C  both  live : 
50  that  A  and  B  both  fail  in  the  year,  A  having  died 
last,  and  C  having  failed  in  either  of  the  preceding 
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years;  G®  that  only  A  fails  in  the  year,  and  thatB  and 
C  both  fail  in  either  of  the  prccedin^i^  yars,  C  having 
dicdjirst:  The  probabilities  of  the  happening  of  these 
several  events  in  the  second  yesir  are  respectively 

t        M  t       It  I        II  I        U  I        u    tl  ^  *       "        ,'        "  .H  ,    *        "    t  " 

(n~^).(h-h)  (•'—c       (g— a).(6— 6(g,       (a— «yfr— fj6      (a— »i)6f, 
%uiK  *  'ialte  '•^^«         '  (ibc 

(a-a).(A--A)     ,,        r  ,    and  a-a    (\        6n      X      (\ '^^l 

which,  betnj  added  together  and  multiplied  by 
*(  1  +  ?)~^»  will  give  the  expectation  of  receiving 
the  sum  at  the  end  of  the  second  year.  In  like  man- 
ner we  may  find  the  expectation  of  receiving  the  sura 
at  the  end  of  the  third  and  every  subsequent  year 
during  the  continuance  of  the  oldest  of  the  given  lives : 
and  if  these  several  annual  expectations  be  reduced 
to  their  lowest  terms,  and  arranged  under  each  other, 
tiiey  will  form  twelve  collateral  series ;  the  first  n 
terms  of  which  will  vary  according  to  the  seniority 
of  the  lives  concerned. 

§  310.     Case  1.     Let  A  be  the  oldest  of  the  three 
lives      In  this  case,  the  several  collateral  series  here 
mentioned  must  be  continued  to  the  utmost  extent  of 
human  life,  because  the  life  A  is  involved  in  every 
term  of  it :    therefore  the  sum  of  it  will  be  equal  to 

.s   multiplied    by    i,,^       ab  _AIK   '        x^ao    . 
i!(i+if;  "^   -t        '     aS     "2(1+77 

-iiLd£._«_.   J-    -'^•^jABc     i+JBg.  g     ABC   " 
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X-^-ABC    b  A.JtiL'.    I 

jTYXTr'T —  '  27  •  ^^  expression  which,  inde- 
pendent of  the  common  multiple  s,  may  be  reduced 

(^B_^£C)«]+li^«.i— ^BC.l;  and  which 

1  shall  denote  by  ][][.  Therefore,  when  A  is  the 
oldest  of  the  three  lives,  the  value  required  will  be 
equal  to  *  X  M* 

*  It  is  really  anus'Dg  to  observe  the  mnnner  In  which  Mr.  Morgan  has 
summed  up  the  several  series  arising  from  this  problem;  and  since  this 
manner  is  by  no  means  unusual  with  him,  and  as  it  gives  me  an  opportunity 
of  explaining  more  fully  what  I  have  already  said,  in  the  preceding  pages, 
on  his  singular  and  confused  method  of  investigating  such  casus,  I  shall  here 
ffor  the  last  timej  enter  once  more  on  the  subject. 

He    makes    the    total    value  of  the    series,    continued    to  the  utmost 

extent  of  human  life,  equal  to  S  into  ^ZLLCV  -  A  ~  ABC;   +  ji2.' 

2r  2 

_AB  >^_  wd    , J  ,  APT)_-^  Cl  +  AT  +  BT  —  ABT ) ^      ^ 

2r  +    26tT    ^  ^  2er  '  26c        ^ 

AFK+— ^    CAF+FC  — AFC;:    See  Phil-   Trant  for  180O.  page 

37.      Now,    this  is  certainly  the  correct  talue  of  the  series ;     but,   it 

is  necessary  to  remark   that  ■    '     ■  is  equal  tc         C  1  +  B  T  ^  ;     and , 

as  these  two  quantities  are  used  wijh  contrary  eigns,  it  is  evident 
that  they   ought     not     to     have    been    introduced    into    the     equation. 

r — 1 

Consequently  the     formula    should    have    been    reduced    to     — — — x 

/V-A^Attni^- AC  AB  «nl,fl4-APTj  -jl  .  rAT-ABTJ- 
^  '2     "  zr    ^  fiber  2er^ 

&K_      AFK        £_(Ar— AFC). 
The  reader  will  observe  the*  Aie  it  the  totel  relue  ef  the  eerie?. 


^311.  Cff#e  2.  Let  B  be  the  oldest  of  the  three 
lives.  In  this  case,  the  sum  of  the  first  n  terms  of 
the  several  collateral  series  above  mentioned  will 

be  equal  to  H  -  ^>^  (1+S)-  +  i^  X 

H(l+»^"  -  'g^-^l+»)-"-   But,afterthede- 
cease  of  B,the  value  of  the  expectations  for  ail  the  sub- 


eontinucd  to  the  ntmoet  extent  of  human  life  ;  and  tK^rcforc  that  it  will 
truly  denote  the  ralue  of  the  giron  sum  vken  A  i>  the  oidett  of  the  thr§9 
live*.  Mr.  Morgan,  howcrer,  when  he  comes  to  consider  that  case,  aays 
that  the  ijmboli  muH  be  changed;  and  he  then  makes   the  gircn  sam 

equal  to  8  [nto^rV-A-ABCH— --^— ^^^  +  ^^^^- 

_1_(AT  — ABT)   +-i-(l  +  NC  +  NB-NBC)  — ^  (1+NBT). 
Her  liar  2acr  ' 

Now,  a  movent's  attention  to  this  formula  will  show  us  that  it  does  not  ia 
realiiv  differ  from  tlic  preceding  one  :  for 

•ibcr  '    ^  ^  2u 

^AF-JLAFK)  rz  ^CNB_NBC>  . 

^:^=-^n+NBTJ; 
*ib  'lacr  ' 

whence,  tbete  vaiuea  may  be  safely  substituted   for  each  other,  since  they 

by   no  means  denote    different   quantities,    but    arise  merely   from    the 

different  methods  of  summing  up  the  «orne  series,  agreaably  to  what  I  have 

lefore  remarked.    Hot,  as  the    first  formula  had  been  already  deduced  by 

him,  and  was  stated  at  length,   it  certainly  did  not   become  naeeasary  to 

tQofuse  tike  subject  by  introducing  a  second. 

The      laoit     remarkable     circumstcoee,      however,      sttending      thi« 

S  u 
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sequent  years  may  be  more  correctly  expressed,  as  in 

the  second  case  to  Prob.  XL,  hys  (1 — <f)  ^7^,,  '-^ 

(I  4-0'""  ■  and  which  being  added  to  the  sum  of  the 
first  n  terms  found  as  above,  will  make  the  total 
present  value  of  the  givien  sum,  when  B  is  the  oldest 
of  the  three  lives,  equal  to  s  [Jf][  -f-  j*]. 


ioTcstifation,  is  thai  (after  discarding  the  two  useless  quantities  ^'^^ »_ 

2fj         '2er 

(I+BT)  from  this  8e|0ond  formula^    he  should  insert  in  their  stead  two 

other  useless  quantities,  i^JS  and    *     fl+NC)  :    which,  being  equal  to 
2c  2ar 

each  other,  and  used  with  contrary  signSy  ought  of  course  to  have  been 
discarded  also.  Surely  Mr.  Morgan  could  not  have  been  writing  either  for 
the  convenience  or  the  information  of  mankind  ! !  ! 

I  ahall  here  undertake  the  opportunity  of  repeating  the  observation  made 
in  the  note  in  page  219  ;  that,  although  the  quantities  here  alluded  to  are 
strictly  and  mathematically  equalf  and  bring  used  with  contrary  signs 
destroy  each  other,  yet  (owing  to  the  imperfection  of  the  Tables  which 
show  the  value  of  Life  Annuities)  they  oftentimes  produce  a  real  expres- 
sion when  solved  arithmetically.     Thus_f_(l+NC) — fiAlS_(which  ex- 

ar  c 

pressed  by  the  characters  made  use  of  in  this  work,  becomes 
1+AC     a       AC.  '  \  is,  from  what  has, been  said  in  ^the  note '.in  page 

186,  equal  to  0  :  but  if  reduced  to  numbers  (taking  the  age  of  A  15  years, 
the  age  of  C  18  years,  the  rate  of  interest  4  'per  cent,  and  the  probabilities 
of  living  as  at  Northampton)  it  will  become  equal  to  13-362— 13-34  3=0 14. 
This  fact  will  sufficiently  show  how  necessary  it  is  to  discard  aW  svperjluoua 
quantities  :  and  that  Mr.  Morgan's  formulae  are,  at  best,  but  approximations. 
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^  312.  Case  3.  Let  C  be  the  oldest  of  the  three 
lives.  In  this  case,  the  first  n  terms  of  the  several 
collateral  series  above  mentioned  will  be  equal  to 

Jl'-il^-r(i+')--^-^-^(J+')-"+^-B* 

I 

-^(1  +?)-  ».  But,  after  the  decease  of  C  the  chance 
of  receiving  the  given  sum  at  the  end  of  my  subse- 
quent year  will  depend  on  the  happening  of  either 
of  two  events  :  1^  that  A  dies  after  B  in  the  year  : 
2°  that  only  A  dies  in  the  year,  B  having  died  after 
C  in  either  of  the  preceding  years.  The  sum  of  the 
expectations  on  the  happening  of  these  events  has 
been  already  found,  by  the  third  case  in  Prob.  XLII, 

to  be  equal  to  (l-^)x^.^(l+0-'*-|^'x 
(l4.£)-n_^«B'.^(l4-j)-»:    which,  being  added 

'  lab 

to  the  sum  of  the  first  n  terms  of  the  several  col- 
lateral series  above  mentioned,  will  make  the  total 
present  value  required  equal  to  s\^][][-\-z\* 


COROLLARY, 

S  313.     When  the  three  lives  are  equal,  or  all  of 

*  It  (nay  b«  oxerul  to  remark  that  the  present  ralu«  fouud  by  this  prob- 
lem is  equal  to  the  sum  of  the  two  values  found  by  Prob.  JCXIX  and 
XLII ;  which  ooofirms  the  accuracy  of  ths  inTestigition. 


292  ON  CON'flNQENT  AS^RANCES.  Ch.  8. 

the  same  age  A,  the  last  three  quantities  in  the  for- 
mula denoted  by  J2  destroy  each  other,  and  the 
general  expression  in  this  case  will  become  equal  to 

\--5(A-AA+AAA) 

PROBLEM  XLVI.* 

4  314.  To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A  und  B,  provided 
they  be  i\\ejirst  that  fail  of  three  given  lives  A,  B,  C. 

SOLUTION. 

.  In  order  to  receive  the  sum  at  the  end  of  the  first 
year,  either  of  these  two  events  njust  happen :  1  ° 
that  all  the  lives  fail  in  that  year,  C  having  died  last : 
2°  that  the  two  Uvea  A  and  B  fail  in  that  year,. and 
that  C  lives  to  the  end  of  it.  The  probabilities  of 
the  happening  of  these  two  ^events  are  respectively 
(a~a).;/>— ^).c— c) ,  and  (a—'a).(h—h)c  .  which,  being  added 

'Aabc  ahc 

together  and  multiplied  by  5  (l+g)^i,will  give  the 
expectation  of  receiving  the  sum  at  t&e  end  of  the 
first  year. 

But,  in  the  second  and  following  years,  the  given 
sum  may  be  received  on  the  happening  of  either  of 
six  different  events :  1°  that  all  the  lives  fail  in  the 

•  Simpson's  Swp.  Prob.  39.     Dodson,  vol.  iii.  Ques.  48.    Morgan,  Ptob. 
32  ;  «id  in  Phil.  Trans,  for  1791,  Proh.  4,  page  268, 


Pr.   40.  ON    OONTINOENT    AtSURANCES.  293 

year,  C  having  died  last :  2°  that  A  and  B  l?oth  fail 
in  the  year,  and  that  C  lives  to  the  end  of  it :  3*^  that 
A  and  C  both  fail  in  the  year,  A  having  died  first, 
and  that  B  dies  in  either  of  the  preceding  years  :  4° 
that  B  and  C  both  fail  in  the  year,  B  having  died 
first,  and  that  A  dies  in  either  of  the  preceding  years  : 
6®  that  only  A  dies  in  the  year,  C  living  to' the  end 
of  it,  and  B  having  died  in  either  of  the  preceding 
years  :  6®  that  only  B  dies  in  the  year,  C  living  to 
the  end  of  it,  and  A  having  died  in  either  of  the 
preceding  years.  The  probabilities  of  the  happening 
of  these  several  events  in  the  second  year  are  res- 

/        /»         I       n       I      ti  t        II       I       H  It  I      II         I       It 

pectively     (°~-<»^-^^^ —*)•(<' — <^)^       (o— a).(ft— ft)c        (a—a.\(c-~e) 
^  3al>c  *  Hbe  *  2uc 

(I- j-).  '^''!j:-'>  X  (1-4).  ^(i-|)' «"'» 

^^  (1 — — ):    which  being  added    together  and 

multiplied  by  s{i — 2)^^*  ^'^^  g^^c  the  expectation  of 
receiving  the  sum  at  the  end  of  the  second  year. 
In  like  manner  we  may  find  the  expectation  of  re- 
ceiving the  sum  at  the  end  of  the  third  and  every 
subsequent  year,  to  the  utmost  extent  of  human  life : 
and  if  these  several  expectations  be  reduced  to 
their  lowest  terms  and  arranged  under  each  other 
they  will  form  sixteen  collateral  series,  the  sum  of 

will  be  found  equal  to  s^A^-^H^—^^  J- 

COROLLARY. 

^  315.     When  the  lives  are  all  equal  to  each  other. 
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or  of  the  same  age  A,  this  expression  (agreeably  to 
what  has  been  said  in  the  corollary  to  Prob.  XXX) 
will  become  equal  to  j  x  '^s^^^^-'^^^^) .  t^at  is, 
equal  to  one  third  of  the  present  value  of  the  given 
sum  payable  on  the  extinction  of  any  two  out  of  the 
three  given  lives. 


PROBLEM  XLVII.* 

§  316.  To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A  and  B,  provided 
they  be  the  last  that  fail  of  three  given  lives  A,  B,  C, 

SOLUTION. 

It  is  evident  that  the  given  sum  cannot  be  received 
at  the  end  of  the  first  year  unless  all  the  lives  become 
extinct,  C  having  died  first :  the  probability  of  which 

is  i^-<^Uh-bUc-c) .  ^^^  ^y^j^jj^  ^gjjj^  multiplied  by 

^(l-j-g)*^!,  will  give  the  expectation  of  receiving  the 
sum  at  the  end  of  the  first  year. 

But,  in  the  second  and  following  years,  the  given 
sum  may  be  received  on  the  happening  of  either  of 
four  different  events  :  1°  that  all  the  lives  fail  in  the 
yeccr,  C  having  died  first :  2^^  that  A  and  B  fail  in  the 
year,  C  having  died  in  either  of  the  preceding  years : 

•  Morgan,  Prob,  23 ;  and  in  Phil.  Trans,  for  1794,  Prob.  6,  page  247. 
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3^  that  only  A  fails  in  the  year,  and  thai  B  and  C 
both  fail  in  in  either  of  the  preceding  j/ears,  li  having 
died  last :  4°  that  only  B  fails  in  the  year,  and  that 
A  and  C  both  faU  in  either  of  the  preceding  ytars,  A 
having  died  last.  The  probabilities  of  the  happen- 
ing of  these  several  events,  in  the  second  year,  are 

respectively  fa— g^^fr— ^j-^c—gj.   (a—H).(b—h)    ..      e^ 

'^   (l-f).(l-f).  and     ^   (l-ixi-iy 

which,  being  added  together  and  multiplied  by 
j(  I  +  t)"^,  will  give  the  expectation  of  receiving 
the  sum  at  the  end  of  the  second  year.  In  like  man- 
ner, we  may  find  the  expectation  of  receiving  the  sum 
at  the  end  of  the  third  and  every  subsequent  year; 
and  if  these  several  expectations  be  reduced  to  their 
lowest  terms,  and  arranged  under  each  other,  they 
will  form  nineteen  collateral  series;  the  sum  of 
which,  if  continued  to  the  utmost  extent  of  human 
life,  would  be  equal  to  s  multiplied  into    ^~'"^  -*- 

l-oA    ijn         ^+^? .  «        J-^^s.  b         \-\-An 


-i-    +     ABC  _!      .     LLl^  V*     ^ABC    * 

~^.   Jl.^ABC.1_j.     an    expression    which, 
independent   of  the  common   multiple  *,  may   be 
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reduced    to       '^-^(^a  +  sb +  2AB0)-:iAG-^3Bc 


+  AB-\-_ 


(\ -^An+^AC+ABOa  ^  ABC. 2a 


66 


(\-3AB+i\BC+ABC)b  J^ABC.2b  I 1    w      (\-\- ABC)g 

+  ^BC.2e\  J  and  which  1  shall  denote  by  J. 


§317.  Casc\,  Let  A  be  the  oldest  of  tl*e  three 
lives.  In  this  case,  the  sum  of  the  first  72  terms  of 
the  several  collateral  series  above  mentioned  will  be 

equal   to   J-    2=g..4-(l +. -»   +  it^   X 

^n+0-»-  -^-4^  (l+0-»-  But,  after  the 
decease  of  A,  the  sum  of  the  expectations  for  all  the 
subsequent  years  will,  as  in  the  first  case  of  Prob.  XL, 

be  more  correctly  expressed  by  *(1 — <^)  X  tS-t  X 
|-(l+g)— ":  and  which,  being  added  to  the  first  n 
terms  just  found,  will  make  the  total  present  value, 
when  A  is  the  oldest  life,  equal  to  j  [1  +  iv]. 


§  318.     Case  2.     Let  B  be  the  oldest  of  the  three 
lives.      In  this  case,  the  sum  of  the  first  w  terms  of 
the  several  collateral  series  above  mentioned    will 

be   equal   to  J  -    '^;'-  (1 +S)-.  +  '^-  X 
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S('+^)""-4riT?i('+2r".     But.  after  the  de.. 
cease  of  B,  the  sum  of  the  expectations  for  all  the 
subsequent  years  will,  as  io  the  second  case  of  Prob. 
XL,  be  more  correctly  expressed   by   ^(I a)    x 

7i^^7^'^(J  +f)"".*  and  which  being  added  to 
the  first  n  terms  just  found,  will  make  the  total  present 
value,  when  B  is  the  oldest  life,  equal  to  *  [Z'+a-J. 


i  319.  Case  3.  Let  C  be  the  oldest  of  the  three 
lives.  In  this  case,  the  suni  of  the  first  n  terms  of  the 
several  collateral  series  above  mentioned  will  be  equal 

~:;r('  +  ?  )""••    But  after  the  decease  of  C,  the  sum 
of  the  expectations  for  all  the  subsequent  years  will 
as  in  the  third  case  of  Prob.  XL,  be  more  correctly 
expressed  by*  multiplied  into  (I— ^)  v    ~~''^' 


X^(i  +.r"  +  ^-^.^(+0~'':  and  which  be- 
ing added  to  the  first «  terms  just  found,  will  make 
the  total  present  value,  when  C  is  the  oldest  life, 
equal  to  if  I'-f-j^  4- «]. 

2n 
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COROLLARY. 

§  320.  When  all  the  lives  are  equal,  or  of  the 
same  age  A,  the  last  three  quantities  in  the  formula 
denoted  by  Jf  destroy  each  other,  and  the  general 
expression  in  this  case  will  become  equal  to  *   X 

-^^ — ^       "^ ' :  that  is,  equal  to  one  third  of  the 

present  value  of  the  given  sum  to  be  received  on  the 
extinction  of  the  longest  of  the  three  lives. 

PROBLEM  XLVIIL* 

^  32 1«^  To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A  a?2d  B,  provided 
they  be  the  Jirst  and  last  that  fail  of  three  given  lives 
A,  B,  C. 

SOLUTION. 

The  given  sum  cannot  be  received  at  the  end  of  the 
first  year,  unless  all  the  three  lives  are  extinct,  C 
having  died    second;    the  probability  of  which  is 

^"""^'a^f^'^""^^-  ^^^  ^^^^^  ^^^"^  multiplied  by 
j(l_^^)-ij  will  give  the  expectation  of  receiving  the 
sum  at  the  end  of  the  first  year. 

*  This  case  appears  to  haye  been  omitted  by  Mr.  Morgan  ;  and  no 
solution  of  it,  prior  to  the  present  on&  has  hitherto  been  published. 
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But,  in  the  second  and  following  years  the  given 
sura  may  be  received  on  the  happening  of  either  of 
five  different  events'  1^  that  all  the  lives  fail  in  the 
year,  C  having  died  second :  2°  that  A  and  C  both 
fail  in  the  year,  A  having  died  last,  and  B  having 
failed  in  either  of  the  preceding  years :  8®  that  B  and 
C  both  fail  in  the  year,  B  having  died  last,  and  A 
having  failed  in  either  of  the  preceding  years  :  4°  that 
only  A  dies  in  the  year,  and  that  B  and  C  both  fait 
in  either  of  the  preceding  years,  B  having  died  Jirst : 
6°  that  only  B  dies  in  the  year,  and  that  A  and  C 
both  fail  in  either  of  the  preceding  years,  A  having 
died  first.  The  probabilities  of  the  happening  of  these 
several  events  in  the  second  year  are  respectively 

.'       II      A        I'     .1       11  I      II  I       II  I  I  II       I      II 

(<i-c).(i>—b).(c—c)     (a—a).(e—c)    f  - Ax      (h^hUcc) 

3abc  ,  2oc  ^  b^*  2/>  ^ 

(  l-b .  "^(  1-7  ).(  1-  h  .  and  i#(  1- :-)X 

(1 — -:  which  being  added  together,  and  raultipled 

by  j(14-?y"^.  will  give  the  expectation  of  receiving 
the  sum  at  the  end  of  the  second  year.  In  like  man- 
ner we  may  find  the  expectaton  of  receiving  the  sttm 
at  the  end  of  the  third  and  every  subsequent  year  j 
and  if  these  several  annual  expectations  be  reduced  to 
their  lowest  terms,  and  arranged  under  each  other, 
they  will  form  nineteen  collateral  series  ;  the  sum  of 
which,  if  continued  to  the  utmost  extent  of  human  life, 
would  be  equal  to  s  multiplied  int0  5fP?4-|-4^=^, 
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\-^-AB  l-f^g      a  \+AB     />      .An  J^Q     ? 

A 
-^^ BC.^  ,     \-oABC  \+ABC  _  a  ABC        ' 

\±iJk..±—ABC.L_,}±ABb    2^    ,   ^RC     ' 

But  this   expression,  independest   of  the  common 
multiple  s,  may  be  red uced  j^'^-^^^^+^JJ+'^^BO-f^AB 


■      5 1 


6aL  (l-f^) 


+  4x 


64 


^^•^^^^ll^^^^^-J?BC-\rABC)b 


+  JL  X 

3c 


(\^ab6)2^     ABC.A-^  and  I  shall  denote  it  by  M.. 

§  322.  C<7je  1.  Let  A  be  the  oldest  of  the  three 
lives.  In  this  case,  the  first  n  terms  of  the  several 
collateral  series,    here  alluded  to,  will  be  equal  to 

^'^•2zrc('+8)'""-     But,  after  the  decease  of  A,  the 

chance  of  receiving  the  sum  at  the  end  of  any  sub- 
sequent year  will  depeud  on  the  happening  of  two 
different  events  :  1°  that  B  and  C  both  fail  in  the  year, 
B  having  died  last:  2°  that  only  B  dies  in  the  year, 
C  having  died  aftew:  A  in  either  of  the  preceding  yeajs. 
The  probabilities  of  Uhe  happening  of  these  two  events 

in  the  («+!)•*  year,  are  respectively      "^o^-^""^*  and 
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^(''""  7);*     which    being    added    together    and 

multiplied  by*(l  +?)-('»+')  will  give  the  expectation 
of  receiving  the  sum  at  the  end  of  the  («4-l}«'  year. 
In  like  manner  the  probabilities  of  the  happening  of 
these  two  events  in  ihe  (//-r  2)"*J  year,  are  respectively 

l^-h^'i-y)  and      kz±{^—     M-     which   bein^  ad- 
'hibc        *  be 

ded  together  and  mullij)lied  by  jr(4-g)~^"+2'^  will,  give 

the  expectation  of  receiving  the  sum  at  the  end  of 

the  (n-|-2)"<J  year:    and  soon  for  all  the  subsequent 

years  to  the  utmost  exlrem  ty  ef  human  life.     But, 

the  sum  of  all  these  annual  expectations  will  be  found 

to   be   equal   to    *   multiplied    into  "    x    ^""''^*    x 

2Ac  2(I+g;      be  ' 

J ^14- j)—"  :  and,   which  being  added  to  the  first  rj 

Qbe 

terms  of  the  several  collateral  series  above  mentioned, 
will  make  the  total  present  value  of  the  given  sum, 
when  A  is  the  oldest  life,  equal  to  s[M. — w;]. 

§  323.  Case  2.  Let  B  be  the  oldest  of  the  three 
lives,  in  this  case,  the  first  n  terms  of  the  several 
collateral  series  above  mentioned  will  be  equal  to 

*  Se«  the  Scholium  in  p«g«  133. 


302       ON  CONTINGENT  ASSURANCES.        Ch.   8. 


ay 


—0  "^s)~"*    ^^^  ^^^^^  ^^^  decease  of  B,  the  chance 

2ac  ^ 

of  receiving  the  sum  at  the  end  of  any  subsequent 
year  will  depend  on  the  happening  of  two  different 
events:  1^  that  A  and  C  both  fail  in  the  year,  A 
having  died  last:  2°  that  only  A  dies  in  the  year, 
C  having  died  after  B  in  either  of  the  preceding  years. 
The  probabilities  of  the  happening  of  these  two  events 

in   the  («+l)^'  year,    are  respectively  ('^~~^'^y~^f , 

and  ^^(0 —  — ) ;    which  being  added  together  and 

multiplied  by  ^(  1  +^  )— C»+U  will  give  the  expecta- 
tion of  receiving  the  sumat  the  end  of  the(«  +  1)^*  year. 
In  like  manner,  we  might  find  the  expectation  of 
receiving  the  sum  at  the  end  of  the  (w  +  2)nd  and 
every  subsequent  year,  to  the  utmost  extremity  of  hu- 
man life ;  the  sum  of  all  which  annual  expectations 
will  be  found  equal  to  s  multiplied  into  ^  x~=^x 

—  (  1  +  ?  )~"  •  ^^^  which,  being  added  to  the  first  n 
terms  of  the  several  collateral  series  above  mentioned^ 
will  make  the  total  present  value  of  the  given  sum, 
when  B  is  the  oldest  of  the  three  lives,  equal  to 
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§  824.  CaseZ  Let  C  be  the  oldest  of  the  three 
lives.  In  this  case,  the  sum  of  the  first  n  terms  of  the 
several  collateral  scries  above  mentioned  will  be  equal 

i->-^*A  .  ^(  1  +  «)-".  But,  after  the  decease  of  C, 

2(14-^)       oA  ^ 

the  chance  of  receiving  the  sum  at  the  end  of  any  sub- 
sequent year,  will  depend  on  the  happening  of  two 
different  events  :  1°  that  only  A  dies  in  the  year,  C 
having  died  after  B  in  either  of  the  preceding  years 
(the  probability  of  which  latter  contingency  will  now 
be  denoted  by  ^) :  2®  that  only  B  dies  in  the  year, 
C  having  died  after  A  in  either  of  the  preceding  years 
(the  probability  of  which  latter  contingency  will  now 
be  denoted  by  «).  Consequently,  the  sum  of  the 
expectations  on  the  happening  of  these  events,  con- 
tinued to  the  utmost  extent  of  human  life,  will  be 

equal  to,. ^  X-1^.^1  +«>-+*..  X'-^  X 
"T(  ^  +  ?  )"**  •  ^^^  which,  being  added  to  the  suii>;^f 
the  first  n  terms  of  the  several  collateral  series  above 
mentioned,  will  make  the  total  present  value  of  the 
given   sum,    when  C   is  the   oldest   life,   equal  to 

*   It  may  not  be  improper  here  to  remark  that  the  present  Talues  of  the 
tama,  found  by  Prob.  XLVI,  XLVII,  aud  XLVIII,  are  top^etber  equal  to 

•  V     "^        — — '\  or  to  the  present  ralne  of  the  riTcn  aum  after  the 

longttt  ef  the  two  lirca  A,  B. 
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COROLLARY. 

§  325.  When  the  lives  are  equal,  or  all  of  the 
same  age  A,  the  last  three  quantities  in  the  for- 
mula denoted  by  ][^  destroy  each  oth^r,  and  the 
general   expression  in  this  case  will  become  s    x 

— - — s7i+i) '  ^^*  ^4^^'  ^^  ^"®   third    of 

the  present  value  of  the  given  sum  to  be  received  on 
the  extinction  of  the  longest  of  the  three  lives. 

PROBLEM   XLIX.* 

§  326.  To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A  and  B  provided  B 
dies  before  another  life  C. 

SOLUTION. 

The  payment  of  the  sum  at  the  end  of  the  first 
year  will  depend  on  the  happening  of  either  of  two 
events:  1®  that  all  the  lives  fail  in  the  year,  B 
having  died  before  C  :  2^  that  only  A  and  B  die 
in  tliat  year,  C  living  to  the  end  of  it.  The  proba- 
bilities of  the  happening  of  these  two  events  are  re- 

sDectivelv("jriM^^^ii^K£rii!    and     (a-''i)-(f'-i>')c    which 

^  "^  Habe  •  2abc 

being  added  together,  and  multiplied  by  -?(  1-f  ^^  )"  ^^ 
will  give  the  expectation  of  receiving  the  sum  at  the 
end  of  the  first  year. 

*  Morgan,  Prob.  28  ;     and  in  Phil.  Trjui-.  for  17»4,  Prob.  8,  pa^je  t42. 
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But,  in  the  second  and  following  years  the  given 
sum  may  be  received  on  the  happening  of  either  o 
different  events* :  1^  that  all  tiic  lives  fail  in  the  seven 
year,  B  having  died  before  C  :  2°  that  A  and  B  fail  in 
the  year,  and  that  C  lives  to  the  end  of  it :  3**  that  A 
and  C  both  fail  in  the  year,  and  that  B  dies  in  either 
of  the  preceding  years  :  4^  that  B  and  C  both  fail  in 
the  year,  B  having  died  first,  and  that  A  dies  in  either 
of  the  preceding  years :  ^^  that  only  A  dies  in  the 
year,  B  having  failed  ineither  of  the  preceding  years, 
and  C  living  to  the  end  of  it :  6^  that  only  B  dies  in 
the  year,  C  living  to  the  ^end  of  it,  and  A  having 
died  in  either  of  the  preceding  years  :  7°  that  only 
A  dies  in  the  year,  and  that  B  and  C  both  fail 
in  either  of  the  preceding  years,  B  /laving  died 
^rst.      The  probabilities  of  the  happening  of  these 

several    events     in     the    second     year    are     res- 

It)     I    II    I  II        I    II    I    II II       I  II     I    II 

pectively     («— q)(ft  — ft)  (t — c)^       ia—a).(h—b)e        (a—a).(c—e) 
'2abc  abc  ae 

t  I         II  I         H  I  I  II     II  I  I  II     U 

(t *_N   (l>—b).(e~e)   ^   ft         a  \    (a-a)c  fy         b  -.  (b—h)c 

^'         D*  '2bc  -^    ^'        T^*        ac       V*  ft  A      be 

(l-A),  and  (^  (I-. *:).(!-«  1):  which,  being 
added  together  and  multiplied  by  *  (  1  +?)— ^^ 
will  give  the  expectation  of  receiving  the  sum  at 
the  end  of  the  second  year.  In  like  manner  may 
b6  found  the  expectation  of  receiving  the  sum  at  the 
end  of  the  third  and  every  subsequent  year, 
during  the  continuance  of  the  oldest  life :  and  if 
these  yearly  expectations  be  reduced  to  their  lowest 

2o 
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terms  and  arranged  nnder  each  other,  they  will  form 
fourteen  collL.teral  series;  the  first  «  terms  of  which 
will  vary  according  to  the  seniority  of  the  lives 
concerned, 

§  327.  Case  I.  Let  A  be  the  oldest  of  the  three 
lives.  In  this  case  the  first  n  terms  of  the  several  col- 
lateral series  above  mentioned  will  be  equal  to  the  sum 
of  the  terms  continued  to  the  utmost  extent  of  human 
life,  because  the  life  of  A  is  involved  in  each  colla- 
teral series  :  therefore   its  value  will  be  equal   to   s 

multiplied  into  oTtxtt        >v}.  .   >  ^.tttvt,'  ~~r  ^r 1 

l±f!^. JL    I    ^-g^^  __   ^+-5^^ .   h     j^  BC. ' 

h  c 

i-gASc  _  ABC.    '_+ABC.L>     But  this  expres- 

2(1  +  0)  '  26  ,         '    Ic 

sion  may  be  reduced  to  — ^^ 20+3) *" 

(AB  -  AC)a       1  \(\+'iiC)'b_(BC—ABC).l}]_,ABC 

I2^1+^)a  2JL     (^+2)  '  '  'A 

e 

"2^:   and  which  f  shall  denote  by  ][^  ;  consequently, 

wheiv  A  is  the  oldest  life,  the  present  value  required 
will  be  represented  by  ^  X  ][^. 

\  327.  Case  2.  Let  B  be  the  oldest  of  the  three 
lives.  In  this  case  the  first  w  terms  of  the  several 
collateral  series  above  mentioned  will  be  equal  to 

^      2(j+^)  -r^^^^i  27T+7;  -^  v^T^v      -r 
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>+^- -i  (i4.j)-n.     But  after  the  decease  of  B  the 

sum  of  the  expectations  for  all  the  subsequent  years, 
continued  to  the  utmost  extent  of  human  life,  will 
(as  in  the  second  case  of  Prob.  XXXIX)  be  equal  to 

*.^X?f^*.~(l +?)""•  which  being  added  to  the 
sum  of  the  first  n  terms  of  the  several  collateral  series 
above  mentioned,  will  make  the  total  present  value 
of  the  given  sum  equal  to  s[£^ — x]. 

§  329.  Case  3.  Let  C  be  the  oldest  of  the  three 
lives.  In  this  case  the  first  w  terms  of  the  several 
collateral  series  above  alluded  to  will  be  equal  to 

~^-^(l4-0~"-  B"t.  after  the  decease  of  C. 
the  sum  of  the  expectations  for  all  the  subsequent 
years,  may  be   more  correctly  expressed  as  in  the 

preceding  case,  by  s.^  X  (ii:^''^{^  +?)~*  •  ^^^  which 
being  added  to  the  first  n  terms  of  the  several 
collateral  series  above  mentioned  will  make  the  total 
present  value  of  the  given  sum,  in  this  case  required, 
equal  to  j[J^ — z]. 

COROLLARY. 

5  330.  When  the  three  lives  are  equal  to  each 
other,  or  of  the  same  age  A,  the  last  three  quantities 
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in  the  formula  denoted   by  J[,  destroy  each  other, 
and  the  general  expression  will  in  this  case  become 

«^      1  ♦^       ^  1—S(A+AA—AAA) 
^q^a^  ^O  ^  ^  2(i+s) • 

PROBLEM  L.t 

§  331.  To  determine  the  present  value  of  a  given 
sum  payable  on  the  decease  of  A  and  B,  provided 
another  life  C  dies  before  B. 

SOLUTION , 

The  payment  of  the  given  sum  at  the  end  of  the 
first  year  will  depend  on  the  happening  of  one  event 
only  ;  viz.  the  extinction  of  all  the  lives  in  that  year, 

C  having   died   before  B  :    the  probability  of  this 

/         >         i 
event  is ~~2Mbc >  which  being  multiplied  by 

*(H-3)~i,  will  give  the  expectation  of  receiving  the 
sum  at  the  end  of  the  first  year. 

But  in  the  second  and  following  years,the  given  sum 


*  Mr.   Morgan   makes  the  value  of  the  sum  \n  this   case    equal    to 

S(r— 1 ) 

—  X    ("V— CC — C — CCC^  ;  that  is,  in  the  present  notation,  equal  to 

«  X  ^—S(A-irAA->rAAA)  .  ^^  ^^^^^  ^^iich.  has  also  been  faithfully  tran- 

scribed  into  two  successive  editions  of  Dr.  Price's  treatise.  See  Phil' 
Trans,  for  1794,  part  II,  page  .246  :  and  Dr.  Price's  Ohs.  on  Rev.  Pay 
vol.  1,  page  393. 

t  Pliil.  Trans,  for  1794,  Prob.  4,  page  245  ;  and  for  1800,  Prob.  7,  page 
40 :  which  two  might  have  been  comprised  in  one  problem. 
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may  be  received  on  the  happening  of  either  of  five 
different  events  :  1°  that  all  the  lives  fail  in  the  year, 
C  having  died  before  B  ;  2®  that  A  and  B  fail  in  the 
year,  and  that  C  (ails  in  either  of  the  preceding  years  : 
30  that  B  and  C  both'^fail  in  the  year,  C  having  dird 
first,  and  that  A  dies  in  either  of  the  preceding  years: 
4**  that  only  B  dies  in  the  year,  and  that  A  and  C 
both  die  in  either  of  the  preceding  years:  5®  that  only 
A  fails  in  the  year,  and  that  B  and  C  both  fail  in 
either  of  the  preceding  yearsy  B  haviiio  died  last.  The 
probabilities  of  the  happening  of  these  several  events 

/         II  I       l>         I         u 

in  the  second  year  will  be  respectively  '^~'*    ^    ^~  - 

I  II  1        M  I  I        II  I        It  I  I        II 

(m-n),(i-h)  fy e_x      (h-b).(e-e)      ,,  «    ^     ^-'^     v 

(»-l)-(l-f).  and  ^(l-i).(l-l):  Which 

being  added  together  and  multiplied  by  s  (1 -{-?)"' , 
will  give  the  expectation  of  receiving  the  sum  at  the 
end  ofthe  second..year.  In  like  manner  may  be  found 
the  expectation  of  receiving  the  sum  at  the  end  of  the 
third  and  every  subsequent  year  during  the  conti- 
nuance of  the  oldest  life  :  and,  if  these  several  expec- 
tations be  reduced  to  their  lowest  terms  and  ar- 
ranged under  each  other,  they  will  form  seven- 
teen collateral  series  ;  the  sum  of  the  first  n  terms  of 
which  will  vary  according  to  the  seniority  of  the  lives 
concerned. 

^  332.     Case  1.     Let  A  be  the  oldest  of  the  three 
lives.     In  this  case,  the  several  collateral  series  here 


310  ON   OOKTINOENT   ASSURANCES.  Ch    8. 

mentioned  must  be  continued  to  the  utmost  extent  of 
human  life  ;  because  the  life  of  A  is  involved  in  each 
perpendicular  series  :  whence,  its  value  will  be  equal 
to. multiplied  into  J^+ ±^_i±^^+^B_ 


b 
b 

h  ,  c 

BC.   _1_      .     i-oABC  ABC,  />_    _  ^JBC.  ^ 

'  26         "^        2(1+^)        "^  '         26  '      iic 

But     this     expression      may      be      reduced      to 

l  —  (>  (A  +  2B—2  AB  —  BO  A-  ABC)-\-AB—AC  (AB~AC)a 

2(1+^)  2U+^y« 

4._Ly     n+sn)b__  (BC—ABC)b     —ABC,    "'     ; 

"1"   26^  _     (l+?)  '  '  '_  '2c 

and  which  1  shall  denote  by  Jjj[.  Consequently, 
when  A  is  the  oldest  life,  the  required  value  will  be 
represented  by  s  X  J}^. 


333.  Case  2.  Let  B  be  the  oldest  of  the  three 
lives.  In  this  case,  the  sum  of  the  first  n  terms  of 
the  several  collateral  series  above  alluded  to  will  be 
equal   to   M  ^  in^.-i-(  I +,)-n+^  •  H.  x 

(!+')-»  -'-W^',  ■  S  (1+8)-"-  But  after  the  de- 
cease  of  B,  the  sum  of  the  expectations  for  afl  the 
subsequent  years  will  be  more  correctly  expressed,  as 
in  the  second  case  to  Prob.  XL,  by  *  fl — <t>)    X 

—^•^(1 +§)-»»;  and  which,  being  added  to  the 
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sum  of  the  6rst  n  terms  of  the  several  collateral  series 
above  mcDtioncd,  will  make  the  total  present  value  of 
the  given  sum,  when  B   is  the  oldest  life,  equal  to 

§  334.  Case.  3.  Let  C  be  the  oldest  of  the  three 
lives.  In  this  case^  the  6r$t  n  terms  of  the  several 
coliatoral  series  above  alluded  to,  will  be  equal  to 

"Sa  (!+?)""•  But,  after  the  decease  of  C,  the 
chance  of  receiving  the  given  sum  at  the  end  of  any 
subsequent  year  will  depend  on  the  happening  of 
three  different  events :  1"  that  A  and  B  both  fail  in  the 
year :  2®  that  only  B  fails  in  the  year,  A  having  died 
in  either  of  the  preceding  years:  3°  that  only  A  fails  in 
the  year,  B  having  died  after  C  in  either  of  the  prece- 
ding years.  The  probabilities  of  the  happening  of  these 
several  events  in  the  (rt+l)*'  year  are  respectively 

which,  being  added  together  and  multiplied  by 
/(i-fj)"  ^"+U,  will  give  the  expectation  of  receiving 
the  sum  at  the  end  of  the  Tw+lJ''  year. 

In  like  manner  we  may  find  the  (n-\-2y^,  and  all 
the  subsequent  expectations  to  the  utmost  extremity 
of  human  life  :  the  sum  of  all  which  will  be  equal  to 
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s   multiplied    into  (I— ^)  X  ^^[^'-^i^  4-0^'»  + 

-^M+ff)— "  ;  and  which,  being  added  to  the  first  n 

terms  of  the  several  collateral  series  above  found, 
will  make  the  total  present  value  of  the  given  sum, 
when  C  is  the  oldest  life,  equal  to  s\_Jji[-{-z']. 

COROLLARY. 

§  335.  When  all  the  lives  are  equal,  or  of  the  same 
age  A,  the  last  three  quantities  in  the  formula  denoted 
by  J}J  destroy  each  other,  and  the  general  expression 
m   this   case   will  become   s   X  Iz:i(Mi:|ii±Mi) : 

that  is,  equal  to  half  the  present  value  of  the  given 
sum,  to  be  received  on  the  extinction  of  the  longest 
of  the  three  lives. 

SCHOLIUM. 

§  336.  Since  the  present  values  of  ^the  sum,  as 
found  by  the  preceding  problem,  and  by  the  present 

problem,  are  together  equal  to  ^  X  ^~^  (1+0)" — ; 
or  to  the  present  value  of  the  given  sum  to  be  received 
on  the  extinction  of  the  longest  of  the  two  lives  A, 
B  :  it  follows  that  the  present  value  of  one  of  them 
being  found,  the  present  value  of  the  other  may  be 
easily  determined  by  subtracting  such  value  from  the 
general  expression  here  given. 
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CHAPTER  IX. 
On  M.  Dc  Moivret  Hjfjwthesis. 

%  337.  If  the  decrements  of  life,  in  any  table  of  ob- 
servations, were  equal  and  uniform  from  birth  to  the 
utmost  extent  of  human  life  the  number  of  persons 
living  at  every  succeeding  age,  as  shown  by  that  table, 
would  be  the  terms  of  a  decreasing  arithmetical  pro- 
gression. Now,  though  this  fact  does  not  take  f)lace 
throughout  the  whok  duration  of  life ;  yet,  in  se- 
veral of  the  tables  of  observations  (particularly  in  the 
Korthatr.ptmi  table)  it  will  be  seen  that,  towards  the 
middle  ages,  the  decrements  are,  for  many  years  to- 
gether, constant  and  uniform  ;  or  at  least  very  nearly 
80 :  and  it  was  upon  this  view  of  the  subject  that 
M.  De  Moivre  founded  his  ingenious  hypothesis  that 
the  decrements  of  life  are  in  arithmetical  progression.* 
For,  he  imagined  that  the  deficiencies  in  one  part  of 
his  scale  would  ))o  compensated  by  the  excesses  of 
the  other  part :  and  that  though  the  values  deduced 
from  this  princ'ple  might  not  be  strictly  true,  yet  the 
error  could  not  be  very  material.    In  order  to  accom- 

*  Tbe  MOM  ftuthor  alao  usamed  u  an  hypothesis  that  the  decrements  of 
Irfe  were  in  %  gmwmttieal  ratio  ;  t  principle  which  he  applied  to  the  ralua* 
lion  of  aoouitias  on  Joint  iives.  But  thjs  theory  is  too  erroneous  to  be 
insisted  on. 

p  2 
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modate  this  hypclhesis  to  the  method  of  determining 
the  value  of  Life  Annuities,  it  was  necessary  to  sup- 
pose the  exte^^t  of  life  confined  to  a  certain  period  of 
time,  which  he  (for  reasons  which  subsequent  obser- 
vations have  shown  not  to  be  sufficiently  well 
founded)  has  taken  at  86 :  remarking,  however,  at 
the  same  time,  that  the  instances  of  persons  living 
beyond  that  period  are  so  few  as  not  to  be  worth  no- 
tice in  such  a  general  view  of  the  subject 

Much  obloquy  has  of  late  years  been  thrown  on 
this  hypothesis  of  Dr.  Price  and  Mr.  Morgan  ;  the 
latter  of  whom  has  been  particularly  severe  in  his 
comments  on  its  use  and  application.  It  is  true  that 
more  recent  discoveries  have  shown  that  it  cannot 
always  be  depended  upon  ;  and  the  great  share  which 
these  gentlemen  have  had  in  deducing  the  vahies  of 
annuities  from  real  observationSy  and  thereby  super- 
seding the  use  of  the  hypothesis,  may  be  some  ex- 
tenuation for  the  high  tone  they  have  assumed  on 
this  occasion.  Nevertheless,  the  hypothesis  itself  is 
still  of  great  and  extensive  use  in  the  doctrine  of 
annuities  ;  and  will  ever  remain  a  monument  of  the 
ingenuity  and  abilities  of  its  illustrious  inventor. 

§  338.  The  reader  must  be  readily  aware  that 
the  great  advantages  of  M.  De  Moivre's  hypothesis  is 
'the  remarkable  facility  which  it  affords  for  determin- 
ing the  present  value  of  annuities  on  any  single  or  joint 
lives.  The  method  of  deducing  such  values  from  the 
first  problem  of  the  present  work  (see  page  29)  is 
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extremely  laborious;  since  the  numerators  of  the 
fractions,  which  form  the  series  there  given,  do  not 
decrease  in  any  regular  manner.  But,  when  such 
numerators  are  in  arithmetical  progression,  the] sum  of 
the  whole  series  may  be  expressed  in  a  general  for- 
mula ;  and  its  value  may  then  be  found  almost  as  soon 
as  one  term  only  of  the  other  series  just  alluded  to. 

Although  M.  De  Moivre,  in  the  application  of  his 
principles  to  practical  purposes,  has  assumed  8G  as 
the  extreme  period  of  human  life,  (that  is;  that,  out 
of  86  persons  born,  one  of  them  will  die  annually  till 
they  are  all  extinct)  yet  this  number  does  not  neces- 
sarily follow  from  his  hypothesis:  for  any  other 
number,  which  might  be  found  more  agreeable  to 
real  observations,  may  be  substituted  in  lieu  thereof. 
Assuming,  however,  the  same  period  as  De  Moivte# 
it  is  evident  that  the  number  of  persons  living  at  any 
age  will  be  equal  to  the  number  of  years  between  that 
age  and  8G  :  this  number  he  calls  the  compieme/it  of 
""life.  Consequently  a,  b,  c,  &c.  will,  upon  this  hypo- 
thesis, be  equal  to  the  complement  of  the  lives  of  A 
B,  C,  &c,  repectively:  or,  equal  to  the  difference 
between  their  respective  ages  and  86. 

§  339,     This  being  premised,  it  will  be  readily 

I  I-       '  " 

seen  that  the  expression  —  '■■..'*''   +-7-^^ —  4- 

^i^g^a     +  &c.  J  which,  by  Prob.  1,  cor.  1,  denotes 
the  valae  of  an  annuity  on  the  life  A,  will  become 
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1      r  a  — 1  « — 3      .      o  -3 


«      L(l+8)  "*"(l+8)2  "•     Cl+J'"^ 


Ch.  9. 


a-a   ~1 


Cl+8)"  J 

Now,  this  series  may  be  divided  into  two  others, 

L  (1+8)     ^    (1+8)*    ~     (1+8)^ 
I         --, 


the  first  of  which  is 


+ 


(i+S)"  J 


1+8)2 

;  and  the  second,  which  is  to 


subtracted,  is  — 

a 
1  r 


+ 


.   But  the  former  of  these,  which  I 


shall  denote  by  y,  is  equal  to  the  present  value  of  an 
annuity  certain  for  the  term  a ;  and  the  latter  is  equa^ 


tO-^  X    l+v-(a  +  7).(l+o)' 


•# 


consequently  the  total 


present  value  of  the  annuity  is,  upon  this  hypothesis, 
equal  toy^'-^-(^+''>'('f^)'"'  :::a-(i+g;y  .,. 


-    ah 


§  340.    In  like  manner,  the  expression  -i-  |  7?^^+ 


a  h 


til  III 
ah 


ab    L(l+«)" 

(i4-gj»  "T"    (1-1-^)3  "^  ^^*   I  '  w^ich  denotes  the  value 
of  an  annuity  on  the  two  joint  lives  A  B,  will  become. 


upon  this  hypothesis,  equal  to 


ab      L 


(a—'i).(b-1\ 
(1-N)« 


ia—\}Jh  -1) 
(l+?) 


(g— 3).fZ>~3j 


/-a-6).(6-Z>)".   . 


*  See  my  Doctrine  of  Interest  and  Annuities,  page  89  :  where  the 
method  of  summing  this  and  the  following  series  is  pointed  out. 

t  See  Dodson,  vol.^ii.  Ques.   66.     SiiopsoD,  Piob*  1,  co;.  B,    Se 
Moivre,  page  310. 
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a  series  which  is  to  be  continued  for  b  terms  only,  B 
being  the  oldest  of  the  two  lives.  But  if  the  nu- 
merators of  the  fractions  composing  this  series  be 
expanded  by  multiplication,  the  whole  expression 
may  be  divided  into  three  other  distinct  series  :   viz. 

"-i-ft  r    I      I     .^     I     ^     I  *   "i 

1  '  r_» L  _1_4._? u  &»    7 

^^  L(i4-?)~^  fi+?;«  "Ti+fF^ TIT^J  ' 

The  first  of  these  is  equal  to  the  present  value  of  an 
annuity  for  the  term  A,  and  I  shall  denote  it  by  ^ :  the 
second  is  (from  what  has  been  said  above)  equal  to  — 

^X»±?J=^^±iHI±2E:?:  and  the  third  is  equal  to 

(14-?)*"*]:  consequently  the  total  present  value  of 
the  annuity  for  two  joint  lives  is  equal  to  -^ J^X 

^341.  By  a  similar  method  of  reasoning  it  will 
be  found  that  the  expression  {    °^<^     -|-     lAs*    4- 

im  ih  itf  I 

/'.*  ^     +  &c.     ,  which  denotes  the  value  of  an  an- 
(*+*>•  J 

*  Bee  DodBOD,  YoL  ii.  Qaestion  04.  Simpson,  Prob.  1,  cor.  6,  Price, 
Bote  (L)!  I  thiU  here  Uke  the  opportonity  of  observing  that  the  strictorea 
of  Dr4Pric«,  on  M!  De  Moine's  rukt  for  cAlcuJatiog  the  Ttlne  of  annuitiee 
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nuity  on  the  three  joint  lives  ABC,  will  become,  upon 
this    hypothesis,    equal   to-^   ^ ^JT^) + 


(fl— <'^/6— f  (ff-ci_  I  .    ^  series  which  is  to  be  continued 

fore  terms  only,  C  being  now  the  oldest  life.  But 
the  whole  of  this  series  may,  by  expansion,  be  con- 
verted into  the  four  following  series ;  viz.    |  77Iet,+ 

_1 _L_L___i_  ^  "j  ah-\-'ip-{-1>c 

r      1        ,       2 


+ 


rs        -:  1        r  1  ,  8  ,  27 


^^  c    I  •     Now,   the  first  of  these  series  is 

equal  to  the  present  value  of  an  annuity  certain  for 
the  term  c  ;  and  I  shall  denote  it  by  j/ ;  and  the  re- 
maining ones  may  be  summed  in  the  same  manner 


on  joint  lives  (inserted  in  tlie  4th  Chapter  of  his  Oba.  on  Rev,  Pay.)  allude 
ahogcilierto  an  approjcimntion  given  by  De  Moivre  bs  deduced  from  his 
hypolhesis  o\  a  geomeirital  ratio,  and  not  to  the  correct  expression.  The 
formula  in  the  text  will  oftentimes  give  the  same  values  as  those  deduced  from 
ihc  yorthampton  tahle  ;  as  may  ie  seen  by  a  comparison  with  the  Tables 
at  the  end  of  ili^  present  work  :  and  I  shall  show  in  the  srquol  that  these 
formulae  may  be  used  witii  good  effect  in  delermining,  with  a  tolerable  ''egree 
of  correctness,  the  value  of  annuities  deduced  from  the  real  probabilities 
of  life.    See  §  346 


Pr.  51.        ON  M.  DB  MOIVAb's  HYPOTUIBrit  319* 

as  in  the  preceding  cases :   whence  the  total  present 
value  of  an  annuity  on  the  three  joint  lives  is   equal 

to-i — JiX  ri-(2^  +  2«-c-3— ^)  — II^  + 

a— 2c— 3— f)+-f  ;A— c— i).(a-c-l)J  .• 

§  342'     But,  since  the  pui)lication  of   so  many 
accurate  tables  of  tlie  values  of  annuities,   deduced 
from  real  observations,  these  formula;  have  become 
of  little  or  no  use ;  and  are  seldom  resorted  to,  unless 
it  is  required  to  find  a  ne.ir  val  le  of  an  annuity  on 
any  given  lives  whose  tv^jes  are  not  inserted  in  those 
tables.     Nevertheless  the  hypothesis  itsel!  is  still  of 
great  use  in  the  doctrine  of  annuities;  and  facilitates. 
very  much  several  calculations  arising  from  this  sub- 
ject;   particularly  in  those  cases  where  the  contin- 
gency  continues    for   ,i   given    tcr/ii   only ;    as   will 
evidently  appear  from  the  following  [)ioblcm. 


PROBLEM  Ll.f 

^  343.  To  find  the  value  of  an  annuity  on  a  given 
life,  during  part  of  whose  existence  the  decrements 
of  life  may  be  considered  as  equal 

*  S«o  OotUon,  vol.  ii.  Qacs.  60.    Simpson,  ProS.  1,  cor.  5 

*  Dc  Mwivre,  p«fe  341.  Siiiipon,  Prwb.  l.corH-  Price,  o^ie  (X). 
Dodsuii,  rut,  I .  QU..-S.  08.  Tliis  laiit  nutiiur  Imi  al«o  given  n  iiioiIkhI  uF  »o- 
luiiuu  (Qjcstiun  61 )  pruviji'ij  the  ilecretnents  uf  life  be  dividcJ  iolu  9everat 
■ritbiueticol  prugretiioM,  etcli  differing  froiu  one  another, 
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SOLUTION. 

Let  A  be  the  given  life,  and  n  the  interval  of  equal 
decrements :  also  let  a  be  the  number  of  persons 
living  at  the  age  of  A,  and  a  the  number  of  persons 
living  at  an  age  n  years  older ;  and  let  the  uniform 
decrements  of  life  be  denoted  by  B.  Then  will  the 
value  of  an  annuity  on  this  life  be  denoted   by  the 

series  ±  f-^   4-    »-2^    .    «-3^  +  °-"^ 

series   ^    Ld^.^}  "h   o+^)«^(i+^)'^    (i+?)» 

/                     //  «/      ,  I 

+  •     \^,  +  —^^9  + ^-x  +  &c    .  Which 

may    be  divided   into  two   parts :    viz.  the    series 

1      "T  a — S      ,       a  -  25       ^^    a — R3       ^^  a— w8    T 

a      Lf  1+2;  "T"  71+^  -t"   fl^I^I  -t-     •  •  » (TH)"J 


+  ^ 


+i&C 


The 


_(i+8)"+'      r:+^>i"+"^      ri+c>i"+^ 

latter  of  these  is,  by  Prob.  1,  cor.  3,  equal  to  (A)^»  or 
equal  to  the  value  of  an  aimuity  on  the  life  A  deferred 
for  n  years  :  and  the  former  may  be  divided  into  two 
others:  viz.    [ ^J-_+ ^j^  +  _|__  +..... 

11        «    r     1      .       2       .       3       , 

+ 


■'  J  ,  •„  ]:  the  sum  of  which  may  be  readily  found, 
from  what  has  preceded,  to  be  equal  to  3/  — 
^  IJl+S)i^— w(l+?)-»l  .  Conseque^^tly  the  total 
value   of  the  annuity    will    be   y—^  P(i^§)j/_- 
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K^+^)~'*  "J  +  (^^  •  But  since  t  is  always  equal 
to^^;*  and  since  (ii)d  is  equal  to  ^'x  --(1+s)"* 
this  expression  may  be  rendered  more  convenient  for 
practice  by  making  those  substitutions  :  whence  the 
value  will  become ^ -^  4-  ><•  v 

Now  it  appears  by  the  Northampton  table  of  obser- 
vations that  the  decrements  of  life  are  nearly  uniform 
during  the  whole  interval  from  the  age  of  20  to  the 
age  of  80  :  if  therefore  the  value  of  an  annuity  on  a 
lifb  age  80  be  once  calculated,  the  value  of  an  an- 
nuity on  a  life  of  any  intermediate  age  may  be  easily 
deduced  from  the  formula  here  given ;  and  will  agree 
very  nearly  with  the  true  values. 

Krample.     Let  the  rate  of  interest  be  5  per  cent ; 

in  which  case  the  value  of  an  annuity  on  a  life  of  80 

years  of  age  will  be  3*515;  and,  if  from  this  we  wish 

o  deduce  the  value  of  an  annuity   on   a   life  of  20 

years  of  age,  the  formula  will   become   20 ~-^ — 

I  »l5=*^xl-05  X  18-9293—469  X  (20— 3-5l5)x 
•0535  =14-001  :  and  which  is  very  near  14*007,  or 
the  true  value  as  siiown  by  the  tables.     Now,  when 


*  Thif  may  genenllj  7>«  nssumed  u  the  (roe  rmlae,  without  materkl 
error,  tven  when  tho  dccrementi  are  not  exactly  regular. 

2q 
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H  is  considered  that  the  value,  here  found,  could  not 
have  been  deduced  from  the  corollary  in  page  29^ 
without  the  actual  calculation  of  sixty  terms  of  the 
series  there  given,  the  utility  of  this  formula  will  be 
manifest. 

COROLLARY. 

^  344  If  the  value  of  the  annuity  is  required  for 
a  given  term  (=«)  ;  and  that  term  happens  to  be 
wholly  within  the  interval  of  equal  decrements  as 
shown  by  any  given  table  of  observations  ;  the  series 

"y — ^nvS^'^^^y — '^^^  +  S)~"j  ^'^1  denote  the 
the  exact  value  in  such  case ,  and  is  a  formula  of 
considerable  utility  when  we  are  noi  possessed  of  any 
tables  of  the  value  of  annuities  deduced  from  such 
observations.  Or,  if  the  decrements  are  very  nearly 
equal,  the  formula  will  not  diflVr  materially  fro"^^ 
the  true  expression. 

Example.  Suppose  it  were  required  to  find  the 
value  of  an  annuity  for  20  years  on  a  life  aged  20^ 
reckoning  interest  at  5  per  cent  and  the  probabilities 
of  living  as  at  Isorthainptun,     In  this  casi  the  formula 

would  become    1 2*402 2 —3^^?=:^^^    X    Ql'Oo  X 

22-4622 20  x '3769 J=  10-844':  which  is  the  cor- 
rect value  of  a  temporary  annuity  for  20  years  on  a 
life  aged  20  ;  because  it  will  be  see-,  by  Table  XXV» 
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that  from  the  age  of  20  to  the  age  of  40  the  decrc- 
roents  of  life  are  equal.  The  value,  deduced  from 
the  rule  in  page  4G,  is  10*847. 

^  345.    This  problem  and  its  corollary  will  serve 
to  show  the  useful  purposes  to  which  M.  De  Moivre's 
hypothesis  may  be  occasionally  appropiated,  and  the 
method  ofapply  ing  it  wheneveraa  opportunityoccurs. 
But  since  the  decrements  of  lifu  are  most  irregular  in 
the  younger  and  in  the  latter   periods   of  existence, 
and  are  uniform  (or   nearly  so)   during  the  middle 
ages  only  ;  it  will  be  found  that  this  hypothesis  cannot 
in  all  cases  be  safely  used,  unless  in   deducing   the 
value  of  annuities  or  assurances  for  terms.     la   this 
respect  it  isofsingular  utility,  and  will  be  often  found 
to  save  a  laborious  calculation,    as  I    have   already 
pointed  out  in  t!.e  notes  to  some   of   the   preceding 
problems  :  and,  therefore  it  will  be  unnescsssary  to 
enlarge  more  upon  the  subject  in  this  place.      It   is 
in  tiiis  manner  tliat  Mr.  Morgan  has  condescended 
to  use  it  ;  but  it  is  done  clandestinely,  and   (I  know 
not  fur  what  reason)  by  a  previous  denial  of  the  fact.* 
I  would  here  observe  that  the  rule  for  determining 
the  valuts  of  such  annuities  as  depend  on  the  whole 
continuance  of  any  number  of  lives  out  of  any  other 
number  of  lives,  or  such  as  are   in   reversion   or  de-< 
pending  upon  survivorships,  and  in  general  for  deter 

*  S?e  Pricc't  Obi,  on  Rtv  Pay.,  Tol.  I,  p«2«  01,  noCo  t  :   «Im   tht    Dot# 
ia  p«j«  193  af  tha  preMnl  work. 
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mining  such  problems  as  j^re  coatained  in  the  sejcoad 
third  and  fourth  Chapters  of  this  work  ar€  the  same 
on  M.  De  Moivre's  hypothesis,  as  where  they  are  de- 
duced from  real  observ?.tions.  For,  iu  each  case,  the 
solutions  to  such  questions  are  obtained  from  Tables 
which  show  the  values  of  annuities  on  single  and  joint 
lives  :  and  therefore  the  merit  or  demerit  of  M.  De 
Moivre's  hypothesis,  as  far  as  regards  the  value  of  an- 
imities,  will  rest  on  the  fundamental  propositions 
above  given. 

But  in  deducing  the  value  of  assurances,  or  rever, 
sionary  sums,  his  rules  are  certainly  much  more- 
simple  than  when  deduced  from  real  observations  : 
and  it  would  be  a  fortunate  circumstance  if  his  hypo- 
thesis could  be  depended  upon  throughout  the  loliole 
duration  of  life.  As  this,  however,  is  not  the  case, 
we  must  be  content  with  the  facility  which  it  often- 
times affords  us  of  determining,  in  many  cases,  a 
very  near  value  of  such  assurances  for  terms  :  as  I 
have  already  fully  explained  in  the  sixth  and 
eighth  Chapters.* 

On  the  Method  of  approximat'mg  to  the  Value  of  Lif^ 
Annuities, 

§  346.     I  cannot  dismiss  this   chapter,  however. 

without  noticing  the  utility  and    convenience  of  the 

formulce  arising  from  M.  De  Moivre's  hypothesis,  in 

enabling  us  also  to  deduce    (from  the   values  of  an- 

♦  See  the  nottt  in  pages  160,  192,  206  aqd  818. 
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Dviities  OD  single  or  joint  lives  at  any  one  rate  of  in- 
terest) the  values  of  annuities  on  the  same  lives,  at 
aoy  othcc  rs^tc  of  interest.  In  order  to  explain  this 
method.  I  would  ot>serve  that,  according  to  M.  De 
Moivrc's  hypothesis,  the  expectation  of  any  fif©  is 
equal  to  half  tl^  qompleineut  of  such  life  ;*  conse- 
quently, the  complement  of  any  life  is  equal  to  twice 
its  expectation.  If  thereforq,  we  substitute  twice  the 
expectation  of  any  life  deduced  from  real  observations, 
instead  of  the  quantities  a,  b,  or  c  in  the  general  for- 
mulae in  pages  313,  317  and  319,  the  values  thence 
arising  will  in  rrfost  cases  be  mucli  nearer  tiie  true 
v^iqe^of  aonuitid^  deduced  from  such  observations, 
than  when  a,  b,  or  e,  is  taken  equal  to  the  compjoro 
meat  of  such  life  according  to  M.  De  ^oivre's  Ijypo- 
thesis.f  Or,  (which  is  all  that  is  required  in  the  prc-r 
sent  instance)  the  difference  between  tlie  values  of  an 
annuity  on  any  single  or  joint  lives,  deduced  in  thii» 
manner  from  the  cd-pectations  of  life,  ^t  any  two  ratest 
0^  interest,  will  be  nearly  the  s^m^e  ^s  the  difference 
between  the  correct  vaUies  of  a  similar  annuity,  at 
the  same  rates  of  interest,  deduced  from  rd(il  obseru^i- 
tions.  Consequently,  when  the  value  of  an  annuity 
according  to  any  one  rate  of  interest  is  given,  we 
may  readily  obtain  a  very  near  value  of  a  similar  an- 
nuity at  any  other  rate,  by  means  of  the  first  differ* 
ence  here  alluded  to :  as  will  be  evident  from  the 
following  general  rule. 

*  See  the  nou  in  page  50. 

*  Bee  the  obeerrttione  et  the  end  of  the  foUoiriDf  aete. 
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Call  the  correct  value,  computed  at  any  one  rate 
of  interest,  the  first  value. 

Call  the  value  deduced  from  the  expectations  of 
life,  at  the  same  rate  of  interest,  the  second  value. 

Call  the  value  deduced  from  the  expectations  o^Yx^q, 
at  any  other  rate  of  interest,  the  third  value. 

Then,    the    difference  between   the   second    and 
THIRD  values  subtracted  from,  or  added  to,  the  first 
value  (according  as  the  second  is  greater  or  less  than 
the  third)  will  be  the  near  value  of  the  annuity  at 
the  other  rate  of  interest  required.     » 

Example  1.  What  is  the  near  value  of  an  annuity 
on  a  lif^.  aged  20  years  at  4  per  cent  interest,  de- 
duced from  the  correct  value  at  5  per  cent,  and 
according  to  the  Northampton  observations  ? 

The  Jirsty  or  correct  value  at  5  per  cent  is,  by 
Table  XXVII,  equal  to  14-007.  The  second  value, 
deduced  atthe  same  rate  of  interest  from  the  expecta- 
tion of  that  life  by  the  formula  in  page  316,  is  equal 

.     66-86— 1  •06x19-234         ioncn»      rnu      *u-     i        i  A 

*°  — (568G   -05 —  13"959.*     The  third  value,  de- 
duced from  the  same  formula,  at  4  per  cent,  is  equal 

'^  When  twice  the  expectation  is  equal  to  a  whole  number  with  a  de- 
cimal added  (as  is  commonly  the  case),  the  value  of  an  annuity    for  that 

erm  may  be  best  computed  in  the  following  manner.  Suppose  the  number 
ot  years  (as  in  the  present  case)  to  be  66-86.  The  value  of  an  annuity  for 
^6  years  is,  by  Table  LIX,  equal  to  19-201 ;  and  the  value  of  an  annuity 
for  67  years  is  19*239,  The  diflFerence  between  these  two  values  is  "038 . 
which,  being  maltiplied  by  th?  decimal  -86,  and  the  product  '03S  added  to 
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*° — i^ifctfxtM ^    15-984.     Therefcre    14-007    + 

(15-984— J 3-959)  rz  16032  will  be  the  near  value 
required :  and  which  differs  only  an  unit  in  the  last 
figure  from  the  true  value  as  given  in  Table  XXVII. 


§  347.  The  same  principles  will  apply  to  the  case 
o(  two  joint  lives;  and  it  will  be  found  that  in  both 
cases  the  deduced  values  are  sometimes  nearly  the 
same  as  the  correct  values ;  that  generally  they  do 
not  differ  more  than  a  20'i'  or  30"'»  part  of  a  year's 
purchai^e;  that  in  Jo/wHives  ihey  differ  less  than  in 
sin^ile  lives;  and  that  they  come  equally  near  to  each 
other  whatever  the  rates  of  interest  are.* 


the   IcoKt    or   the  two  Tsluei*,  will  giTe  19*234  Tor  the  value  of  tlie  annuity 
'or  m-^  year*. 

The  si-cund  and  t!.ird  ralucs  lierc  obtained  (tliat  is,  13-959  nnd  15*084) 
will  tA.>  round,  un«  eoniptirifon  wiili  tlie  values  in  Tuble  XX  VII,  to  be  caurh 
nearer  llie  Irut  values  ili«n  tbuee  obtained  from  M.  Dv  Moivre's  hyjiothesis 
•s  given  iu  Tuble  XLIX.  Consequently  this  first  step  of  the  process  \\\)^ 
ihuw  iliat  M.  Do  Muivrc's  formula  (ns  given  in  (oge  niG)  may  sometimeg 
be  applied,  with  good  effect,  to  find,  in  an  expeditious  manner  by  one  op- 
iraiiuii,  a  near  value  of  an  annuity  deduced  from  real  observations. 

*  See  a  variety  of  examples,  in  proof  of  these  assertions,  in  Dr.  Price's 
01,4.  OK  Rev.  Pajft  vol.  1,  page  231.  The  same  author  remarks  that  **  thcac 
**  (Icductiuna,  in  the  ease  of  single   lives  pcrticulariy,  are  so  ea8y,&  give  the 

*  true  values  so  nearly,  that  it  will  be  scarcely  ever  necettary  to  calculate  tb, 
**  exact  values  (oecorJiiig  to  aay  give:i   observations)   for  more   than    ont 

*  rate  of  intereai."     But,  however  convenient  the  above   rules    may    be  in 
our  present  dearth  of  naeful  Tables,  they  by  no  means  remove  the  necessity 
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0/t  the  Value  of  Increasing  Life  Annuities. 


§  348.  The  hypothesis  of  M.  De  Moivre  furnishes 
us  likewise  wiih  a  convenient  and  useful  formula  for 
determining  the  value  of  increasing  Life  Annuities : 
that  is,  of  £l,  £2,  £3,  &c  (or  any  niultijDles  of  those 
sums)  payable  at  end  of  1,  2,  3,  &c,  years  respect- 
ively, if  the  given  life  A  be  then  in  existence.  For, 
the  series  exj)ressing  such  value  will  (from  what 
has  been  said  in  page  316)  be  evidently  equal  to 

&  which  may  bedivided  into  the  two  following  series, 

r  1—4-  --^  +  -1-  + -^-1 

Inorderto  abridge  the  subsequent  process,  let  us  make 


r  1 I  ._! J — 2 — L  -_^  n^ 


then  will  the  sum  of  the  two  series  above  given,  or  the. 
value  of  the  annuity  required,  be  denoted  byj*  —  — 


of  cftlculatitigi  at  several  rate  of  interest,  any  new  Tables  that  may  be  hera 
after  formed  :  and  I  should  hope  that  no  one,  who  may  at  any  future  ti  ne 
undertake  this  laborious  task,  will  be  influenced  by  so  weak  and  so  ill-juJ^e'^ 
an  excuse.  The  object  and  real  utility  of  Tables,  of  any  kind,  is  to  s.iTa 
tine  and  labour,  and  to  prevent  the  occnrrtnct  of  trrora. 
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But,  from  what  has  been  said  in  §  339,  it  will  be 
•een  that  the  value  of  an  annuity  on  a  single  life  A  is 
denoted  by  y — ^ ;  and,  from  what  has  been  said 
in  ^  340,  that  the  value  of  an  annuity  on  two  equal 
joint  lives  AA  is  denoted  by  5^ '  +-^  .     There- 


a        an 


fore  A  —  AA  =  v  — —  —  V  -{ *-  =-^ : 

consequently  a  (A-^AA)  z:.r — ^will  be  the  value 

of  the  increasing  annuity   required :     whence   we 
defduce  the  following  rule. 

^  349.  From  the  value  of  an  annuity  on  the  given 
life  subtract  the  value  of  an  annuity  on  two  Ct^ual  joint 
lives,  of  the  same  age  with  the  given  life ;  multiply  the 
difference  by  the  complement  {or  twice  the  crpectation) 
of  the  given  life :  and  the  product  will  be  the  answer 
required. 

^  350.  Example.  Lei  the  given  life  be  40  years 
of  age;  and  let  the  annuity  be  £1  the  first  year, 
£2  the  second  year,  £3  the  third  year,  and  so  on 
^cording  to  the  order  of  the  natural  numbers  :  what 
if  the  present  value  of  this  annuity,  reckoning  interest 
at  4  per  cent,  aqd  tiie  probabilities  of  living  as  ob- 
served at  Northampton  ? 

Here  we  shall  have  ii=:l3197,  i4^z=9*820,  and 
rt  (or  twi«e  the  expectation)  n  46- 16  :  consequently 
46-16x(i3l97— 9-820)=zl55-882  will  be  tlie  value 

required. 

9ii 


330 


ON  M.  DE  MOIVRE  fl  HrPOTHlSIS. 


Ch.9. 


If  the  annuities  had  been  £10,  £20,  £30,  <^c., 
the  present  value  would  be  155-882x10.  Or,  if 
they  had  been  £\5,  £30,  £45,  &c.,  the  present  value 
would  be  155-882x15. 

But,  if  the  annuity  commences  with  a  larger  sum 
than  £1,  and  yet  increases  only  by  £1  in  every  year, 
we  must  add  to  the  value,  above  found,  the  value  of 
an  annuity  on  the  given  life  multiplied  into  the  first 
payment  lessened  by  unity;  and  the  sum  will  be 
the  answer.  Thus,  if  the  annuities  in  the  first  case 
above  mentioned,  had  been  £15,  £16,  £17,  <^'c,,  we 
taust  multiply  13*197  by  14 ;  and  the  product,  or 
184'758,  added  to  155-882  will  give  340-640  for  the 
a«swer  in  this  case  required. 


§  351.  These  and  many  other  instances  (in  ad- 
dition to  those  already  mentioned  in  various  parts  of 
this  treatise)  might  be  adduced  to  show  the  great 
utility  and  convenience  of  M.  De  Moivre's  hypothesis 
in  a  general  point  of  view.  The  most  common  cases 
will  convince  us  that  it  may  always  lay  claim  to  a 
considerable  share  of  merit ;  but  that  it  is  particularly 
entitled  to  our  approbation  in  enabling  us  to  conduct 
our  inquiries  into  many  branches  of  this  science 
where  the  common  analysis  is  not  only  exceedingly 
intricitte  but  sometimes  entirely  fails  :  and  tljat  it  is 
by  iio  means  deserving  of  the  false  and  ignominious 
epithets  of  "  wretched"  or  **  absurd." 
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CHAPTER   X. 

On  the  Value  of  Annuities  payable  Half -yearly,  S^c. 
On  Half-yearly,  S^c.  A^urances ;  and  on  Annuities 
secured  by  Land. 

^  352.  In  the  preceding  chapters,  the  values  of  an- 
nuities have  been  deduced  on  the  supposition  that 
they  are  all  payable  yearly  :  this  is  the  most  usual 
case.  But,  as  others  may  occasionally  occur,  it  will 
be  useful  to  know  the  IJfeits  of  the  differences  which 
arise  in  those  cases  :  therefore,  that  nothing  might  be 
wanting  on  this  subject   I  shall  make  no  apology  for 

introducing  the  following  investigations.* 

I  II   III 
If  fl,  a,  a,  a,  &c.  represent  the  number  of  persons 

living  at  the  age  of  A,  and  at  the  age  of  1,  2,  3,  &c. 

years  older  than  A,  agreeably  to  what  has  been  said 

•  A  person  who  receives  a  life  annuity  haff-feqrlt/  has  a  double  adran- 
tyge  0T«f  one  wko  receives  the  same  aonuity  yearly  :  for,  besides  the 
interest  of  each  half-yearly  payment  for  six  months,  he  hos  a  chance  of 
receiving  one  half  year's  payment  more  than  if  he  were  paid  yearly.  la 
like  manner,  a  person  who  receives  a  life  annuity  fuar^er/y  has  a  doutile 
advantage  over  one  who  receives  the  same  annuity  half-)early  :  &e.  8cc. 
See  this  subject  detailed  at  full  length  in  Baron  Maacres's  Doctrine  of  Li/t 
Annuities,  pages  283—300. 


Jl 
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in  §  23,   then  will  a+a ,   a+n,    Wa*  &c.  denote   th^ 

2  2  2 

number  of  persons  living  at  the  end  of  J,  U,  2\,  &c. 
years  from  the  age  of  A  :  which,  though  perhaps  not 
in  a// cases  strictly  truCfc  will  serve  our  present  pur- 
pose, and  be  as  near  the  real  *alue  as  we  could  hope 
for.     Consequently,  the  present  value  of  an  annuity 

on  the  life  A,  payable   Half-yearly,  is  equal   to-^ 

II  I  II  U  II         III 


+  &c.]  :*   a  series  which  may  evidently  be  divided 


into  the  two  following  ones:  viz.J_ 

2  2a 

II     ui  I  .        I  ■ 

a    a       .   ~       I      .      1      )       a         .       a 


a+a      -X-       q+q 


The  latter  of  these  is  equal  to  -^  \  and  the  former, 
which  may  be  divided  again  into  the  two  following 


series L 


a    + 


4afl+s;5.  <'l+8->  '^+«>  ^^+«>'' 

1  r   /  '/  '" 

4-   &c.        +  0-1-8)1         _5-    -f    ?L__    4-       « 


4.  &c.],  is  eq«al  to    ^+"^     -l       H-H)^^    .     Whence 


•  The  reader  is  sapposed  to  be  acquainted  with  the  method  of  dedacing 
the  present  value  of  an  annuity  e^tain  payable  half-yearly  &«,  at  explained 
w  my  Dociriiu  of  Intertt  and  Annuiiiet.  Chapter  Z. 
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the  total  present  value  of  the  aoDuity  is  equal  to-4-  + 

X  A  +  — ^-j. 

But,  since  the  quantity  —  .1 —  seldom  much 
exceeds  unity,*  this  expression  may  be  taken  (without 
material  error)  equal  to  ^4  H t  ;  and,  since 

r  w  seldom  much  below  i,t  the  expression 

may  be  still  further  reduced  to  -<i  +  j.  That  is,  if 
to  the  value  of  the  annuity  payable  yearly  we  add 
a  quarter  0/ a  years  purchase,  the  sum  will  be  very 
near  the  value  of  the  same  annuity  payable  Half- 
yearly.  The  exact  values  however  may  be  easily  de- 
termined from  the  general  expression  above  given. 

^  353.  If  we  wish  to  determine  the  present  value 
of  a  similar  annuity  payable  Quarterly,  we  must  take 


*  Wlwa  the  n(e  of  ioterett  is  2  per  cent  per  annms,  the  ^tntit  j,  her* 
alladcd  to,  if  equal  to  1  000025  ;  and  when  the  rate  of  interest  is  10  per 
eent  p«r  anoam,  it  is  equal  tq  1.000569  :  whence  a  judgment  maj  be  formed 
of  its  TsJot  at  anj  intermediate  rate. 

*  When  the  rate  of  interest  is  3  per  cent  per  annum,  this  quantity  is 
equal  to  '2475  ;  and,  when  the  rate  of  interest  is  10  per  cent  per  annum,  it 
ia  equal  to  -2384 :  bat,  it  will  be  seen  that  as  this  quantity  deertatet,  tht 
one  mentioned  in  the  last  note  JnermtM :  wbmM  A  +  \  will  seldom 
mtich  cxoeed  tha  tnic  vaio*. 
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2ap,^  .^+^,  ?2+f!,  ^«,    22+«/^,  &c.  to  denote 

4  4  4  4  4*4 

the  number  of  persons  living  at  the  end  of  ?,  f,  1^, 
]|,  21,  2j,  &c.  years  :*  whence,  the  present  value  of 
an  annuity  on  the  life  A  payable  Quarterly  will  be 

equal  to     _L_  I    ^°+«      +      ^■^"'    +.  a-\-^'a    4-     a 
4«   U(i+?)i        20+5)1      4(i+j)l      ci+j; 


3a+a        _^    .    "-^"    .^.f     _^+    -^+     &C. 


But,  this  series  may  be  divided  into  the  four  following 


/         I     II        II   III 


°°^'  =  *'^-     i6.,n-.)i  I  "^"+"0+^  +Th^+«^'^  I 


16a(l+?;4   I_ 


fM\+A)        ,        ^(1-<-o^ 


+ 


icti+ji  "^         i«      '  8«(i+5)l  ..    1      ^   i^-^^) 
0  +,)^  ^  "^"^-J        8(1+^)1  ^        «    /  i6ari+5;f 


L  1     ^  to+5)  ^  ri+w'  ^^'^^^•J  -i6(i4-.oi    ^ 

TO—'  ana  -^  L  ^j_^^^  -1-  (iiji^t-  o+j;'^'^^-^! 


wi 


z=— •  Whence,  the  total  present  value  of  the 
annuity  is  equal  to  {^^[q:]^  +  J  ^  +  "^0+7)1 
+     -^^^~8 r     i6(i+^;j  -r        rr        +     < 

'•' These  are  the  arithmetical  means  between  th«  number  pf  persona 
living  at  tha  age  of  A  and  at  the  several  ages  of  ^,  1^,  2^,  3i,  &C,  years 
older :  and  ar«  sufficiently  near  for  the  purpose*  here  intended. 
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io(i+t)i  X  i4  + 

But,  since  the  fractional  quantity,  by  which  A  is 
multiplied,  seldom  much  exceeds  unity,*  this  expres- 
sion may  be  taken,  without  material  error,  equal  to 

^    3a+«^t2M5ii±i :  and  since  a(^4«M-4-gn-f»U4-i 

iO(i+«)|  i6M-h»;J 

is  seldom  much  below  |,t  t^^c  expression  may  be  still 
further  reduced  to  A  -f  i.  That  is,  if  to  the  value 
of  the  annuity  payable  yearly  we  add  three  eights  of 
a  year  s  purchase,  the  sum  will  be  veryneariXio  value 
of  the  same  annuity  payable  Quarterly,  The  exact 
values,  however,  may  be  easily  determined,  as  in  the 
former  case,  from  the  general  expression  above  giv'en. 

^  354.  Upon  M.  De  Moivre's  hypothesis  the  pre- 
sent value  of  a  life  annuity  payable  Half-yearly  will 

be   denoted   by  the  series  — ^  I     *~*.  -I — -."^    4. 

*  Wh«n  the  Tste  of  ipterot  it  2  per  tsnl.  per  innnm,  the  quantitr,  here 
•Iluded  to,  is  equal  to  IKHXiOG?;  and  nhen  tlie  rate  of  interest  is  10  per 
cent  (er  sonua,  it  is  equal  to  1.0C0710  ;  whence  a  toftrlblj  correct  opiuioQ 
Ecsy  b«  fonnctl  of  its  rslue  at  any  iutcrmcdiate  rate. 

t  When  the  rate  of  interest  is  2  psr  cent,  per  annum,  this  qmn- 
tity  is  equal  to  .3710 ;  and  when  the  rate  of  interest  is  10  per  cent,  per 
aitnnm,  it  is  equal  to  *80O6;  but,  as  this  ralue  decreases  the  one  naen- 
Uopcd  in  the  last  oote  inenaMS  ;  whence  ii  +  I  *iU  aeldom  much  exceed 
Um  true  Talue. 
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a — I  a — 2          « — I          a— -3  _f[llfLl    « 

which  may  be  divided  into  the  two  following  ones:  viz. 
1  r 1_    ,1,1,1. 

a      "i 1_  p       1  2  3  4 

2a 
].     The  first  of  these  is  equal  to  i 

X  Izi/lli^ZI^— //;*  and  the  second  is  equal  to  — 

■^^2A(i+p)l-2a(i+?)-«.^    consequently  the   total 

(14-^)1-^ 
present  value  of  the  annuity  is  equal  to  n^  X  ^H^iiiiL. 

In  like  manner,  the  present  value  of  a  life  annuity 
payable  Quarterly  will,  upon  the  same  hypothesis,  be 

equal  to  1^  L(H-?)i  +  (r+^)l  +  (i +  ?)|H-(i  +  j)  + 
:  which  may  divided  into  the  two  fol- 


a — a 


(1+^r- 

lowing  series-^  LtII^t +-(^^  +  ^7:^ 

4- -r4^^1  •     ^"t,  the  first 


(i_|_g)f-T  (1+8)    '  (l+2)«i 


*  See  my  Doctrint  of  Tht9r$at  and  Annuititi,  pn^e  M. 
•1-  /&id.  pagt  88. 
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of  these  scries  is  equai  to  4  X  '^j!|1?L|  '—  ^  »*  ^^^ 

the  second  is  equal  to  -  ^^  X  *^^\:^;ILV^ '' 
consequently  the  total  present  value  of  the  annuity  ia 

m  this  case  equal  to  u  x  .    j 

By  a  similar  process  we  might  find  the  present 
value  of  such  annuities  payable  at  any  other  intervals : 
but  it  will  be  sufficient  to  show  the  extreme  limit  of 
the  increase  which  arises  from  thus  supposint^^  the  an- 
nuity to  be  payable  at  such  smaller  intervals :  this 
limit  takes  pace  when  the  annuity  is  considered  as 
being  paid  momently;    in  which  case  the  expression 

becomes  ^J'~,7i  ">  *  where  m  is  equal  to  ^tI'"^^/ — * 

or,  to  the  present  value  of  an  annuity  certain  for  the 
term  ;/,  payable  momentlij.-\ 

\  355.  If  the  numerical  value  of  these  expressions 
for  balf-yeaily  and  quarterly  annuities,  according  to 
the  hypoihesis  of  INI.  De  Moivre,  be  compared  with 
those  deduced  from  real  observations,  they  will  be 
found  to  confirm  the  accuracy  of  each  other;  and  to 
justify  the  rule  which  I  have  before  given  ;  namely, 
that  the  value  of  annuities  payable  yearly  must  be 

*  8e«  my  Doetrint  oflnttrut  and  Annuities,  page  60. 
•{•  Ibid.  |Migt  69.     And  I  woqH  here  obserre  that  I  take  NL  to  deoot* 
iht  Jfijurwn  logarithm  of  the  quaaiity  iiinilieJiataly  rollowing  tu 

28 
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ncreased  nearly  ^  of  a  year's  purchase  in  order  to 
how  the  value  of  the  same  annuities  payable  half- 
yearly  \  and  that  they  must  be  increased  nearly  f  of 
a  year's  purchase  in  order  to  show  the  value  of  the 
same  annuities  payable  quarterly  ;  and  also  that  they 
must  be  increased  by  \  a  year's  purchase  in  order  to 
show  the  value  of  the  same  annuities  payable 
momcnUy. 

\  35G.  The  reader  must  observe  that,  in  all  these 
cases,  I  have  had  resrard  only  to  the  true  rate  oi annual 
interest,  agreeably  to  the  principles  which  I  have  laid 
down  ill  another  work*  for  determining  the  value  of 
annuities  in  general.  But  such  annual  rate  may  al- 
ways be  expressed  in  terms  of  the  Jiominal  rate,  by 
making  the  substitutions  there  olluded  to,!"  according 
as  the  interest  is  payable  half-yearly,  quarterly,  &c. : 
whereby  we  shall  find  that,  on  M.  De  Moivre's  hypo- 
thesis, the  present  value  of  an  annuity,  on  the  life 
whose  complement  is  «,  payable  yearly,  half-yearly, 
quarterly,  and  momently,  and  on  the  supposition  that 
the  interest  is  also  payable  at  the  same  periods,  will 
be    denoted    respectively   by    "-^'+'-^"*   a-fl+f^, 

*  ''         ''  ar  at' 

a— (14.7)7  °— "* 

— — ,  and    ar  '  vrh  're  y,  h,  q,  and  m  will  now 

respectively  denote   the  oresent  values  of  annuities 

•  See  iny  Doctrine  0/ Intersst  and  innuities,  psTe  65. 
t  That  is,  by  sabstituting  (l-H ^)  — 1  for  $  :   ngreeably  to  what  I  harf 
Mid  in  my  Doctrine  0/ Interest  nd  Annuities,  "§  77i  page  64, 


t 

f 
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certain  for  the  term  a,  payable  yearly,  half-ytarly, 
quarterly  and  momently ,  and  on  the  supposition  that 
the  interest  also  is  payable  at  the  same  periods. 

If  the  numerical  value  of  these  expressions  be  com- 
pared with  each  other,  it  will  be  found  that  the  half- 
yearly  annuities  will,  upon  this  principle,  be  about 

—■  of  a  year's   purchase,   and   quarterly  annuities 

about  -^of  a  year's  purchase,  more  than  the  value 

of  the  same  annuities  payable  yearly  ;  and  this  is  the 
rule  given'  by  Dr.  Price  for  such  purpose.*  But  as 
the  periods  of  the  payments  of  the  annuity  are  totally 
independent  of  the  periods  of  the  payment  of  interest, 
and  ought  not  to  be  confounded  together  (as  I  have 
more  fully  explained  in  the  tenth  Chapter  of  my 
Doctrine  of  Interest  and  Annuities),  we  shall  find  that 
the  addition  to  the  tabular  values  of  J  and  |  respec- 
tively, as  stated  in  pages  333  and 335,  will  be  the  most 
correct  rule  for  general  use:  agreeably  to  what  has  been 

*  See  I.'u  Obtervationt  on  Rev.  Pay.  vol.  1,  page  240  :  aiid  the  inresti. 
gationa  wbich  are  there  annexed.  The  two  following  cxamplca,  giren  by 
bim,  will  show  the  real  difference  which  arises  in  these  coats. 


Value  of  an  Annuity  on  a  Single  Life, 
Intere&t  4  per  cent. 

Age. 

Payable 
Yevly. 

Payable 
Half-yearly 

Payable 
Quarterly. 

Payable 
Momently 

36 
61 

lO-SitO 
8-7&3 

14010 
8S73 

14-101 

9-073 

14191 

OlM 
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already  advanced  by  Mr.  Simpson  in  his  Doctrine  of 
Amiuifies  and  Reversions,  page  79. 

As  the  two  methods  of  investigation  are  however 
now  before  the  j)ub!ic,  the  computist  may  adopt  that 
rule  which  he  conceives  to  be  best  suited  to  the  cir- 
cumstances of  the  case.  Dr.  Price  had  endeavoured 
lo  overturn  Mr.  Simpson's  rule  without  stating  the 
grounds  of  his  dissent,  and  to  substitute  his  own 
without  explaining  the  nature  and  cause  of  their 
difference. 

§  357.     Hitherto  I  have  considered  the  difference^ 

in  the  value  of  annuities  on  single  lives  only :   but  i 

will  be  evident  that,  on  the  supposition  that  money 

is  improved  at  a  given  annual  rate  of  interest,  the 

differences  will  be  nearly  the  same  on  two  joint  lives. 

whose  value  is  deduced  from  real  observations,  and 

whose  probabilities  of  living  to  the  end  of  every  half- 

j  _i  ''■,',',"  " 
year  are  respectively  denoted  by^— ^  >      ^° 

"    ^^  ,  &c  :  which  probabilities,  though  not  strictly 

correct,  may  answer  the  present  purpose. 

On  M.  De  Moivre's  hypothesis,  however,and  on  the 
supposition  that  money  can  be  improved  at  interest 
payable  at  the  same  periods  as  the  annuity,  the  value 
of  an  annuity  on  the  two  joint  lives  whose  comple- 
ments are  a  and  by  payable  half-yearly,  is  accurately 

expressed  by  the  following  series  ^  [_ — ffcfTT^"^ 
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(i^-i).    '■»'    (1+;)'     ^  nT+;)*     ^ 

(a--^)'(^— ifj"! .  jjj^  gun^  of  which  may,  from  what  ha- 
preceded,  be  eajsily  found  equal  to-^—  ^^    Lt  ^ 


In  like  manne*  the  value  of  an  annuity  on  those  lives, 
payable  quarterly^  is  on  the  same  principles  equal  to 

i  r(«-|Uft-|)  .  (a-|).(6-»)  .  (a~3U6-j)    , 
^  -        (l-hr)  (1+i)'         ^        U-H)'         ^ 

is  equal  to-L--i±L  fi/a— ^— i— A)+i."|  • 

And,  if  the  annuity  and  the  interest  are  both  sup- 
posed to  be  payable  momently,  its  value  will  come  out 

In  which 


2  n 


equalto^-;i_^(.-A-.i.)+^^ 

several  formulae,  the  quantities  A,  q,  and  m  denote  the 
present  value  of  annuities  certain  for  the  term  b, 
payable  half -year  ly,  quarterly,  and  momaUly,  on  the 
supposition  that  the  interest  also  is  payable  at  the 
same  periods  respectively.* 

•  The  Tollowicg  examples,  giren  bjr  Mr.  Morgan,    wiil  «how  the  real 
difference  that  arises  is  these  casef . 


Value  of  an  Annuity  uii  twu  jouit  lives,) 
Int<Tr»^»  4  per  r*»nt. 


Ajvf. 


2  )— ;«( 


Payable 
Ymrlv 


1 1  in 

10-3^4 
7  448 
a'l44 


Fajubjc 
TNM-yearl' 


lonoo 
7«73 
0-374 


I'uvhl.ltf        Payublv 
Q'ipirTfrl)J^'on»*nMy 


loron 

7-793 
6-617 


l|-«.U 

in»»H 
7-001 
6-602 
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Oti  Half-yearly  8cc  Assurances. 

^  358.  By  a  similar  method  of  proceeding  to  that 
which  has  been  adopted  in  the  former  part  of  this 
Cliapter  we  miglit  determine  the  present  value  of 
Assurances  for  every  half-ye^r,  quarter-yeQ.T,  8rc 
of  human  existence.  For,  if  the  number  of  persons 
living  at  the  end  of  §,  U,  2|,  &c  years  from  the  age 
of  A  be  denoted  by  the  same  quantities  as  in  page 
332,  then  will  the  probabilities  of  such  life  becoming 
extinct  in  the  first,  second,  third  &c,  //«//*  years,  be 


/        /   I    II   I    II   II  III 

a — a    a — n    a-^t    an     a -a 


respectively  represented  by  .^^  .^..^,  ^^  .  .^^  ^  .^^ 

&c  :  consequently  the  present  value  of  an  assurance 
of  the  sum  s  on  the  life  A  for  every  half-y^-dx  of 
human    existence   will    be   truly  expressed    by  -^ 

CI  I         i   II  I    II         II  III  \  , 

&  359.  In  like  manner,  if  the  number  of  persons 
living  at  the  end  of  i,  f,  1  J,  &c  years  from  the  age 
of  A°be  denoted  by  the  same  quantities  as  in  page 
334  then  will  the  probabilities  of  such  life  becoming 
extinct  hi  the  first,  second,  third,  &c  quarter-ye^rs, 

I  III 

be  respectively  represented  by^,  ^i^»-V^'^* 


2=^»— ~",  &c:  consequently  the  present  value  of  an 
a^urance  of  the  sum  s  on  the  life  A  for  every  guar- 
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/^r-year  of  human  existence  will  be  truly  expressed 
i         «  '  '  I  I    II 


-T  IJ  +(1  4-S;i  +  (l+2)J  + 
§  3G0.     By  continuing  these  subdivisions  wc  shall 
find  that  the  present  value  of  the  same  assurance  on 
the  life  A  for  every  rA  part  of  a  year,  will  be  truly 
expressed  by -L  f  1 +(1+3)--^  +(i+j)-f+ 

(I+S)  -i  X    ^^y_  -  X  -  ^,^^^_,._-   X  ^,^, 

Now,  when  n  is  infinite,  this  formula  becomes  equal 

^^  sL  r+?) — ^  rT?T'*  ^"^  which  consequently 
denotes  the  value  of  the  assurance  for  every  moment 
of  human  existence;  that  is,  the  value  of  the  given 
sum  to  be  received  immcdiatelif  on  the  extinction  of 
the  given  life.f 

*  For,  in  saeh  caM  ii[^l-(-.'j  • — ij  >•  eqnil  to  the  Nepci«m  loj^- 
•rif:m  o(  n+?)'  See  Euler't  Introd  in  Anal.  'In/Tol.  7,  clinp.  7, 
{119;  and  alMt  w)i.ii  hu  been  said  on  thix  subject  in  mj  Doctrin*  9/ 
Inter*$t  and  Annuities^  poge  43. 

t  Since  the    Nei>emin   logarithm  of  (l-\-2)   differs  but   litlle  from 

?t 

•^rj-^  this  last  formula  may  be  rendered  more  conrenient  for  practice  by 

means  of  the  exprestion  — 5^   x  -j^i^jj  =  •  (  I  +  Y-^^Ti+fJ 
which  exceeds  iho  value  of  a  yearly  assurance,  deduced  from  the  rula  in 

•?      i—pA 
p  |t  14«,  by  tha  quantity  y  x  JlTtJ 
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It  may  be  necessary  to  remark  that  these  values 
are  all  reduced  from  the  true  annual  rate  of  interest ; 
which  may  be  reduced   to  the  nominal  vdXQ  by  making 
the  substitution  alluded  to  in  the  note  in  page  338. 

On  L'lje  Annuities  secured  by  Land. 

^  3G1.  A  life  annuity  secured  by  land*  differs 
from  that  kind  of  life  annuity  which  has  been  treated 
of  in  the  preceding  part  of  this  work,  inasmuch  that 
if  the  annuitant  dies  at  any  time  between  the  stated 
periods  for  the  payment  of  the  annuity,  his  heirs  are 
to  receive  such  a  sum  as  will  be  proportional  to  thg 
time  elapsed  between  the  last  payment  and  his  death  j 
whereas  in  all  the  cases  hitherto  considered,  if  the 
annuitant  dies  on  the  day  preceding  the  time  of  pay- 
ment, or  sooner,  his  heirs  cannot  claim  any  part  or 
portion  of  the  annuity. 

In  this  case,  supposing  the  annuity  payable  yearly, 
the  annuitant  (since  there  is  the  same  chance  for  his 
dying  in  one  half  of  any  year  as  in  the  other)  may 
be  considered  as  having  an  expectation  of  half  a  year's 
payment  more  than  he  would  be  otherwise  entitled  to^ 
13utthe  value  of  the  half  of  XI  to  be  received  on  the 
extinction  of  any  life.  A,  is  by  Prob.  XXli  equal  to 

^~^     :  and  which  is  the  addition  that  ought  to  be 

made  to  the  value  of  an  annuity  payable  yearly,  in 

•  See  on  tliis  subject,  Dodson,  vol.  iii,  Ques.  1  to  4,  and  2  »o  14.     Price, 
▼ol.  I,  page  224. 


Ck.   10.   ON    LIFE   AHNUITIES    8BCURED   BY    LAND.    345 

order  to  obtain  its  value  when  secured  by  land  :  con- 
sequently the  value  of  such  annuity  is  ^4  +  ^.^4?^) 
— L±Il±iH- 

§  362.  In  like  manner,  supposing  the  annuity 
payable  half-yearly,  the  annuitant  may  be  considered 
as  having  an  expectation,  of  a  quarter  of  a  year's  pay- 
ment more  than  he  w^ould  be  otherwise  entitled  to. 
But  the  value  of  the  quarter  of  £l  to  be  received  on 
the  extinction  of  the  life  A  in  any  half  year,  is,  by  the 

formula  in  page  342,  equal  to  [»  +  (i  +  g)^J^[i-M] 

8(1  +j)  » 

and  which  is  the  addition  that  ought  to  be  made  to 
the  value  of  an  annuity  payable  half-yearly,  in  order 
to  obtain  its  value  when  secured  by  land.  And  soon 
for  the  additions  that  ought  to  be  made  to  the  value 
of  an  annuity  payable  quarterly  &c.  But  the  dif- 
ference  between  the  value  of  an  annuity  payable 
yearly,  not  secured  by  land,  and  the  value  of  an  an 
nuity,  payable  at  the  same,  or  at  any  other  intervals, 
which  is  secured  by  land,  can  in  no  case  exceed  '5, 
or  half  unity. 

§  363.     M   DqMowvq  \Ti)\\s  Doctrine  of  Cha)ices, 

page  338,  has  given  a  theorem  for  finding  the  value 

of  an  annuity  secured  by  land  and   payable  yearly, 

which  he  deduced  by  a  differential  process  ;  a  method 

easily  applicable  to  his  hypothesis :  and  Mr.  Dodson 

in  the  third  volume  of  his  Mathematical  Repository^ 

page  !,  has  given  another  theorem  for  that  purpose 

2  T 
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(obtained  without  the  aid  of  that  calculus)  which 
brings  out  nearly  the  same  answers.*  But  Mr.  Simp- 
son in  his  Select  Exercises,  page  323,  and  in  the  Sup- 
plement to  his  Doctrine  of  Annuities,  page  70,  has 
given  a  theorem  which  shows  the  value,  not  of  an  an- 
nuity payable  yearly  and  secured  by  land,  but  of  an 
annuity  payable  momently  at  a  given  annual  rate  of 
interest.!  The  values  in  all  these  cases  being  ob- 
tained from  M.  De  Moivre's  hypothesis. 


*  M.  De  lloivre's  formula  is — ■rr-rrr—. — ; :  where   w  denotes 

the  value  of  an  annuity  certain  for  the  term  n,  i)iiyable  yearly.  Now  the 
Neperean  logarithm  of  (1  -f-  2)  is  very  nearly  equal  to  ^1-.  :  if,  iherc- 
fore,  we  suhstitute  this  latter  quantity,  instead  orNL.(l  4.^),  the  above 
formula  will  become  "'~-'^  "^  g ';  which  is  the  same  as  that  given  by  Mr. 
Dodson,  and  wh'ch  exceeds  the  value  of  an  annuity  not  secured  by  land  (as 

deduced  in  page  316)  by  the  quantity     ^ 

•    2a 

+     Mr.    Simpson's   formula   is   ,    — »  ir 

^iL,(14-i?)  — a  X  JSL.(14-j) 

=r;? — ; -•    which    is  the  same  as  that  given  in  §  354,  for  deter- 

mining  the  value  of  a  life  annuity  payable  momently,  at  a  given  annual 
rate  of  interest :  but  this  is  certainly  not  a  correct  mode  of  proceeding  in 
order  to  find  the  value  of  an  annuity  secured  by  land. 

Dr.  Price  is  wrong  in  asserting  that  "  Mr.  Simpson  makes  the  excess  of 
"  the  value  of  such  an  annuity,  above  tlie  value  of  an  annuity  payable  yearly 
"  hut  not  secured  by  land,  (fou6/e  to  the  same  excess  derived  from  Mr.  Dod- 
*'  son's  and  M.  De  Moivre's  rules."  The  truth  i.«,  that  not  only  Dr.  Price, 
"  but  Mr.  Sin^.psnn  himself,  appear  to  have  been  deceived  by  the  siniilariiy 
of  the  symbols  employed  in  the  two  formulae  compared  ;  without  suffieicntly 
considering  (hat  tliose  symbols  denote  different  quantities. 
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I  would  here  observe  that  the  formulae,  which  I 
have  given  above,  are  the  first  that  have  been  deduced 
from  real  observations ;  and  are  much  more  simple 
than  those  deduced  from^M.  De  Moivre  s  hypothesis. 
But  though  they  readily  follow,  after  the  investiga- 
tions that  have  been  previously  entered  into;  and 
might  easily  have  been  adapted,  by  preceding 
writers,  to  the  value  of  annuities  as  deduced 
from  such  observations ;  yet  those,  who  have  been 
the  most  forward  to  attack  the  whole  of  M.  De 
Moivre's  principles,  have  not  only  suffered  his  for- 
mulae on  this,  and  on  other  subjects^  to  remain  uncor- 
rected and  unreproved ;  but  have  inserted  them  in 
their  works  as  affording  a  proper  and  correct  solution 
to  such  cases!!! 
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CHAPTER  XL 

On  the    Value  of  Deferred  Annuities,  Reversionary 
Annuities,  and  Assurances,  in  Annual  Payments. 

\  364.  Xn  all  those  cases  of  deferred  annuities 
mentioned  in  Prob.  I,  cor.  3,  and  in  the  caroUaries 
to  the  subsequent  problems,  as  well  as  in  all  cases 
of  Assurances,  I  have  deduced  the  values  of  the  same 
in  one  single  payment :  but  it  is  oftentimes  required 
to  determine  such  values  in  annual  payments.  The 
method  of  doing  which  I  shall  now  proceed  to  show. 

In  the  case  Deferred  annuities  depending  on  any 
number  of  joint  lives  ABC,  the  value  in  one  single 
payment  is  (by  Prob.  I,  cor.  3)  denoted  by  (ABC)^- 
Now,  if  the  purchaser  of  this  annuity  is  desirous  of 
paying  for  the  same  by  equal  annual  payments  during 
the  given  term,*  those  equal  payments  ought  to  be 
such  thatftheir  total  present  value  shall  be  equal  to 
the  single  payment  above  mentioned :  or,  in  other 
words,  he  should  pay  instead  of  such  sum  an  equiva- 
lent  annuity  during  the  given  term. 

§  365.  Let  the  required  annual  payment  be  de- 
noted by;? ;  and  let  the  value  of  a  temporary  annuity 


*  Such  annual  payments,  however,  subject  to  failure  if  the  given  lives 
become  extinct  before  the  end  of  that  period. 
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on  the  given  lives  (that  is,  of  an  annuity  to  continue 
'  till  the  period  when  the  deferred  annuity  commences) 
be  denoted  by  {ABC)^ :  then,  since  the  value  of  the 
deferred  annuity,  or  {ABC)^,  is  to  be  paid  for  by 
equal  annual  payments  during  the  time  such  annuity 
is  deferred  (subject  to  failure  if  any  of  the  given  lives 
become  extinct  in  that  period),  it  is  evident  that  the 
sum  or  value  of  such  payments  must  be  equal  to  the 
value  of  an  annuity,  on  the  given  lives/or  such  time, 
of  the  yearly  value  of ;? :  \\i^i\s,p{ABC)^  —  {ABC)^, 

This,  however,  is  on  the  supposition  that  the  first 
annual  payment  is  not  made  till  the  end  of  the  first 
year,  and  continued  at  the  end  of  every  subsequent 
year  till  the  expiration  of  the  term.  But  this  rarely, 
if  ever,  happens:  and  the  usual,  if  not  the  invariable 
method  is  to  advance  the  first  payment  immediately  : 
and  the  remaining  ones  at  the  beginning  of  each  of 
the  following  years  :  so  that  the  number  of  payments 
shall  be  equal  to  the  number  of  years  during  which 
the  annuity  is  deferred.  Therefore  (since  the  pay- 
ment which  was  supposed,  in  the  preceding  case,  to 
be  made  at  the  end  of  the  terra  is  now  made  at  the 
beginning)  we  must  add  unity  to  the  value  of  a  tem- 
porary annuity  for  one  year  less  than*  the  given  term  : 


*  Dr.  Price,  in  &11  the  cases  of  annual  payments  which  he  has  given,  says 
that  we  roust  add  unity  to  the  value  of  a  temporary  annuity  for  the  giv$m 
term :  by  wliich  means  he  makes  the  number  of  payments  to  be  one  more 
than  ever  occurs.  The  reader  should  particularly  observe  this  in  comparing 
his  rales  with  the  formula  here  given. 
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and  this  quantity  multiplied  by  the  annual  payment 
will  be  equal  to  the  value  of  the  deferred  annuity. 
Consequently  the  forniula  will,  in  this  case,  become 

p\\+  {ABCr^]  zr  {ABCY ;  whence,^  ^rfl^^I^i 
*  and  whence  the  following  rule. 

§  366.  Divide  the  value  of  the  Dej erred  annuity^ 
by  unity  added  to  the  value  of  a  similar  Temporary  an- 
nuity for  one  year  less  than  the  given  term :  the  quotient 
will  be  the  annUal  payment  required. 

For  examples  of  the  use  and  application  of  this 
rule,  see  the  Scholium  to  Question  VI  in  Chapter  XI  I. 

§  367.  The  same  rule  wi]l  apply  to  the  case  of 
deferred  annuities  depending  on  the  longest  of  two  or 
more  lives  :  see  Prob.  II,  cor.  2.  For,  if  the  value 
of  an  annuity  on  the  longest  of  any  number  of  lives 
be  denoted  by  L,  then  will  the  value  of  a  similar  de- 
ferred annuity  be  denoted  by  {Ly ;  and  also  the 
value  of  a  similar  temporary  annuity  for  one  year  less 
than  the  given  term  will  be  denoted  by  {Lf'^.  Con- 
sequently, from  what  has  been  above  said,  we  shall 


*  Since  (^5C/"^  =  (ABcf-  ^{1  +  sf^  =  ABC — (ABO)'^ 

abc 

■~^C\  -\-2)     "  ;  it  follows  that  the  formula  given  in  the  text  may  be 
abc 

denoted  by 7^ n wz r-7r\*  which  will  be  often- 

abc 
times  found  very  conrenient  in  practice. 
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For  examples  5f  the  use  and  application  of  this 
formula,  see  Question  XI  in  Chapter  XU. 

In  this  case,  however,  it  should  be  particularly 
observed  that  if  the  deferred  annuity  depends  on 
the  Joi/it  continuance  of  "the  given  lives  to  the  end  of 
the  given  term  (as  mentioned  in  Prob.  II,  cor.  3)  the 

formula  will  become  p  zz  ,  ,  [  .„^,t.i. 

1  "T"  {AUC  )    ' 

For  examples  of  the  use  and  application  of  this 
formula,  see  the  Scholium  to  Question  XI  in  Chap- 
ter XII. 

J  308.  A  similar  method  of  reasoning  will  lead 
us  to  the  true  value,  in  annual  payments  during  the 
continuance  of  the  given  lives,  of  any  Reversionary 
annuity.  Thus,  let  the  value  of  the  reversionary 
annuity,  mentioned  in  the  first  case  in  page  71,  be 
denoted  by  /?;  then  will  the  value  of  the  same  in 
annual  payments,  during  the  joint  continuance  of  the 

two  lives,  be;?  zr  ^  ^^.  The  same  formula  extends 
also  to  the  case  of  Deferred  reversionary  annuities. 

For  examples  of  the  use  and  application  of  this 
fotmula,  see  Scholium  to  Question  XIII,  in  Chapter 
XII ;  and  also  Question  XVI 1 1,  and  the  Scholium  to 
Question  XVIII  in  that  chapter. 

But,  if  the  reversionary  annuity  be  Ihnporary,  or 
for  a  given  term  only,  and  such  annuity  be  denoted 

by  (/2)*,  we  shall  have;?  =  i  -^lAty.-i' 

For  examples  of  the  use  and  application  of  this 
formula,  see  Question  XIX  in  Chapter  X!I. 
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§  369.  The  principles  here  laid  down  will  like- 
wise extend  to  all  the  cases  oi  Assurances  mentioned 
in  Chapter  VI ;  whether  for  the  whole  continuance 
of  life,  or  for  any  given  term.  For,  if  the  present 
value  of  an  assurance  of  any  given  sum  be  denoted 
by  S,  and  the  present  value  of  a  taiiporary  assurance 
of  a  similar  sum  be  denoted  by  {Sy ;  then  will  the 
equivalent  annuity  during  the  joint  continuance  of 
all  the  lives  involved  be,  in  he  first  case,  jo  zz  ^  ,  ^^^; 

and.in  the  latter  case  p  zz. — ;. 

^         I  +  {ABC)    ^ 

It  is  scarcely  necessary  to  observe;  when  aS  denotes 
the  value  of  an  assurance  on  the  longest  of  any  num- 
ber of  lives,  that  ABC  will  in  such  case  denote  the 
value  of  an  annuity  on  the  longest  of  such  lives ; 
agreeably  to  what  has  been  said  in  Prob.  XXII,  cor. 
2.  And  so  likewise  of  any  other  assurance  there 
alluded  to. 

For  the  use  and  application  of  the  formula,  see 
Questions  XXVI,  XXVII,  and  XXIX  in  Chapter 
XII. 

§  370.  With  respect  to  those  assurances  which 
are  the  subject  of  Chapter  VIII,  the  annual  payment 
may  be  divided  into  three  kinds:  1°  where  such 
payment  is  made  till  the  claim  is  determined:  2^  where 
it  is  made  till  the  sum  becomes  due:  3°  where  the  sum 
becomes  due  at  the  time  the  claim  is  determined. 

Thus  in  Prob.  XXVII,  the  sum  becoming  due  at 
the  same  time  that  the  claim  is  determined,  the  value 


of  the  annual  payment  is  obtained  by  dividing  the 
value  of  the  assurance  by  unity  added  to  the  value 
of  an  annuity  on  the  two  joint  lives  AB :  that  is 

8 

Jn  Prob.  XXVIII,  the  clamed  is  determined  on  the 
extinction  of  the  two  joint  lives:  but  the  sum  does 
wot  become  due*  till  the  extinction  of  A'sjife.  There- 
fore the  value  of  the  annual  payment  till  the  claimed 

s 
is  determined  w\\\  be  jo  rz  -fTTtf'  ^"^  *^^  value  of  the 

8 

annual  payment  till  the  sum  becomes  due  isp  =:    ^     ^  -. 

In  Problem  XXIX  the  sum  becomes  due  at  the 
time  the  claim  is  determined ;  and  consequently  the 
annual  payment  is  equal  to  the  value  of  the  assu- 
rance divided  by  unity  added  to  the  value  of  an  an- 

3 

unity  on  the  three  joint  lives  ABC :  that  isp  zz  fT"j^. 
In  Prob.  XXX  the  claim  is  not  determined,  neither 
does  the  sum  become  due,  till  the  extinction  of  the 
joint  lives  AB,  and  also  of  the  joint  lives  AC.  That 
is,  the  annual  payment  must  be  made  during  the  con- 
tinuance of  the  joint  lives  AB,  and  likewise  during 
the  continuance  of  the  joint  lives  AC  after  the  decease 
of  B.     The  two  values  will  be  found  equal  to  AB-\- 

AC^  ABC:  consequently  we  shall  have  in  this  case 
_  .«? 

P  ~~  \-\-  AB-f-AU^ABC 

In    Prob.   XXXI   the  annual  payment,    till  the 

*  That  is,  provided  the  claim  is  determined  in/avour  of  the  persoa  u* 
taring :  »nd  this  moBt  be  undertiood  in  all  these  cases. 

4  z 
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claim  is  detei'mined,  will  be  the  same  as  in  the  last 

problem  :  but  the  value  of  such  payment  till  the  sum 

s 
becomes  due  is  evidently  jo  zz    4.  ^. 

In  a  similar  manner  we  might  proceed  with  respect 
to  the  remaining  problems  in  Chapter  VIII :  but 
enough  has  here  been  said  to  enable  the  reader  to 
determine  the  annual  payment  in  any  other  case, 
either  of  annuities  or  assurances,  that  may  arise  in 
practice:  I  therefore  shall  not  detain  him  with  any 
further  remarks  on  this  subject. 
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CHAPTER  XII. 

Practical  Questions  to  illustrate  the  Use  of  some  of 
the  preceding  Problents. 

QUESTION  I. 

§  371.  Xo  find  the  probabilitif  that  a  life  or  lives, 
of  any  given  age,  will  continue  in  being  to  the  end 
of  any  given  term ;  according  to  any  given  table  of 
observations. 

SOLUTION. 

In  the  case  of  a  single  life,  this  probability  is  a 
fraction  whose  denominator  is  the  number  of  persons 
living  at  the  given  age ;  and  whose  numerator  is  the 
number  of  persons  living  at  an  age  older  by  the  given 
term  than  the  given  age. 

In  the  case  oi joint  lives  it  is  the  product  of  the 
probabilities  that  each  of  the  single  lives  shall  con- 
tinue in  being  to  the  end  of  the  given  term.     See  §  23. 

Example  1.  The  probability  that  a  person,  whose 
age  is  20,  shall  attain  to  the  age  of  50,  or  live  30 
years,  is,  according  to  the  observations  of  AI.  De 
Parcieux  as  given  in  Table  III,  equal  to  Ml.     And 
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the  probability  that  a  person,  whose  age  is  40,  shall 
attain  to  the  age  of  70,  or  live  30  years,  is,  according 
to  the  same  observations,  equal  to  Ht. 

But  the  probability  that  both  those  persons  shall 
live  to  the  end  of  30  years  is  equal  to  Mi  multiplied 
by  m:  that  is,  equal  to  Mtt^t. 

Example  2.  The  probability  that  a  man  aged  46 
shall  attain  to  age  of  56,  or  live  10  years,  is  according 
to  observations  made  in  Sweden  as  given  in  Table  XIV, 
equal  to  HM.  And  the  probability  that  a  woman 
aged  40  shall  attain  to  the  age  of  50,  or  live  10  years, 
is,  according  to  the  same  observations,  equal  to  ItH. 

But  the  probability  that  both  those  persons  shall 
live  10  years  is  equal  to  IMt  multiplied  by  irli :  that 
is,  equal  to  iMfMM . 

Example  3.  The  probability  that  each  of  three 
lives  aged  20,  30,  and  40  shall  live  15  years,  is,  ac- 
cording to  the  observations  made  at  NorthamptoUy  as 
given  in  Table  XXV,  equal  to  im,  fMf,  and  fiff 
respectively. 

But  the  probability  that  «// those  lives  shall  continue 
so  long  is  equal  to  the  product  of  the  three  fractions 
into  each  other:  whence,  such  probability  will  be 
denoted  by  liimsi^J^- 

SCHOLIUM. 

§  372.     Having  thus  found  the  probability  that 
any  single  or  joint  lives  will  continue  in  being  to  the 
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end  of  any  given  term,  we  may  readily  determine 
the  probability  that  ofie  or  the  other  of  them  will  live 
80  long.  For,  in  the  case  of  two  lives,  the  proba- 
bility here  alluded  to  will  be  equal  to  the  difference 
between  the  probability  that  the  joint  lives  will  con- 
tinue to  the  end  of  term  and  the  sum  of  the  proba- 
bilities that  each  of  single  lives  will  continue  so  long. 

Thus,  in  the  6rst  example,  the  probability  that  one 
or  other  of  two  lives,  aged  20  and  40,  will  continue 
30  years  is  equal  to  i}5H«  subtracted  from  IHrH  (or 
from  the  sum  of  the  two  quantities  |fi  and  IH)  :* 
which  leaves  IHfH  for  the  probability  reqiiired. 

And  the  probability  that  one  or  other  of  the  two 
lives,  mentioned  in  the  second  example,  will  con- 
tinue 10  years,  is  equal  to -B»BiH  subtracted  from 
t8SiSiH  (or  from  the  sum  of  two  quantities  J^^t  and 
i%U) :  which  leaves  ifl^iSJ  for  the  probability  re« 
quired. 

In  like  manner  the  probability  that  some  one  or 
other,  out  of  three  given  lives,  will  continue  to  the 


*  These  fractions,  reduced  to  a  common  denominator,  are  jf  |^^|  and 
j  jl^^^,  the  sum  of  which  is  equal  to  ^H-t^I*  ^"*  '^  '•  tedious  to  oper- 
ate in  this  way,  and  I  have  adopted  it  in  the  present  instance  Tor  the  saice  of 
illustration  only.  The  best  method  of  finding  the  probabilities,  both  for 
single  and  joint  lires,  is  by  means  of  logarithms  :  and  I  would  here  observe 
that  the  logarithm  of  the  denominator  subtracted  from  the  logarithm  of  the 
numerator  will  give  the  logarithm  of  the  probability  required  :  which 
logarithm  will  always  have  a  negative  index. 
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end  of  any  given  term,  is  found  by  subtracting  the 
sum  of  the  probabilities  that  each  pair  of  joint  lives 
will  continue  so  long,  from  the  sum  of  the  proba- 
bilities that  each  single  life  and  that  the  three  joint 
lives  will  continue  the  given  time  :  agreeably  to  the 
principles  laid  down  in  Prob.  II.* 

QUESTION  II. 

^  373.  To  find  the  expectation  of  any  given  life 
(or  lives)  receiving  a  given  sum,  at  the  end  of  any 
given  term. 

SOLUTION. 

Multiply  the  present  value  of  the  given  sum  by 
the  probability  that  the  given  life  (or  lives)  will  con- 
tinue to  the  end  of  the  given  term  :  the  product  will 
be  the  answer  required.     See  the  note  in  page  44. 

Example  1.  What  is  the  present  value  of  £1  to 
be  received  at  the  end  of  30  years,  provided  a  per- 
son, now  aged  20,  be  then  alive :  interest  being 
reckoned  at  4|^  per  cent,  and  the  probabilities  of 
living  as  observed  by  M.  De  Parcieux  ? 


*  I  shall  here  mention,  by  way  of  note,  that  the  probability  that  any  two 
out  of  three  given  lives  will  continue  to  the  end  of  any  given  term,  is  equal 
to  twice  the  probability  that  the  three  joint  lives  shall  continue  the  given 
time,  subtracted  from  the  sum  of  the  probabilities  that  each  pair  of  joint 
lives  shall  continue  the  same  period :  agreeably  to  what  has  been  said  in 
th«  iRvestigatioD  of  Prob.  III. 
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The  present  value  of  £1  to  be  received  at  the  end 
of  30  years,  without  any  contingency,  is  by  Table 
LVIII  equal  to  -26700  ;  and  the  probability  that  a 
person  aged  20  will  live  30  years  is,  by  the  preceding 
Question,  equal  to  W.  therefore,  these  two  quan- 
tities multiplied  together*  will  produce  'lOCG  for  the 
value  required. 

In  like  manner  the  expectation  of  receiving  that 
sum  at  the  end  of  the  same  period,  provided  a  per- 
son, aged  40,  lives  so  long,  is  equal  to  if^  multiplied 
by  '26700;  which  produces  •1251)8  for  the  value  in 
this  case  required. 

But,  if  the  expectation  depended  on  both  those 
lives  continuing  to  the  end  of  the  term :  then  Hi^M* 
multiplied  by  -26700,  will  produce  -03992,  for  the 
value  required. 

And,  if  it  had  depended  on  either  of  those  lives 
continuing  to  the  end  of  the  term,  then  I3WI  (or  the 
value  found  by  the  Scholium  in  page  357)  being 
multiplied  by  -26700  wilj  produce  -2-2663  for  the 
value  of  the  expectation  in  such  case  required. 

Ed-ample  2.  A  man  aged  46  will  at  the  expira- 
tion of  a  lease,  which  has  10  years  to  run,  be  entitled 
to  a  fine  o(  £\,-\  provided  he  be  then  alive  :  what  is 

*  Tlie  method  of  multiplying  a  Tulgar  fraction  by  a  decimal  fraction  in,  to 
multiply  the  decimal  by  the  numerator  of  the  vulgar  fraction,  and  to  divide 
the  product  by  the  denominator  of  the  same. 

t  I  have  taken  the  fine  equal  to  one  pound,  because  the  quantities  which 
result  from  this  assumption  will  be  often  referred  to  in  the  course  of  the 
present  chapter  :  but,  it  is  easy  to  see  that  the  answer  here  obtained,  being 
multiplied  by  any  other  fine  would  give  the  present  value  of  such  other 
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his  expectation  of  receiving  the  same  :  interest  being 
reckoned  at  4  per  cent,  and  the  probabilities  of  liv- 
ing as  observed  in  Sweden  ? 

The  present  value  of  £1  certain*to  be  received  10 
years  hence  is,  by  Table  LVIII,  equal  to  -67556; 
and  the  probability  that  a  man  aged  46  will  live  10 
years  is,  by  the  preceding  question,  equal  to  H^i : 
therefore  these  two  quantities  multiplied  together 
will  produce  '52406  for  the  value  required. 

Had  the  fine  depended  on  the  life  of  his  wife  aged 
40,  then  ItH  multiplied  by  '67556,  will  produce 
•57479  for  the  value  in  this  case  required. 

But  had  it  depended  on  their  jo/;zf  lives  continu- 
ing to  the  end  of  the  given  term,  then  illHlH  mul- 
tiplied by  '67556,  will  produce  '44589  for  the  value 
in  such  case  required. 

And  had  it  depended  on  either  of  those  lives  con- 
tinuing so  long,  then  illtH^I  multiplied  by  "67556 
will  produce  '65296  for  the  value  in  this  case 
required. 

SCHOLIUM. 

§  374.  By  means  of  the  general  solution  here 
given  may  be  determined  all  questions  relative  to  the 
value  of  such  sums  as  ought  to  be  given  for  the 

fine.  Thus,  if  the  fine  were  XI 00,  the  present  value  of  the  same,  if  de- 
pending on  the  life  of  the  man,  would  be  equal  to  62'-i96  or  £52  :  8  : 1 ; 
and,  if  depending  on  the  life  of  the  woman,  would  be  equal  to  57*479  or 
;C67  : 9 : 7. 
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Etulowmcnts  of  Children.  Thus,  suppose  a  person 
has  a  son  aged  11,  for  whom  he  wishes  to  secure 
£100  on  his  coming  of  age ;  the  sum  which  he  ought 
to  pay  down  for  the  assurance  of  the  same  (reckon- 
ing interest  at  5  per  cent,  and  the  probabilities  of 
living  as  according  to  M,  De  Parcieu,v)  is  equal  to 
3^}  multiplied  by  61-391;  which  produces  50*744, 
or  £56  :  14  :  10  for  the  answer  required. 

In  the  table  of  rates  published  by  the  Giobe  As- 
surance Company,  and  by  the  Provident  Institution*, 
the  sums  demanded  for  the  Endowments  of  Children 
are  in  general  full  as  much  as  (and  from  the  age  of 
9  years  and  upwards  are  even  more  than)  the  present 
values,  at  5  per  cent,  of  £100  certain  to  be  received 
at  the  end  of  the  given  term  without  ani)  contingency. 
For,  instance  £62  :  1 1  : 2  is  required  in  ready  money 
by  the  Globe,  and  102  by  the  Provident,  for  the 
payment  of  £100  on  the  event  of  a  child,  aged  11, 
arriving  at  the  age  of  21  years:  whereas  either  of 
these  sums  put  out  to  interest  at  5  per  cent  would 
amount  to  more  than  £100  at  the  end  of  that  period, 
without  the  liability  to  loss  in  case  the  child  should 
happen  to  die  before  that  time  ! ! !  No  person  can, 
1  think,  be  so  blind  to  his  own  interest  as  to  risk  his 
money  in  this  absurd  way. 


*  The  other  Compuiiet  have  not  pablishcJ  their  rates  For  the  Endow- 
ments of  Children  :  but,  from  the  similarity  of  most  of  the  m'.cs  at  the 
various  Offices,  we  may  conclude  that  there  ii  no  threat  difference  on  this 
point. 

4  A 
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QUESTION  III. 

^  375,  To  dnd  the  value*  of  an  annuity  on  any 
Singk  life. 

SOLUTION. 

This  value  is  determined  by  inspection:  for,  in 
either  of  the  Tables  which  show  the  values  of  an- 
nuities on  any  single  life,  we  shall  find  the  value 
required  set  down  against  the  age  of  the  given  life, 
according  to  the  several  rates  of  interest  at  the  top 
of  each  column. 

Example  1.  The  value  of  an  annuity  on  a  life 
aged  20,  reckoning  interest  at  4J  per  cent,  and  the 
probabilities  of  living  as  observed  by  M.  De  Par- 
cieuJCy  is,  by  Table  V,  equal  to  16*624 ;  or  about  16| 
years  purchase.f 


*  By  the  value  of  an  annuity  I  mean  tlie  tiumher  of  years  purchase  that 
such  annuity  is  worth  :  agreeably  to  what  I  have  already  observed  in  the 
note  in  page  27  :  and  as  this  mode  of  expression  is  used  in  all  the  subse- 
quent questions,  it  will  be  necessary  to  bear  this  observation  in  mind. 

t  The  number  of  years  purchase  being  multiplied  by  the  annuity  will 
give  the  total  present  value  of  the  same.  Thus,  if  the  annuity  in  the  pre- 
Bont  instance  were  £50  per  annum  :  then  16624  multiplied  by  60  would 
give  831*200,  or  £031  :  4  :  0  for  the  value  of  the  same.  Or,  if  the  annuity 
Jiftd  been  £4  :  10  :  0  per  annum  ;  then  16-624  multiplied  by  4'5  would  give 
74*808  or  £74  :  16  :  2  for  the  value  in  this  case  required.  This  method  is 
universal,  and  applies  to  all  cases  of  annuities,  whether  present  or  in  rever- 
sion ;  whether  temporary  or  deferred  :  and  therefore  it  will  be  suj£cient,  in 
•11  tht  subsequent  examples,  to  deduce  th«  value  of  an  annuity  of  one 
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Had  the  life  been  40  years  of  age,  the  value  would 
have  been  equal  to  14'2o4.  Or  had  the  rate  of  in- 
terest been  in  each  case  5  per  cent,  the  values  would 
have  been  equal  to  15'469  and  13*459  respectively. 

Esample  2.  The  value  of  an  annuity  on  the  life 
of  a  man  aged  46,  reckoning  interest  at  4  per  cent 
and  the  probabilities  of  living  as  observed  in  Sweden 
is,  by  Table  XVI,  equal  to  12*297  ;  or  rather  more 
than  12J  years  purchase. 

Had  the  annuity  been  on  the  life  of  a  woman  aged 
40,  the  value  would  have  been  equal  to  14*401.  Or 
had  the  rate  of  interest  in  each  case  been  5  per  cent, 
the  values  would  have  been  11*153  and  12*856  res- 
pectively. 

QUESTION  IV. 

§  376  To  find  the  value  of  an  annuity  on  two 
Joint  live* 


pound  per  tnnum  :   or,  oa  other  irords,  to  find  tbo  nuwibitr  of  yeart 
purckoM. 

Having  thos  found  the  number  of  yeart  purchase  that  ought  to  be  /pTen 
for  an  annuity,  we  may  readily  determine  the  annuity  that  ought  to  be  giren 
for  any  giren  amn  invcated,  merely  by  dividing  such  sum  by  the  number  of 
years  purchase.  Thus,  if  a  person  wished  to  lay  out  £4000  in  the  purcbaM 
of  such  an  annuity  as  the  one  mentioned  in  the  text,  the  annuity  which  ho 
oagfat  to  receive  for  that  money  will  bo  found  by  diriding  iOOO  by  16  624: 
whence  240-616,  or  £240  :  12  :  4  will  be  the  annuity  required.  This  me* 
thod  is  likewise  universal,  and  therefore  it  will  be  unneeesfary  to  repeat  it 
ia  any  of  the  subsequent  oases.  Tbe  same  principles  will  apply  t«  Uw 
vriot  of  rtvanionary  suom  ;  for  whi«h.  m«  Question  XXVII. 
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SOLUTION. 

Look  in  the  Tables  which  show  the  values  of  an- 
nuities on  two  joint  lives  of  all  ages  ;  and  if  the  two 
lives  have  the  same  common  age,  or  if  their  difference 
of  age  comes  within  the  limits  of  those  tables,  the 
value  of  an  annuity  on  their  joint  continuance  will 
be  found  expressed  therein. 

Example  1.  The  value  of  an  annuity  on  two  joint 
lives  aged  20  and  40,  interest  being  reckoned  at  A.^ 
per  cent,  and  the  probabilities  of  living  as  observed 
by  M.  De  Parcieux,  is,  by  Table  IX,  equal  to  12*545 ; 
or  rather  more  than  \2h  years  purchase. 

Had  both  the  lives  been  20  years  of  age,  the  value 
would  have  been,  by  Table  VI,  equal  to  14*004 :  or, 
had  they  been  both  40  years  of  age,  the  value  would 
have  been  11*710. 

Example  2.  The  value  of  an  annuity  on  the  joint 
lives  of  a  man  aged  46  and  his  wife  aged  40,  reck- 
oning interest  at  4  per  cent  and  the  probabilities  of 
living  as  observed  in  Sweden,  is,  by  Table  XVIII, 
equal  to  10*286. 

Had  both  the  lives  been  40  years  old  the  value 
would  have  been,  by  Table  XVII,  equal  to  10*964  .* 
or,  had  they  been  both  46  years  old,  the  value  would 
have  been  9*736** 

*  The  values  of  annuities  on  the  joint  lives  in  Tables  XVII  to  XXIV  are 
deduced  from  the  probabilities  of  living  amongst  males  and  females  collec- 
tively: and  therefore  do  not  show  the  true  values  of  annuities  on  two  joint 
lives,  one  of  which  is  a  male  and  the  other  a  female.  Tables  formed  upon 
tliis  latter  principle  are  still  a  desideratum.    See  the  example  in  page  83. 
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SCHOLIUM. 

§  377.  If  the  difference  of  age  between  the  two 
lives  is  any  number  of  years  not  given  in  the  tables, 
the  required  value  may  be  easily  obtained  by  means 
of  the  following  rule. 

Find,  by  the  tables,  the  value  of  an  annuity  on  two 
joint  lives  whose  difference  of  age  is  greater  than, 
but  at  the  same  time  nearest  to,  the  difference  of  age 
between  the  proposed  lives ;  and  the  oldest  of  which 
is  of  the  same  age  with  the  oldest  of  the  proposed 
lives.  Find  also,  by  the  same  tables,  the  value  of 
an  annuity  on  two  joint  lives  whose  difference  of  age 
is  the  next  less  to  that  just  mentioned  ;  and  the  oldest 
of  which  is,  in  like  manner,  of  the  same  age  with 
the  oldest  of  the  proposed  lives.  Then  will  the  If, 
2"**,  S''*,  &c,  arithmetical  mean*  between  the  least 
and  the  greatest  of  these  two  values  be  the  value 
required  ;  according  as  one  of  the  proposed  lives  is  1 , 
2,  3,  &c  years  younger  than  the  younger  than  the 
other. 

*  The  ublcs  for  the  values  of  annuities  on  two  joint  lires,  according  to 
the  Northampton  obserrations,  are  the  only  ones  where  the  difference  of 
age  is  so  small  t»fioe  years.  In  the  tables  deduced  from  the  observations 
in  Sweden,  the  difference  of  age  is  rix  years  :  and  in  those  deduced  from 
the  obserrations  of  M.  De  Pareieux,  the  difference  of  age  is  ten  years. 
Ctnsequeotly  the  Ut,  2nd,  3rd,  &c  arithmetical  mean  between  the  least  and 
greatest  of  any  two  values,  according  to  the  Northampton  tables,  will  be 
equal  to  the  least  value  increased  by  1,2,  3,  &c  fiftht  of  their  difference  : 
but  according  to  the  Swtdiik  tables,  it  will  be  equal  to  the  least  value  in- 
creased by  I,  2,  3,  &c  tirth*  of  ihe'xr  difference  :  and  according  to  the  tables 
of  M.  D9  FarcieuXf  it  will  be  equal  to  the  least  value  increased  by  1,  2,  3> 
&c  lentht  of  their  difference. 
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Example  I.  Let  it  be  required  to  find  the  value 
of  an  annuity  on  two  joint  lives  aged  32  and  50;  at 
the  rate  of  4 J  per  cent  interest,  and  according  to  the 
probabilities  of  life  as  observed  by  M.  De  Parcieujr? 

That  difference  of  age  which  is  greater  than  the 
difference  between  these  lives,  but  at  the  same  time 
Clearest  to  it,  is  20:  and  the  value  of  an  annuity  on 
two.joint  lives  whose  difference  of  age  is  20  years, 
and  the  oldest  of  which  is  of  the  same  age  with  the 
oldest  of  the  proposed  lives  (that  is,  the  value  of  an 
annuity  on  two  joint  lives  aged  30  and  50)  is,  by 
Table  IX,  equal  io  lO'Gll.  And  the  value  of  an 
annuity  on  two  joint  lives  whose  difference  of  age  is 
next  less  to  20  (that  is,  whose  difference  of  age  is 
10  years)  and  the  oldest  of  which  is  of  the  same  age 
'with  the  oldest  of  the  proposed  lives  (that  is,  the 
value  of  an  annuity  on  two  joint  lives  aged  40  and  50) 
is,  by  Table  VIII,  equal  to  10-274.  Therefore, 
these  being  the  values  of  an  annuity  on  two  joint  lives 
aged  30  and  50,  and  on  two  joint  lives  aged  40  and 
50 ;  it  is  evident  that  the  value  of  an  annuity  on  two 
joint  lives,  aged  32  aud  50,  will  be  nearly  equal  to 
the  least  of  these  two  values  increased  by  8  tenths  of 
the  difference  between  them :  or  (which  is  the  same 
thing)  equal  to  the  greatest  value  diminished  by  2 
tenths  of  their  difference.  Now,  the  difference  be- 
tween these  values  is  equal  -337;  one  ienth  of  which 
is  equal  to  -0337,  and  two  tenths  are  therefore  equal 
to  -067.  Consequently  10-611,  diminished  by  -067, 
will  leave  10-544  for  the  value  required  of  annuity 
on  the  two  joint  lives  aged  32  and  50. 
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Example  2.  Let  it  be  required  to  find  the  value 
of  an  annuity  on  two  joint  lives  aged  20  and  GO;  at 
the  rate  of  4  per  cent  interest,  and  according  to  the 
probabilities  of  living  as  observed  in  Swtden  ? 

The  difference  of  age  which  is  greater  than  the 
difference  between  these  lives,  but  at  the  same  time 
nearest  to  it,  is  42 :  and  the  value  of  an  annuity  on 
two  joint  lives  whose  difference  of  age  is  42  years, 
and  the  oldest  of  which  is  of  the  same  age  with  the 
oldest  of  the  proposed  lives  (that  is,  the  value  of  an 
annuity  on  two  joint  lives  aged  J  8  and  60)  is,  by 
Table  XXIV,  equal  to  8-208.  And  the  value  of  an 
annuity  on  two  joint  lives  whose  difference  of  age  is 
6  years  less  than  40,  &  the  oldest  of  which  is  likewise 
of  the  same  age  with  the  oldest  of  the  proposed  lives 
(that  is,  the  value  of  an  annuity  on  two  joint  lives  aged 
24  and  60)  is,  by  Table  XXIII,  equal  to  8097. 
Therefore,  these  being  values  of  an  annuity  on  two 
joint  lives  aged  18  and  60,  and  on  two  joint  lives 
aged  24  and  60 ;  it  follows  that  the  value  of  an  an- 
nuity  on  the  two  joint  lives  20  and  60  will  be  nearly 
equal  to  the  least  of  these  two  values  increased  by 
4  sixths  of  the  difference  between  them.  Now,  their 
difference  being  equal  to  *!  11,  it  follows  that  one  sixth 
of  such  difference  will  be  '0185;  andybwr  sixths  of 
such  difference  will  be  '074  :  which  being  added  to 
8*097  will  give  8*171  for  the  required  value  of  an  an- 
nuity on  the  two  joint  lives  aged  20  and  60. 

ExampU  3.  What  is  the  value  of  an  annuity  on  two 
joint  lives  aged  26  and  60 ;  reckoning  interest  at  5 
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per  cent  and   probabilities   of  life  as  observed  at 
Northampton  ? 

The  difference  of  age  which  is  greater  than  the 
difference  between  these  two  lives,  but  at  the  same 
time  nearest  to  it,  is  35  :  and  the  value  of  an  annuity 
on  two  joint  lives  whose  difference  of  age  is,  35,  and 
the  oldest  of  which  is  equal  to  the  oldest  of  the  pro- 
posed lives  (that  is,  the  value  of  an  annuity  on  two 
joint  lives  aged  25  and  60)  is.  by  Table  XXXV 
equal  to  7*383.  And  the  value  of  an  annuity  on  two 
joint  lives  whose  difference  of  age  is  5  years  less 
than  35,  and  the  oldest  of  which  is  also  of  the  same 
age  with  the  oldest  of  the  proposed  lives  (that  is, 
the  value  of  an  annuity  on  two  lives  aged  30  and  60) 
is,  by  Table  XXXIV.  equal  to  7-292.  Therefore, 
these  being  the  values  of  an  annuity  on  two  joint 
lives  aged  25  and  60,  and  on  two  joint  lives  aged  30 
and  60 ;  it  follows  that  the  value  of  an  annuity  on 
the  two  joint  lives  26  and  60  will  be  nearly  equal 
to  the  least  of  these  values  increased  by  4  Jifths  of 
the  difference  between  them  :  or  nearly  equal  to  the 
greatest  of  these  values  decreased  by  \Jlfth  of  their 
difference.  Now,  this  difference  being  '091,  it  is 
evident  that  one  fifth  of  it  is  equal  to  '018;  which 
being  deducted  from  7*383,*  will  give  7*365  for  the 
value  required  of  an  annuity  on  the  two  joint  lives 
26  and  60. 

§  378.     Since  the  tables  of  the  values  of  annuities 

t  Or  we  may  add  four  fifths  to  the  least  Talue,  which  would  give  the 
same  result. 
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on  two  joint  lives  according  to  the  observations  of 
AI.  De  ParcicuT  are  calculated  on'y  for  such  lives 
whose  difference  of  age  is  ten  years,  it  is  evident  that 
the  method  just  laid  down  (for  determining  the 
values  of  annuities  on  two  joint  lives,  whose  dif- 
ference of  age  is  any  intermediate  number)  will  not 
be  quite  so  correct  as  from  those  tables,  calculated 
according  to  the  observations  of  life  in  Sweden,  where 
the  difference  of  age  is  tiv  years.  Neither  will  these 
latter  ones  show  the  value,  for  such  intermediate 
ages,  80  correctly  as  the  tables  calculated  according 
to  the  observations  of  life  at  Northampton,  where  the 
difference  of  age  is  Jive  years.  In  neither  case  will 
the  error  be  very  considerable:  but  in  the  latter  case 
particularly  (where  the  tables  show  the  values  sf  an- 
nuities on  two  joint  lives  of  all  ages  whose  difference 
is  not  more  than  5  years)  the  error  is  so  trifling  as  to 
be  not  worth  considering.  This  will  evidently  ap- 
pear from  the  following  comparison  (given  by  Dr. 
Price  in  his  Observations  on  Reversionary/  Payjnents, 
vol.  2,  page  359,)  of  the  values  of  annuities  on  two 
joint  lives  of  the  ages  therein  mentioned,  deduced 
from  the  Northampton  observations,  interest  at  3  per 
cent. 

Ages.  Value  by  Rule.        Correct  Value. 

18—14  14-972  14-978 

18—15  14-858  14-864 

18—16  14-744  14-744 

18—17  14-630  14-626 

45—31  10-862  10-869 

45—32  10-802  10-811 
4  B 
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Ages.  Vf»lue  by  Rule.  Correct  Valae. 

45—33  10-742  10*751 

45-34  J  0.682  10*688 

66—27  7-032  7-095 

66—28  7-076  7-080 

66—29  7-060  7-063 

66—30  7-044  7*046 

In  the  higher  rates  of  interest  the  agreement  is 
greater. 

Dr.  Price  was  enabled  to  make  this  comparison  by 
the  Tables  in  the  office  of  the  Equitable  Society ; 
where,  in  order  to  lay  the  foundation  of  accuracy  in 
conducting  the  business  of  the  office,  it  has  been 
thought  necessary  to  compute  minutely  to  four  places 
of  decimals  the  values  by  the  Northampton  obser- 
vations, at  three  per  cent,  of  two  joint  lives ybr  every 
pomble  differetice  of  age. 

§  379.  When  one  of  the  given  lives  is  under  10 
years  of  age,  we  ought  in  deducing  the  values  agree- 
ably to  this  rule,  to  attend  particularly  to  the  order 
of  the  difference  between  the  values  taken  from  the 
Tables  :  that  is,  to  observe  whether  such  difference 
is  iwcreasing  orc^ecreasing.  For  instance,  suppose  it 
is  required  to  determine  the  value  of  an  annuity  on 
two  joint  lives  aged  9  and  30,  interest  at  3  per  cent, 
and  the  probabilities  of  living  as  at  Northampton: 
the  rule  directs  us  to  find  the  value  of  an  annuity  on 
two  joint  lives  aged  5  and  30,  and  on  two  joint  lives 
10  and  30,  which  are  respectively  equal  to  13-762 
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and  14- 150;  and  that  -078  (or  one  fifth  of  the  differ- 
ence between  them)  being  subtracted  from  the  latter 
value,  will  give  14*072  for  the  value  of  an  annuity  on 
two  joint  lives  aged  9  and  30.  But  the  following 
comparison  will  show  this  to  be  incorrect :  for  if  we 
take  out  the  values  of  annuities  on  the  several  joint 
lives  as  under,  viz. 

5—30-  13-762 

10—30-  14-150 

15—30=  13-734 

20—30=  13-286 

25—30  =  12-966 

30—30  -  12-589 
it  will  be  seen  that  (beginning  at  the  bottom)  the 
values  gradually  /^crease  till  we  come  to  the  age  of 
10  and  30 ;  and  therefore  that  the  value  of  an  annuity 
on  any  two  joint  lives,  one  of  which  is  30  years  of 
age  and  the  other  of  any  age  between  10  and  30,  will 
be  deduced  accurately  enough  by  means  of  the  rule 
above  given.  And  this  also  would  be  the  case  with 
respect  to  the  value  of  annuities  on  any  two  joint  lives, 
one  of  which  is  30  years  and  the  other  of  any  age  6e- 
low  10  years  of  age,  provided  the  </ecrease  commenced 
exactly  at  the  age  of  10  years  ;  but  it  is  probable  that 
the  decrease  does  not  begin  to  take  place  till  about  the 
joint  ages  of  8  and  30 ;  *  and  consequently  that  the 
value  of  an  annuity  on  two  jciint  lives  aged  9  and  30 

*  The  period,  at  which  tliis  deeronte  y-mmence*,  varies  according^  to  the 

rate  of  intcreat  and  according  to  the  dif  e  coco  between  tha  ages  of  the  two 
livac. 
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is  greater  than  14*  150,  instead  of  being  less.  The 
proper  method  therefore  of  finding  the  value  of  an 
annuity  on  the  two  joint  lives  aged  9  and  30  will  be 
to  take  '083  (or  one  fifth  of  the  diff*erence  between 
14-150  and  13-734)  and  add  it  to  14-150:  which 
will  give  14*233  for  the  value  of  an  annuity  on  the 
two  joint  lives  aged  9  and  30.  These  cases  have 
never  yet  been  noticed  by  any  preceding  writer; 
although  they  frequently  occur  in  practice. 


QUESTION  V. 

§  380.  To  find  the  value  of  an  annuity  on  three 
Joint  lives. 

SOLUTION. 

Look  in  Tables  XLIII  and  XLIV  ;  and  if  the  three 
lives  have  the  same  common  age,  or  if  their  difference 
of  ages  be  10  and  20  years,  the  value  of  an  annuity 
on  their  joint  continuance  will  be  found  expressed 
therein. 

E.vample.  The  value  of  an  annuity  on  three  joint 
lives  aged  20,  30  and  40,  reckoning  interest  at  4  per 
cent,  and  the  probabilities  of  living  as  at  North- 
ampton, is  equal  to  8.986 :  but  had  all  the  lives  been 
20  years  of  age,  the  value  would  have  been  equal  to 
10-342 ;  or  had  they  all  been  40  years  of  age,  the 
value  would  have  been  equal  to  7-865. 


Qu»  5.  PRACTICAL   QUB8TI0N8  373 


SCHOLIUM. 

'  §  38 1 .  It  UDfortunately  happens  that  the  two  tables 
above  mentioned  arc  the  only,  ones,  that  have  been 
published,  for  determining  the  values  of  annuities  on 
three  joint  lives.  The  labour  of  computing  such  ta- 
bles is  so  very  great,  and  the  combinations  of  ages 
are  so  various,  that  it  will  probably  be  a  long  time 
before  any  person  will  undertake  to  finish  what  has 
been  here  begun :  and  till  that  is  the  case  we  may 
make  use  of  the  following  general  and  very  easy 
rule,  given  by  Mr.  Simpson,  for  finding  the  values 
of  annuities  on  any  //r/ee,  from  the  values  on  any 
two,  joint  lives. 

*'  Let  A  be  the  youngest,  and  C  the  oldest  of  the 
**  three  proposed  lives.  Take  the  value  of  an  an- 
**  nuity  on  the  two  joint  lives  B  and  C,  and  find  the 
*'  age  of  a  single  life  D  of  the  same  value.  Then 
"  find  the  value  of  an  annuity  on  the  two  joint  lives 
*•  A  and  D,  which  will  be  the  value  required." 

ExampU.  What  is  the  value  of  an  annuity  on 
three  joint  lives  aged  10,  20,  and  30;  interest  at  4 
per  cent,  and  the  probabilities  of  living  as  at  North- 
ampton?* 

The  value  of  an  annuity  on  the  two  joint  lives 

*  It  will  retdily  appear  that  we  can  obtaio  the  Talues  of  annuities  on 
Mtm  Joint  Urea  more  concctlj  from  the  Northampton  tables  of  two  joint 
lives,  than  froui  any  other  observations  ;  because  they  are,  as  yei,  the  most 
comprehensive,  and  include  the  greatest  variety  of  combined  ages. 
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aged  20  aud  30  is,  by  Table  XXX,  equal  to  1 1-873; 
which,  being   compared  with  the  values  ia  Table 

XXVII,  will  be  found  equal  to  the  value  of  an  an- 
nuity on  a  single  life  D  aged  47  ih*  or  47  years 
and  1  month.  And  the  value  of  an  annuity  on  the 
joint  lives  A  and  D  (that  is,  on  two  joint  lives  aged 
10  and  47^)  is,  by  the  rule  in  the  preceding 
scholium,  equal  to  10'474;'|'  which  is  the  value  re- 
quired. 

Had  the  two  oldest  lives  been  both  40  years  of 
age,  and  the  youngest  20,  the  value  of  an  annuity 
on  the  joint  lives  of  the  two  former  would,  by  Table 

XXVIII,  be  equal  to  9'820;  answering  to  a  single 
life  D  aged  56il8.  And  the  value  of  an  annuity  on 
the  joint  lives  A  and  D  (that  is,  on  two  joint  lives 
aged  20  and  56^)  is,, by  the  rule  alluded  to  in  the 
last  note,  equal  to  8*601:  which  is  the  value  re- 

*  The  value,  in  Table  XXVII,  which  is  next  greater  than  11'873,  is 
11"890;  which  is  the  value  of  an  annuity  on  a  single  life  aged  47.  The 
diflFerence  between  these  values,  or  17,  is  the  numerator  of  the  fraction : 
and  the  denominator  is  the  diflFerence  between  11"685  (or  the  next  less 
value  to  11-873)  and  11-890. 

+  The  value  of  an  annuity  on  two  joint  lives  aged  10  and  47  is,  by  the 
rule  in  the  preceding  scholium,  equal  to  10.485  :  and  the  value  of  nn  an- 
nuity on  two  joint  lives  aged  10  and  48  is,  by  the  same  rule  equal  to  10-356. 
The  diflFerence  between  these  two  values,  or  -129,  beinjj  multiplied  by_i  U 
will  give -Oil;  which  being  fiubtractcd  from  10-485  will  leave  10-474  for 
the  value  required.  This  shows  the  true  method  of  proceeding  in  such 
cases;  but,  if  this  fraction  be  either  very  small  or  does  not  differ  much  from 
unity,  the  error  will  not  be  considerable  if  (for  the  sake  of  more  expedition) 
D  is  always  taken  for  that  age,  whether  greater  or  less,  which  answers  most 
nearly  to  the  value  of  the  annuity  on  the  joint  lives  B  and  C,  without  regard 
ing  tlic  fraction. 
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quired  of  an  annuity  on  three  joint  lives  aged  20, 
40  and  40. 

Or,  had  the  two  youngest  lives  been  20,  and  the 
eldest  40  years  of  age  ;  then  the  value  of  an  annuity 
on  two  joint  lives  aged  20  and  40  would,  by  Tabic 
XXXII,  be  equal  to  10*f>24 :  answering  to  a  single 
life  D  aged  SUJil.  And  the  value  of  an  annuity  on 
the  two  joint  lives  A  and  D  (that  is,  on  two  joint 
lives  aged  20  and  5HU)  is,  by  the  rule  alluded  to 
in  the  preceding  note,  equal  to  9*400  :  which  is  the 
value  required  of  an  annuity  on  three  joint  lives  aged 
20,  20  and  40. 

The  following  table  (computed  from  the  proba- 
bilities of  life  as  observed  at  Northampton^  and 
reckoning  interest  at  4  per  cent)  will  show  how 
nearly  the  rule,  above  explained,  approximates  to 
the  true  values  as  given  in  Tables  XLIII  and  XLIV. 

Ajfes.  Value  by  Kule.         Cowed  Value. 

•10—20—30  10-474  10438 

15— 25—35  9-836  9738 

20—30-40  9-097  8-986 

25—35—45  8-390  8313 

30—40—50  7-651  7571 

35_45_55  6-884  6*816 

40—50—60  6-046  5-994 

45—55—65  5-175  5-145 

60— 60r-70  4-235  4-219 

55^-65-~75  3-308  3-298 

10-10—10  12-206  12-200 

15—15—15  11-376  11-274 

20—20-^20  10*516  10342 
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Ages.  Value  by  Rule.        Correct  Value. 

25—25—25  9-937  9-796 

30—30—30  9-351  9-221 

35—35—35  8-703  8-585 

40—40—40  7-983  7-865 

45—45—45  7-243  7-126 

50—50—50  6-433  6-317 

55—55—55  5-637  5-550 

60—60—60  4-817  4-755 

65—65—65  3-936  3-914 

70—70—70  3-010  2-995 

75—75—75  2-118  2-119 

From  which  it  may  be  inferred  that  this  rule  will 
give  the  values  of  annuities  on  three  joint  lives  ge- 
nerally within  a  iiinth  or  a  tenth,  and  sometimes 
within  less  than  a  twentieth  part  of  a  year's  purchase. 
It  may  also  be  observed  that  when  the  oldest  of  the 
three  ages  does  not  exceed  75,  and  the  youngest  is 
not  less  than  10,  the  error  falls  on  the  side  of  excess: 
and,  consequently,  that  if  '05  (or  a  twentieth  part  of 
a  year's  purchase)  be  deducted  from  the  values  by 
the  rule,  we  shall  obtain  the  true  value,  in  some 
cases,  almost  exactly;  and,  in  most  cases,  much 
more  nearly. 

QUESTION  VI. 

§  382  To  find  the  value  of  a  Deferred  annuity 
on  any  shigle  or  Joint  lives.* 

*  This  Question  is  of  considerable  utility  in  enabling  us  to  determine  the 
best  means  of  providing  Annuities  for  the  benefit  of  Old  Age;  as  will  be 
more  fully  explained  in  the  following  Chapter. 


.A 
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SOLUTION. 

Find  the  value  of  an  annuity  on  a  life,  or  joint 
lives,  as  many  years  older  than  the  given  life,  or 
joint  lives,  as  are  equal  to  the  term  during  which 
the  annuity  is  deferred  ;  find  also  the  expectation  of 
the  given  life,  or  joint  lives,  receiving  £l  at  the  end 
of  that  term:  the  product  of  these  two  quantities  will 
be  the  answer  required.     See  §  45.    • 

Example,  1.  A  person  aged  20  wants  to  purchase 
an  annuity  for  what  may  happen  to  remain  of  his 
life  after  the  term  of  30  years:  what  is  the  present 
value  of  the  same,  reckoning  interest  at  4  J  per  cent, 
and  the  probabilities  of  life  as  observed  by  M,  Dc 
ParcieiLV  ? 

The  value  of  an  annuity  on  a  life  aged  50,  is,  by 
Table  V,  equal  to  li'921 ;  and  the  expectation  of  a 
life,  aged  20,  receiving  £l  at  the  end  of  30  years,  is, 
by  Question  II,  equal  to  '1906:  therefore  11*921 
multiplied  by  '1906  will  produce  2*272  for  the  num- 
ber of  years  purchase  required. 

Had  the  life  been  40  years  of  age,  the  value  would 
have  been  equal  to  6*221  multiplied  by  '1260;  which 
would  produce  '784  for  the  value  required. 

Example  2.    A  roan  now  aged  46  will  at  the  end 

of  10  years  come  into  possession  of  an  annuity  on 

his  own  life :  what  is  the  present  value  of  the  same, 

reckoning  interest  at  4  per  cent,  &  the  probabilities 

of  living  as  observed  in  Sweden? 

4c 
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The  value  of  an  annuity  on  a  male  aged  56  is,  by- 
Table  XVI,  equal  to  9-717;  and  the  expectation  that 
a  man  aged  4G  will  receive  £1  at  the  end  of  10  years 
is,-  by  Question  II,  equal  to  '5241 :  therefore  these 
two  quantities  being  multiplied  together  will  give 
5*093  for  the  value  required. 

Had  the  annuitant  been  a  female  aged  40,  then 
.12-049  multiplied  by  -5748  would  give  6-926  for 
the  value  in  this  case  required. 

E.vample  3.  Two  persons  aged  20  and  40  wish  to 
purchase  an  annuity  for  the  remainder  of  their  joint 
lives  after  30  years:  what  ought  they  to  give  for  the 
same,  reckoning  interest  at  4^  per  cent,  and  the  pro- 
babilities of  living  as  observed  by  Al.  De  Parckux? 

The  value  of  an  annuity  on  two  joint  lives  aged  50 
and  70  is,  by  Table  IX,  equal  to  5-517;  and  the  ex- 
pectation of  two  joint  lives,  aged  20  and  40,  re- 
ceiving £l  at  the  end  of  30  years  is,  by  Question  II, 
equal  to  -0899:  therefore  the  product  of  these  two 
quantities  will  give  '496  for  the  value  required. 

Ejcample.  4.  A  man  aged  46  together  with  his 
wife  aged  40  are  entitled  to  an  annuity  on  their  joint 
lives,  to  commence  at  the  end  of  10  years:  what  is 
the  value  of  their  interest  therein,  taking  the  pro- 
babilities of  life  as  observed  in  Sweden,  and  the  rate 
of  interest  at  4  per  cent.? 

The  value  of  an  annuity  on  the  joint  lives  of  two 
persons,  a  man  aged  56  and  a  woman  aged  50,  is, 
by  Table  XVIII,  equal  to  7-874;  which  being  mul- 
tiplied by  -4459  (or  the  value  of  the  expectation  of 
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two  joint  lives,  aged  46  and  40,  receiving;  £1  at  the 
end  of  10  years  as  found  by  Question  II)  will  pro- 
duce 3*511  for  the  value  rec^uired. 

SCHOLIUM. 

§  383.  If,  instead  of  determining  the  value  of  a 
deferred  annuity  in  a  single  payment,  we  wish  to 
determine  the  value  of  the  same  in  annual  payments 
during  the  term  for  which  the  annuity  is  deferred;* 
the  amount  of  those  annual  payments  is  readily  ob- 
tained by  means  of  the  following  rule. 

Divide  the  value  of  the  annuity  in  a  single  pay- 
ment, by  unity  added  to  the  value  of  a  similar 
temporary  annuity  for  one  year  less  than  the  given 
term:  the  quotient  will  be  the  annual  payment 
required.     See  §  3GG. 

Example  1.  A  person  aged  20  wants  to  purchase 
an  annuity  for  what  may  happen  to  remain  of  his 
life  after  the  term  of  30  years:  what  sum  ought  he 
to  give  annuallif  to  the  end  of  that  term|  in  order  to 
have  the  same  assured  to  him;  reckoning  interest  at 
4  J  per  cent,  and  the  probabilities  of  living  as  ob- 
served by  M.  De  ParcieiLv? 


*  Tlie  first  of  those  annual  payments  to  be  made  immediateltf,  and  the 
remaining  ones  at  the  beginniug  of  every  subsequent  year:  since  this  i«  the 
tuual  uietiiod  of  making  tuch  annual  payments. 

t  Such  annual  payments,  however,  subject  to  failure,  in  case  the  given 
life  becumes  extinct  before  the  eiA  of  that  term. 
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The  value  of  this  deferred  annuity  in  a  single 
payment  is,  by  the  first  example  to  the  Question, 
equal  to  2.272;  and  the  value  of  a  similar  temporary 
annuity  for  29  years  is,  by  the  rule  in  the  following 
Question,*  equal  to  14*161:  therefore  2*272  divided 
by  15*161  will  give  *150  for  the  value  of  the  annual 
payments  during  the  term  deferred. 

In  like  manner  we  might  determine  the  value  in 
annual  payments,  of  an  annuity  on  the  life  of  a 
woman  for  what  may  happen  to  remain  of  it  after 
10  years;  reckoning  interest  at  4  per  cent,  and  the 
probabilities  of  living  as  observed  in  Sweden. 

For,  the  value  of  this  deferred  annuity  in  a  single 
payment  is,  by  the  first  example  to  the  Question, 
equal  to  6*926;  and  the  value  of  a  similar  temporary 
annuity  for  9  years  is,  by  the  rule  just  alluded  to 
equal  to  6*900:  therefore  6*926  divided  by  7*920 
will  give  -'877  for  the  value  of  the  annual  payments 
required. 

Exmnple  2.  A  man  aged  46  and  his  wife  aged  40 
are  entitled  to  an  annuity  on  their  joint  lives,  to 
commence  at  the  end  of  10  years,  .but  are  willing  to 
surrender  their  interest  in  the  same  for  an  equivalent 
annuity  (commencing  immediately)  during  such  term: 

*  A  more  convenient  method  however  of  determining  such  temporary 
annuities  is  expressed  by  the  following  rule.  To  the  value  of  the  deferred 
annuity  add  the  expectation  that  the  given  life  or  lives  shall  receive  £1  at 
the  end  of  the  given  term;  subtract  the  sum  from  the  value  of  an  annuity 
on  the  given  life  or  lives:  the  difference  will  be  the  value  of  the  temporary 
annuity  for  one  year  lets  than  the  given  term.    See  the  note  in  page  360. 
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what  ought  that  equivalent  annuity  to  be,  reckoning 
interest  at  4  per  cent,  and  the  probabilities  of  living 
as  observed  in  Sweden  ? 

The  value  of  the  deferred  annuity  on  the  joint  lives 
is,  by  the  fourth  example  to  the  Question,  equal  to 
3*511  ;  and  the  value  of  a  similar  temporary  annuity 
for  9  years  is,  by  the  following  Question  (or  the  rule 
in  the  preceding  note)  equal  to  6'329 ;  therefore 
3  511  divided  by  7*329,  will  give  -479  for  the  value 
of  the  annual  payments  during  the  term  deferred. 

QUESTION  VII. 

^  384.  To  find  the  value  of  a  Temporary  annuity 
on  any  single  or  joint  lives.* 

SOLUTION. 

From  the  value  of  an  annuity  on  the  given  single 
or  joint  lives,  deduct  the  value  of  an  annuity  on  the 
same  lives  deferred  during  the  given  term :  the  re- 
mainder will  be  the  value  required.     See  ^  47. 

Example  1.  A  person  aged  20  buys  an  annuity 
for  30  years,  on  condition  that  if  he  dies  before  the 
expiration  of  that  term  the  annuity  shall  cease : 
what  ought  he  to  give  for  the  same,  reckoning  in- 

*  I  cpU  a  temporary  annaity,  one  Uiat  is  to  cootinuc  daring  •  gJTen 
term  only:  which  tern  ii  lees  tbnn  that  to  which  it  ia  poaaible  the  life  or 
lives  may  extend.    See  the  Dote  in  page  46. 
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terest  at  4J  per  cent,  and  the  probabilities  of  living 
as  observed  by  31.  De  Parcieux? 

The  value  of  an  annuity  on  a  life  aged  20  is,  by 
Table  V,  equal  tolG-624;  and  the  value  of  an  an- 
nuity on  the  same  life,  deferred  for  30  years,  is,  by 
Question  VI.  equal  to  2'272 :  consequently,  this 
value,  subtracted  from  the  former,  will  leave  14*352 
for  the  answer  required. 

Had  the  life  been  40  years  of  age  then  -784  (or 
the  value  of  an  annuity  on  such  life  deferred  for  30 
years,  as  found  by  Question  VI)  deducted  from 
14*254,  would  leave  13.470  for  the  value  in  this 
case  required. 

Or,  had  these  two  persons  (aged  20  and  40)  per- 
chased  the  annuity  on  ihoxi- joint  lives,  then  -496  (or 
the  value  of  an  annuity  on  such  joint  lives  deferred 
for  30  years,  as  found  by  question  VI)  being  deducted 
from  12-545,  will  leave  12*049  for  the  value  in  this 
case  required. 

Example  2.  A  man  aged  46  is  entitled  to  the 
rent  of  an  estate  for  10  years,  provided  he  lives  so 
long  :  what  is  the  value  of  his  interest  therein,  reckon- 
ing interest  at  4  per  cent,  and  the  probabilities  of 
living  as  observed  in  Sweden? 

The  value  of  an  annuity  on  such  life  is,  by  Table 
XVI,  equal  to  12*297  ;  and  the  value  of  an  annuity 
on  the  same  life,  deferred  for  10  years,  is,  by  Ques- 
tion VI,  equal  to  5*093  :  consequently  the  difference 
between  these  two  values,  or  7*204  will  be  the  value 
required. 
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Had  the  estate  depended  on  the  life  of  his  wife  aged 
40;  liien  7*475  (or  the  difference  between  14*401 
and  G'9'26)  would  be  the  value  of  the  temporary  an- 
nuity in  this  case  required. 

Or  had  the  estate  depended  on  their 70/;// lives; 
then  6*775  (or  the  difference  between  10*280  and 
3*511)  would  be  the  value  of  the  temporary  annuity 
in  this  case  required. 

QUESTION  VIII. 

§  385.  To  find  the  value  of  an  annuity  on  the 
Longest  of  two  lives. 

SOLUTION. 

From  the  sura  of  the  values  of  an  annuity  on  the 
two  single  lives,  subtract  the  value  of  an  annuity  on 
the  two  joint  lives :  the  difference  will  be  the  value 
required.     See  §  56. 

Ed-ample  1.  What  is  the  value  of  an  annuity  on 
the  longest  of  two  lives  aged  20  and  40;  interest  at 
4  j-  per  cent,  and  the  probabilities  of  living  as  ob- 
served by  AI.  De  ParcieiLv? 

The  value  of  an  annuity  on  the  two  single  lives  is, 
by  Table  V,  equal  tol6*624  and  14*254  respectively, 
the  sum  of  which  is  30*878 ;  therefore,  if  from  this 
we  subtract  12*545  or  the  value  of  an  annuity  on  the 
two  joint  lives  as  found  by  Table  IX,  the  difference, 
or  18*333  will  be  the  value  required. 
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Had  dtt  ages  of  tke  given  lives  been  50  and  70, 
dK  ana  oftibe  Tafaaes  of  an  anniuty  on  their  single 
fives  mnld,  by  Table  Y,  be  equal  to  18-142  (that  is, 
eqfsal  to  11-921  added  to  6-221);  aod  the  value  of  l\  . 
aanaity  on  their  jcHDt  lires  woa)d,  by  Table  IX,  be 
cqval  to  5*517:  coBseqaeatly  12*625,  or  the  dif- 
lere&ce  bet:iiiee»  tbese  two  Taloes,  wovld  be  the 
Talae  of  aa  immmiltj  tm  tke  lowest  cf  thor  two  fives. 

Had  botk  Ae  fives  bees  20  3peaisof  agc;»  the  Talne 
of  aa  aMiailj  oi  tbeir  ai^le  fires  would  (acooidii^ 
to  tbe  riT  laie  cf  latcffiTt  &c)  hare  been  equal  to 
twice  ie€M^  that  ii^eqnl  to33-248  :  and  the  value 
of  9M  mstttdty  ob.  tbeir  joiat  lives  would,  by  Table 
TI,  be  equal  to  14-004 :  tbereibre  difeieBce  betirceo 
tbese  two  iralnesi.  or  19^44,  wvmU  be  the  number  of 
years  pvrdiase  ift  tbis  case  required. 

£jwmfit  2.  Wbat  is  tbe  valae  <^  a&  a&Daity  on 
tbe  kagcstof  two  lives»  a  bsb  and  bis  w^  tbe 
Ibnaer  aged  46  and  tbe  latfeer  aged  40:  interest  at  4 
pa*  oeai,  aad  tiK  prebabSties  of  fiving  as  observed 
mSkitdatf 

Tbe  Tahie  ef  aoa  aaraaoty  am  tbe  life  of  the  man  is, 
by  Table  XVI,  equal  to  12-297,  and  tbe  value  of  «n 
annuity  on  the  life  ci  tbe  wtHnan  is  14*401 ;  the  s«m 
erf'  these  is  2Gii93 :  fiom  wbicb  we  nmst  sabtract 
10^8Sw  Ae  valae  of  an  ananity  on  tbeir  joint  lives 
by  Table  XTIII;  and  the  difefeace,  or  16-412  will 
betbe^alaeaf  aaaiMMitf  aatbe  longest  of  tbdr  two 
fires. 

Had  the  two  fives  beea  each  of  them  10  Years 
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older,  or  56  and  50  years  of  age,  then  the  sum  of  the 
values  of  an  annuity  on  their  single  lives  would,  by 
Table  XVI,  be  equal  to  21-766  (that  is,  equal  to 
9-717  added  to  12*049),  and  the  value  of  an  annuity 
on  their  joint  lives  would,  by  Table  XVIII,  be  equal 
to  7*874  ;  consequently  13  892,  or  the  difference  be- 
tween these  two  values,  would  be  the  value  of  an  • 
annuity  on  the  longest  of  thei^  lives. 

Had   both  the  lives  been  40  years  of  age,  then 
10*964  (or  the  value  of  an  annuity  on  their  joint  lives) 
subtracted  from  28*069  (or'the  sum  of  the  values  of  ' 
an  annuity  on  their  single  lives*)  would  give  17*105 
for  the  answer  in  this  case  required. 

QUESTION  IX. 

§  386.  To  find  the  value  of  an  annuity  on  the 
Longest  of  three  lives. 

SOLUTION. 

From  the  sum  of  the  values  of  an  annuity  on  all 
the  single  lives,  subtract  the  sum  of  the  values  of  an 
annuity  on  each /;<«*;'  of  joint  lives,  and  to  the* dif- 
ference add  the  value  of  an  annuity  on  the  three  joint 
lives :  this  last  sum  will  be  the  value  required.  See 
§56. 

Example.  What  is  the  value  of  an  annuity  on  the 
longest  of  three  lives  aged  20,  30,  and  40;  interest 

*  The  value  of  an  annuity  on  the  life  of  the  man  is  13*668,  ant?  the    ' 
ralue  of  an  annuity  on  the  life  oi  the  woman  ia  14j'40l4 

4    D 
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at  4  per  cent,  and  the  probabilities  of  living  as  at 
Northainpton  ? 

The  value  of  annuity  on  each  single  life  is,  by 
Table  XXVII,  equal  to  16-033,  14-781,  and  13-197 
respectively,  the  sum  of  which  is  44*011 ;  the  value 
of  an  annuity  on  each  pair  of  joint  lives,  (viz  20  and 
30,  20  and  40,  30  and  40)  is,  by  Tables  XXX  and 
XXXII,  equal  to  11*873,  10-924,  and  10-490  re- 
spectively, the  sum  of  which  is  33-287  ;  the  difference 
between  these  two  values  is  10-724,  which  being  ad- 
ded to  8  986,  (or  the  value  of  an  annuity  on  the  three 
joint  lives,  as  found  by  Table  XLIV)  will  give  19-710 
for  the  number  of  years  purchase  required. 

Had  all  the  three  lives  been  20  years  of  age,  the 
value  of  an  annuity  on  their  single  lives  would  have 
been  equal  to  thrice  16*033,  or  48-099;  the  value  of 
an  annuity  on  each  pair  of  joint  lives  would  have 
been  equal  to  37-605,  or  to  thrice  12-535  (that  is, 
equal  to  thrice  the  value  of  an  annuity  on  two  joint 
lives  both  aged  20,  as  found  by  Table  XXVIII) ;  and 
the  value  of  an  annuity  on  three  joint  lives  would,  by 
Table  XLIII,  be  equal  to  10-342  :  therefore  20*836 
would  be  the  number  of  years  purchase  in  this  case 
required, 

QUESTION  X. 

§  387.  To  find  the  value  of  an  annuity  granted 
upon  three  lives,  but  to  continue  only  as  long  as  any 
two  of  them  are  in  being  together. 
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SOLUTION. 

From  the  sum  of  the  values  of  an  annuity  on  each 
pair  of  joint  lives,  subtract  twice  the  value  of  an  an- 
nuity on  the  three  joint  lives,  the  difference  will  be 
the  value  required.     See  ^  64. 

Ed-ample.  An  annuity  is  purchased  upon  three 
lives  aged  20,  30,  and  40 ;  on  this  condition,  that  as 
soon  as  any  two  of  the  lives  fail,  the  annuity  shall 
cease :  the  value  of  the  same  is  required,  reckoning 
interest  at  4  per  cent,  and  the  probabilities  of  living 
as  at  Northampton  ? 

The  value  of  an  annuity  on  each  pair  of  joint  lives 
(viz  20  and  30,  20  and  40,  30  and  40)  is,  by  Table 
XXX  and  XXXII,  equal  to  11-873,  10-924,  and 
10-490  respectfully,  the  sum  of  which  is  33-287  ;  and 
the  value  of  an  annuity  on  the  three  joint  lives  is 
8-986  :  therefore  twice  the  latter  quantity,  or  17-972, 
subtracted  from  33-287  will  give  15-315  for  the  num- 
ber of  years  purchase  required, 

Had  the  ages  of  all  the  three  lives  been  20  years, 
the  value  would,  in  this  case,  have  come  out  equal  to 
16-921. 

QUESTION   XI. 

§  388.  To  find  the  value  of  an  annuity,  on  the 
longest  of  any  number  of  lives.  Deferred  for  any 
given  term. 
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SOLUTION. 

Substitute  the  values  o^ deferred  annuities  on  each 
single  and  joint  lives,  instead  of  the  annuities  for  the 
whole  continuance  of  those  lives,  and  proceed  as  in  the 
solutions  to  the  two  preceding  questions.     See  >§  60. 

Ei'ample  1.  What  is  the  value  of  annuity  granted 
on  the  longest  of  two  lives  aged  20  and  40,  but  which 
is  not  to  be  entered  on  or  enjoyed  till  after  the  ex- 
piration of  30  years :  reckoning  interest  at  4J  per 
cent,  and  the  probabilities  of  living  as  observed  by 
M.  De  ParcieiLv  ? 

The  value  of  a  deferred  annuity  for  30  years  on  a 
life  aged  -^0  is,  by  Question  VJ,  equal  to  2-272 ;  the 
value  of  a  similar  annuity  on  a  life  of  40is  equal  to 
•784  ;  and  the  value  of  a  similar  annuity  on  the  two 
joint  lives  is  equal  to  '496  :  therefore  if  from  the  sum 
of  the  two  former,  or  3*056,  we  subtract  the  latter, 
the  difference,  or  2*560,  will  be  the  value  required. 

Example  2.  A  man  and  his  wife  (the  former  aged 
46,  and  the  latter  aged  40)  purchase  on  the  longest 
of  their  two  lives  the  reversion  of  the  lease  of  an  es- 
tate, which  they  are  not  to  enter  upon  till  the  end 
of  10  years  :  what  is  the  present  value  of  the  same, 
interest  being  reckoned  at  4  per  cent,  and  the  pro- 
bababilities  of  living  as  observed  in  Sweden! 
""Th^e  Value  of  an  annuity  on  the  life  of  a  male  aged 
■46,  deferred  10  years,' is,  by  Question  VI,  equal  to 
5*093;  the  value  of  a  similar  annuity  on  a  female 
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aged  40,  is,  by  the  same  question,  equal  to  6-926 , 
and  the  value  of  a  similar  annuity  on  their  joint  lives 
is  equal  to  3'511.  Consequently  this  latter  value 
deducted  from  the  sum  of  the  two  former  ones,  will 
leave  8*508  for  the  answer  required. 

§  389.  These  examples  give  the  present  values 
in  a  single  payment:  but,  if  we  wish  to  determine 
the  same  value  in  annual  payments  commencing  im- 
mediately, we  must  divide  the  single  payment  thus 
found,  by  unity  added  to  the  value  of  an  annuity  on 
the  longest  of  the  given  lives  for  one  year  less  than 
the  given  term. 

Thus  in  the  second  example,  the  value  of  the  de- 
ferred annuity  in  a  single  payment  is  8*508 ;  and,  by 
the  rule  in  the  following  question,*  the  value  of  an 
annuity  on  the  longest  of  the  two  lives  for  9  years  is 
equal  to  7*251 :  consequentl  y8*508  divided  by  8*251 
will  give  1*031  for  the  value  in  annual  payments. 

SCHOLIUM. 

,  §  390.  It  should  here  be  particularly  observed 
that  if  the  deferred  annuity,  mentioned  in  this  ques- 
tion, depends  upon  the  joint  existance  of  all  the 

*  A  more  convenient  method  however  of  determining'  auch  temporary 
annuities  is  expretacd  by  the  following  rule.  To  the  voluc  of  the  deferred 
annuity  on  the  longest  of  the  given  lives  add  the  expectation  that-  the 
longest  of  such  lives  shall  receive  £l  at  the  end  of  the  given  term;  subtract 
the  sum  from  the  value  of  an  annuity  on  tho  longest  of  the  given  lives:  the 
difference  will  be  the  value  of  the  annuity  for  one  year  leta  than  the  given 
term.    See  the  note  in  page  350, 
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lives,  to  the  end  of  the  given  term,  the  solution 
will  be  materially  different;  and  these  two  cases 
must  not  be  confounded.  In  this  latter  case  the 
value  will  be  equal  to  the  value  of  an  annuity  on  the 
longest  of  the  same  number  of  lives  (each  older  by 
the  given  term  than  the  given  lives)  multiplied  by 
the  expectation  that  the  joint  lives  shall  receive  £1  at 
the  end  of  that  term.     See '^  61. 

Example  1 .  What  is  the  value  of  an  annuity  on 
the  longest  of  two  lives  aged  20  and  40,  but  which 
is  not  to  be  entered  upon  till  the  end  of  30  years, 
and  then  only  in  case  both  the  lives  are  in  existance: 
interest  at  4^  per  cent,  and  the  probabilities  of  life 
as  observed  by  M.  De  Parcieux  ? 

The  value  of  an  annuity  on  the  longest  of  two 
lives  aged  50  and  70  is,  by  the  rule  in  Question 
VllI,  equal  to  12*625  ;  and  the  expectation,  that  two 
lives  aged  20  and  40  will  receive  £  1  at  the  end  of  30 
years,  is,  by  Question  II,  equal  to  '0899:  the  pro- 
duct of  these  two  quantities  will  give  1*135  for  the 
answer  required. 

Example  2.  A  man  (aged  46)  and  his  wife  (aged 
40)  purchase  an  annuity  on  the  longest  of  their  two 
lives,  which  is  to  commence  at  the  end  of  10  years 
provided  they  are  both  alive:  what  is  the  present 
value  of  the  same,  interest  at  4  per  cent,  and  the 
probabilities  of  life  as  observed  in  Sweden? 

The  value  of  an  annuity  on  the  longest  of  two  lives 
(a  man  aged  56,  and  a  woman  aged  50)  is,  by  the 
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rule  in  Question  VIII,  equal  to  13*892;  and  the  ex- 
pectation that  two  such  lives  aged  46  and  40  will  re- 
ceive £1  at  the  end  of  10  years  is,  by  Question  Tl, 
equal  to  '4459 :  the  product  of  these  two  quantities 
will  give  6"  194  for  the  value  required. 

§  391.  The  value  of  these  annuities  in  annual 
payments  commencing  immediately  will  be  equal  to 
the  value  in  a  singie  payment,  divided  by  unity 
added  to  the  value  of  an  annuity  on  the  joint  lives  for 
one  year  less  than  the  given  term. 

Thus,  in  the  second  example,  the  value  of  the  de- 
ferred annuity  in  a  single  payment  is  equal  to  G'l94: 
and  by  the  rule  in  the  note  to  page  380,  the  value  of 
an  annuity  on  the  two  joint  lives  deferred  for  9  years 
is  6-329:  consequently  6-194  divided  by  7-329  will 
give  *845  for  the  value  in  annual  payments. 

QUESTION    XII. 

§  392.  To  find  the  value  of  a  Tempora?y  annuity 
on  the  longest  of  any  number  of  lives. 

SOLUTION. 

From  the  absolute  value  of  an  annuity  on  the  long- 
est of  the  given  lives,  subtract  the  value  of  the 
same  annuity  deferred  during  the  given  term :  the 
difierence  will  be  the  value  required.*     See  §  62. 

*  Or  (which  is  the  Mme  thing)  substitute  the  ralues  of  temporary  an- 
nuities on  each  single  and  joint  lives,  instead  of  the  values  of  annuities  for 
the  tchok  continuance  of  those  livet ;  aod  proceed  M  in  the  tolutioos  to 
Questions  VIII  and  IX. 
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Example  I .  What  is  the  value  of  a  temporary  an- 
nuity for  30  years  on  the  longest  of  two  lives  aged  20 
and  40;  reckoning  interest  at  4J  percent,  and  the 
probabilities  of  life  as  given  by  M.  De  Pai'cieui'  ? 

The  value  of  an  annuity  on  the  longest  of  those 
lives  is,  by  Question  VIII,  equal  to  18-333  ;  and  the 
value  of  an  annuity  on  the  longest  of  those  lives  de- 
fer ird  for  30  years  is,  by  Question  XI,  equal  to 
2*5G0;  consequently  the  difference  between  these 
two  values,  orl&'773,  will  be  the  answer  required. 

Ej:ample2.  A  man  aged  46  purchases  an  annuity 
for  10  years,  terminable,  however,  at  any  time  prior 
thereto,  on  the  extinction  of  his  own  life  and  the  life 
of  his  wife  aged  40 :  what  is  the  value  of  the  same, 
interest  at  4  per  cent,  and  the  probabilities  of  living 
as  observed  in  Sweden  ? 

The  value  of  an  annuity  on  the  longest  of  their 
lives  is,  by  Question  VIII,  equal  to  16*412;  and  the 
value  of  an  annuity  on  the  longest  of  their  Wves  de- 
f erred  for  10  years  is,  by  Question  XI,  equal  to 
8*508 :  the  difference  therefoi'e  between  thefee  two 
values,  or  7*904,  is  the  answer  required. 

QUESTION  XIII. 

§  393.  To  find  the  value  of  the  Reversion  of  an 
annuity  on  a  single  life  after  any  other  single  life.* 

*  This  Question,  and  also  Question  XVIII,  are  of  considerable  impor- 
tance in  enabling  lis  to  determine  the  best  means  of  providing  Annuities  for 
the  benefit  of  Widows^  as  will  be  more  fully  explained  in  the  following 
Chapter. 
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SOLUTION. 

From  the  value  of  an  annuity  on  the  life  in  re- 
version, subtract  the  value  of  an  annuity  on  the  two 
joint  lives;  the  difference  will  be  the  value  required. 
See  §  7G. 

Example  1 .  A  person  aged  20  wishes  to  purchase 
an  annuity  for  what  may  happen  to  remain  of  his  life 
beyond  another  life  aged  40 :  what  ought  he  to  give 
for  the  same,  allowing  interest  at  4.^  per  cent,  and 
the  probabilities  of  living  as  observed  by  M.  De 
Farckux  ? 

The  value  of  an  annuity  on  the  life  in  reversion 
(that  is,  on  the  life  aged  20)  is,  by  Table  V,  equal  to 
1G-G24  ;  and  the  value  of  an  annuity  on  the  two  joint 
lives  is,  by  Table  IX,  equal  to  12*545;  therefore,  the 
difference  of  these  two  values,  or  4-079,  is  the  num- 
ber of  years  purchase  required. 

Had  the  life  in  reversion  been  40,  and  the  life  in 
possession  20  years  of  age,  the  value  would  have 
come  out  equal  to  1709. 

Or,  had  both  the  lives  been  20  years,  the  value 
would  have  come  out  equal  to  2  620  :  and  had  they 
both  been  40  years  of  age,  the  value  would  have 
come  out  equal  to  2*544. 

Example  2.     What  is  the  value  of  an  annuity  to  be 

enjoyed  by  a  woman  aged  40,  during  her  life,  after 

the  decease  of  her  husband  aged  4G ;  interest  at  4 

per  cent,  and  the  probabilities  of  living  as  amongst 

males  and  females  respectively  in  Sweden  1 

The  value  of  an  annuity  on  the  life  of  a  woman 
4  E 
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aged  40  is,  by  Table  XVI,  equal  to  14*401,  and  the 
value  of  an  annuity  on  their  joint  lives  is,  by  Table 
XVIII,  equal  to  10-286  ;  therefore  4-115  is  the  num- 
ber of  years  purchase  required. 

Had  their  lives  been  both  40  years  of  age,  the 
value  would  have  come  out  equal  to  3-437.* 

SCHOLIUM. 

§  394.  If,  instead  of  a  single  payment,  we  wish 
to  determine  the  value  of  these  reversionary  annuities 
in  ^«7?w/7/ payments  to  be  made  during  the  existance 
of  the  two  joint  lives;  we  must  divide  the  value, 
found  in  either  case,  by  unity  added  to  the  value  of 
an  afinuity  on  the  joint  lives  :  and  the  quotient  will 
give  the  annual  payments  required. 

Thus,  in  the  first  example,  4*079  being  divided  by 
13*545  will  give  '301  for  the  annual  payments  which 
ought  to  be  made  during  the  joint  lives,  as  an  equi- 
valent for  the  sum  in  a  single  payment.  In  like 
manner,  in  the  second  example,  4*115  being  divided 
by  11*286  will  give  '365  for  the  annual  payments 
which  ought  to  be  made  by  a  man  aged  46  during 
the  Joint  lives  of  himself  and  his  wife  aged  40,  in 

*  It  is  worthy  of  remark  that  the  value  of  a  reversionary  annuity  on  one 
life  after  another  is,  when  the  difference  of  age  is  not  very  considerable,  less 
in  the  younger  ages  and  greatest  in  the  middle  ages  of  life  :  a  circumstance 
which  may  be  attributed  to  the  higher  chances  of  living  in  the  younger  ages, 
whereby  the  probability  of  survivorship  is  deferred  so  long  as  to  affect  in  a 
material  degree  the  value  of  the  reversionary  annuity. 
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order  to  secure  to  his  widow,  on  his  death,  an  an- 
nuity of  £1  per  annum  during  her  life.* 

QUESTION  XIV. 

§  395.  To  find  the  value  of  the  Reversion,  of  an 
annuity  on  a  single  life  A,  after  the  longest  of  two 
other  lives,  P  and  Q. 

SOLUTION. 

From  the  sujn  of  the  values  of  an  annuity  on  the 
single  life  A  in  reversion,  and  on  the  three  joint  lives, 
subtract  the  sum  of  the  values  of  an  annuity  on  the 
two  joint  lives  AP  and  AQ:  the  difference  will  be 
the  value  required.     See  §  76. 

Edample.  What  is  the  value  of  an  annuity  on  the 
life  of  a  person  aged  20  to  be  enjoyed  by  him  after 
the  decease  of  both  his  brother  and  sister,  aged  30 
and  40  respectively:  interest  at  4  per  cent,  and  the 
probabilities  of  living  as  at  Northampton? 

The  value  of  an  annuity  on  the  single  life  in  rever- 
sion is,  by  Table  XXVII,  equal  to  16*003,  and  the 

*  Dr.  Price  has  given  a  tabic  of  the  value  of  reversionary  annuities  for 
the  life  of  a  wife  after  the  death  of  her  husband  ;  both  in  tingle  and  annual 
p&ymentf  duriog  their  joint  lives:  deduced /rotn  the  Sweden  observations 
and  at  4  per  cent  interest,  according  to  the  several  ages  therein  mentioned. 
See  his  Oln.  on  Bev.  Pay.  vol.  ii.  page  431.  The  utility  and  conveaicnco 
of  the  preacot  rule,  in  enabling  us  to  dctenninc  the  propriety  and  efficacy  of 
tbo«e  schemea  which  are  institute  J  for  the  benefit  of  Widows,  will  be  shown 
io  the  following  Chapter. 
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value  of  an  annuity  on  the  three  joint  lives  is,  by- 
Table  XLIV,  equal  to  8*986,  the  sum  of  which  is 
25*019;  the  value  of  an  annuity  on  the  two  joint 
lives  20  and  30  is,  by  Table  XXX,  equal  to  11-873, 
and  the  value  of  an  annuity  on  the  two  joint  lives  20 
and  40  is,  by  Table  XXXII,  equal  to  10-924,  the 
sum  of  which  is  22-797;  therefore  22*797  subtracted 
from  25-019  will  leave  2-222  for  the  value  required. 
Had  the  two  lives  in  possession  been  both  40, 
then  16-033  added  to  8-601,  (or  the  value  of  an  an- 
nuity on  three  joint  lives  aged  20,  40  and  40,  as 
found  by  Question  V)  will  make  24*634  ;  from  which 
we  must  subtract  twice  10-924 :  the  difference,  or 
2*786,  will  be  the  value  in  this  case  required. 

QUESTION  XV. 

§  396.  To  find  the  value  of  the  Reversion  of  an 
annuity  on  the  lo?igest  of  two  lives  A  and  B,  after 
any  si?7gle  life  P. 

SOLUTION. 

From  the  sum  of  the  values  of  an  annuity  on  each 
single  life  A  and  B  in  reversion  and  on  the  three 
joint  lives,  subtract  the  sum  of  the  values  of  an  an- 
nuity on  each  pair  of  joint  lives  AB,  AP,  BP  :  the 
difference  will  be  the  value  required.     See  §  76. 

Example.  What  is  the  value  of  an  annuity  on  the 
longest  of  two  lives  aged  20  and  30,  to  be  enjoyed 
after  the  extinction  of  a  single  life  aged  40  ;  interest 
at  4  per  cent,  and  the  probabilities  of  living  as  at 
Northampton  ? 
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By  proceeding  as  in  the  last  question  it  will  bo 
found  that  the  sum  of  the  values  of  an  annuity  on  the 
two  single  lives  20  and  30  is  30*814,  that  the  value 
of  an  annuity  on  the  three  joint  lives  is  8*986,  and 
that  the  sum  of  the  values  of  an  annuity  on  each  pair 
of  joint  lives  is  33*287;  consequently,  6*513  is  the 
value  required. 

Had  the  two  lives  in  reversion  been  both  20  years 
of  age,  then  the  sum  of  the  values  of  an  annuity  on 
their  single  lives  would  be  320GG;  the  value  of  an 
annuity  on  the  three  joint  lives  would  by  Question 
V,  be  9*400  ;  and  the  sum  of  the  values  of  an  annuity 
on  each  pair  of  joint  lives  would  be  34*383:  conse- 
quently 7*089  would  be' the  value  required. 

On  the  Renewal  of  Leases  for  Lives. 

§  397.  The  three  preceding  questions  will  be  found 
of  great  practical  use  in  the  Renewal  of  Leases*  held  on 
two  or  three  lives ;  as  they  serve  to  show  the  value  of 
the  Fine  that  ought  to  be  paid  for  putting  in  a  new 
life  in  lieu  of  one  that  has  drapt,  or  become  extinct^ 
For,  the  valuef  of  such  fine  is  equal  to  the  difference 

*  See  more  on  the  sobject  of  the  Renewa]  of  Leases  for  lives  and  aflsr- 
ittard*/or  a  term  certain^  in  the  observations  at  the  end  of  Question  XXIV. 

t  I  call  the  value  of  a  Fine,  the  Number  of  yeare  purchase  that  it  is 
worth  :  agreeably  to  the  principles  laid  down  in  deducing  the  value  of  an- 
nuities :  sec  the  remark  is  the  note  in  page  302.  Tliis  value,  being  multi- 
plied by  the  net  improved  rent  of  :he  estate,  will  show  the  tot^l  turn  of 
money  that  ought  to  be  given  for  the  renewal. 
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between  the  value  of  an  annuity  on  the  longest  of  all 
the  lives  (including  the  life  or  lives  to  be  added)  and 
the  value  of  an  annuity  on  the  longest  of  the  lives  in 
possession :  which  rule  will  be  found  to  agree  with 
the  solutions  above  given,  according  to  the  several 
cases  there  mentioned.* 

Example  1.  The  value  of  the  fine  which  ought  to 
be  given  {or  putting  .in  a  new  life,  aged  20,  to  a  lease 
held  by  Two  lives,  after  One  has  dropped,  is  (supposing 
the  existing  life  to  be  aged  40)  equal  to  4*079,  or 
rather  more  than  4  years  purchase  of  the  net  improved 
rent  of  the  estate;!  as  already  found  by  Question 
XIII. 

Consequently,  if  the  net  improved  rent  of  the  estate 
had  been  £100  per  annum,  we  should  have  £407  :  18 
for  the  gross  sum  that  ought  to  be  paid  down  for  the 
renewal  required. 

Example  2.  The  value  of  the  fine  which  ought  to 
be  given  for  putting  in  a  new  life,  aged  20,  to  a  lease 
held  by  Three  lives,  after  One  has  dropped,  is  (sup- 
posing the  existing  lives  to  be  aged  30  and  40)  equal 
to  2-222,  or  nearly  2^  years  purchase  of  the  net  im- 
proved rent  of  the  estate;  as  already  found  by  Ques- 
tion XIV. 

Example  3.  The  value  of  the  fine  which  ought 
to  be  given  for  putting  i?i  Two  new  lives,  both  aged 

*  This  subject  is  more  fully  discussed  in  my  Tables  for  the  Purchasing 
and  Renewing  of  Leases,  2d  edit.  1807. 

t  Tliat  is,  the  net  surplus  rent,  after  deducting  the  reserved  rent,  (if  any) 
and  all  taxes  and  other  annual  charges. 
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20,  to  a  lease  held  by  Three  lives,  after  Two  have 
dropped,  is  (supposing  the  existing  life  to  be  aged 
40)  equal  to  7*089,  or  rather  more  than  7  years  pur- 
chase of  the  net  improved  rent  of  the  estate ;  as  already 
found  by  Question  XV. 

The  same  principles  will  also  lead  us  to  the  true 
values  that  ought  to  be  given  for  Exchanging  any  one 
or  more  lives  (in  a  lease)  for  a  life  or  lives  of  any 
other  age.  For,  such  value  will  in  all  cases  be  equal 
to  the  present  value  of  the  tenant's  interest  in  the 
lease  bcforci\\(i  exchange,  subtracted  from  his  interest 
in  the  lease  after  the  new  lives  are  added. 

QUESTION  XVI. 

^  398.     To  find  the  value  of  the  Reversion  of  an 
annuity  on  a  single  life,  after  the  extinction  of  two 
joint  lives. 

SOLUTION. 

From  the  value  of  an  annuity  on  the  single  life  in 
reversion,  subtract  the  ralue  of  an  annuity  on  the 
three  joint  lives :  the  difference  will  be  the  value 
required.     See  §  76. 

Urampk,  Wiiat  is  the  value  of  an  annuity  on  the 
life  of  a  person  aged  20  to  be  enjoyed  by  him  after 
the  decease  of  either  of  his  brothers,  one  aged  30  and 
the  other  40 ;  interest  at  4  per  cent,  and  the  proba- 
bilities of  living  as  at  Northampton  1 

The  value  of  an  annuity  on  the  life  of  a  person 


400  PRACTICAL   QUESTIONS.  Ch.   12. 

aged  20  is,  by  Table  XXVII,  equal  to  16-033 ;  and 
the  value  of  an  annuity  on  the  three  joint  lives  is,  by 
Table  XLIV,  equal  to  8-986 :  therefore  7*047  is  the 
value  required. 

Had  the  two  lives  in  possession  been  both  40  years, 
then  7*432  w^ould  have  been  the  value  required. 

QUESTION  XVII. 

§  399.  To  find  the  value  of  the  Reversion  of  an 
annuity  on  two  Joint  lives  after  the  extinction  of  a 
single  life. 

SOLUTION. 

From  the  value  of  an  annuity  on  the  two  joint 
lives  in  reversion,  subtract  the  value  of  an  annuity 
on  the  three  joint  lives:  the  difference  will  be  the 
value  required.     See  ^  76. 

Example,  What  is  the  value  of  the  reversion  of 
an  annuity  on  two  joint  lives  aged  20  30  after  the 
extinction  of  a  life  aged  40  ;  interest  at  4  per  cent, 
and  the  probabilities  of  life  as  at  Northampton  ? 

The  value  of  an  annuity  on  the  two  joint  lives 
aged  20  and  30  is,  by  Table  XXX,  equal  to  11-873, 
and  the  value  of  an  annuity  on  the  three  joint  lives 
is,  by  Table  XLIV,  equal  to  8-986:  therefore  2-887 
is  the  value  required. 

Had  both  the  lives  in  reversion  been  20  years  of 
age,  then  3- 129  would  be  the  answer  required. 
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QUESTION  XVIII. 

^  400.  To  find  the  value  of  any  Deferred  rever- 
slonary  1  ifc  an  n  u  i  ty .  ♦ 

SOLUTION. 

Substitute  the  values  oi  deferred  annuities  on  each 
single  and  joint  lives,  instead  of  the  annuities  for  the 
whole  coiUinuance  of  those  lives ;  and  proceed  as  in 
the  solutions  to  the  last  five  questions,  according  to 
tlie  case.     See  %  77. 

Example  1 .  What  is  the  present  value  of  a  rever- 
sionary annuity  on  the  life  of  a  person  aged  20,  to 
commence  at  the  end  of  30  years,  provided  another 
person,  now,  40,  be  then  dead ;  or  if  this  should  not 
happeji,  then  at  the  end  of  any  year  in  which  the  for- 
mer shall  happen  to  survive  the  latter:  interest  at  4 J 
per  cent,  and  the  probabilities  of  living  as  observed 
by  M,  De  Parciciw? 

The  value  of  an  annuity  on  the  life  in  reversion, 
deferred  for  30  years,  is,  by  Question  VI,  equal  to 
2*272  ;  and  the  value  of  an  annuity  on  the  two  joint 
lives  deferred  for  30  years  is,  by  the  same  Question, 

*  This  Question  ia  of  considerable  use  in  enabliog  us  to  detenniae  the 
validity  of  certain  Schemes  which  hnre  been  proposed  for  proriding  An- 
niiitics  for  the  benefit  qf  fVidotvt;  as  will  be  more  fully  explained  in  the 
foUowiiig  Chapter.    See  tUo  ibe  note  in  page  395. 

4  Q       » 
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equal  to  '496.  Therefore  the  difference  between 
these  two  values,  or  1*776,  will,  by  Question  XIII, 
be  the  answer  required. 

Example  2.  A  woman  aged  40  will  at  the  end  of 
10  years  enter  upon  an  annuity  for  her  life,  provided 
her  husband,  now  aged  46,  be  then  dead  ;  or  if  this 
should  not  be  the  case,  then  at  the  end  of  any  year 
in  which  he  may  die  :  what  is  the  present  value  of 
the  reversion,  interest  at  4  per  cent,  and  the  proba- 
bilities of  living  as  observed  in  Sweden  ? 

The  value  of  an  annuity  on  the  life  of  a  female 
aged  40,  deferred  for  10  years,  is,  by  Question  VI, 
equal  to  6*926  ;  and  the  value  of  an  annuity  on  their 
joint  lives  is,  by  the  same  Question,  equal  to  3*511. 
Therefore  the  difference  between  these  two  values, 
or  3*415,  will,  by  Question  XIII,  be  the  answer  re- 
quired. 

If  we  wish  to  determine  the  value  of  these  de- 
ferred reversionary  annuities  in  annual  payments  du- 
ring the  continuance  of  their  joint  lives,  we  have  only 
to  divide  the  single  payment,  above  found,  by  unity 
added  to  the  value  of  an  annuity  on  the  joint  lives  ; 
as  already  explained  in  the  Scholium  to  Question 
XIII.  ♦ 

SCHOLIUM. 

§  401.  If  the  deferred  annuity  mentioned  in  this 
question  depends  on  the  joint  continuance  of  all  the 
lives  to  the  end  of  the  given  term,  the  solution  will 
be  materially  different,  (as  I  have  already  observed 
respecting  deferred  annuities  depending  on  the  long- 
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est  of  any  lives,  in  the  Scholium  in  page  389):  and 
care  must  be  taken  not  to  confound  the  two  cases 
together.  When  the  reversion  depends  on  the  Joint 
continuance  of  all  the  lives  to  the  end  of  the  given 
term,  its  value  will  be  equal  to  the  value  of  the  re- 
version on  the  same  number  of  lives,  each  older  by 
the  given  term  than  the  given  lives,  multiplied  by 
the  expectation  that  the  Joint  lives  shall  receive  £1 
at  the  end  of  that  term.     See  ^  78. 

Example  1.  What  is  the  present  value  of  a  rever- 
sionary annuity  on  a  life  aged  20  for  what  may  hap- 
pen to  remain  of  it  beyond  another  life  aged  40  after 
30  years,  provided  both  lives  continue  from  the 
present  time,  to  the  end  of  the  term  :  interest  at  4^ 
per  cent,  and  the  probabilities  of  living  as  given  by 
J/.  Dc  Parcicuj:? 

The  value  of  an  annuity  on  a  life  aged  50  after  'an- 
other life  aged  70  is,  by  the  rule  in  Question  XIII, 
equal  to  6*404  (or  the  difference  between  11*921 
and  5*517);  and  the  expectation  that  the  joint  lives, 
20  and  40,  shall  receive  £I  at  the  end  of  30  years 
is,  by  Question  II,  equal  to  '0899  the  product  of 
these  two  quantities  therefore,  or  '576,  will  be  the 
value  required. 

Example  2.  What  is  the  present  value  of  an  an* 
nuity  on  the  life  of  a  woman  aged  40,  for  what  may 
happen  to  remain  of  it  beyond  the  life  of  her  hus- 
band, now  aged  4G,  after  10  years,  provided  they 
botk  continue  in  being  so  long :   interest  at  4  per 
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cent,  and  the  probabilities  of  life  as  observed  in 
Sweden  ? 

The  value  of  an  annuity  on  the  life  of  a  woman 
aged  50  after  the  decease  of  her  husband  aged  56, 
is,  by  the  rule  in  Question  XIII,  equal  to  4*175 ; 
and  the  expectation  that  the  joint  lives  40  and  46 
shall  receive  £1  at  the  end  of  10  years  is,  by  Ques- 
tion II,  equal  to  '4459 :  consequently,  these  two 
quantities  multiplied  together  will  produce  1*862  for 
the  value  in  this  case  required. 

If  we  wish  to  determine  the  value  of  these  de- 
ferred reversionary  annuities  in  annual  payments 
during  the  continuance  of  their  joint  lives,  we  have 
only  to  divide  the  single  payment,  above  found,  by 
unity  added  to  the  value  of  an  annuity  on  the  joint 
lives ;  as  already  explained  in  the  Scholium  to 
Question  XIII. 

QUESTION  XIX. 

§  402.  To  find  the  value  of  any  Temporary  re- 
versionary life  annuity. 

SOLUTION. 

Substitute  the  values  of  temporary  annuities  on 
each  single  and  joint  lives,  instead  of  the  annuities 
for  the  whole  continuance  of  those  lives;  and  pro- 
ceed as  in  the  last  question.     See  '^  77. 

Example  1.  A  lease  of  an  estate  is  held  for  30 
years,  to  the  rent  of  which  a  person  now  aged  20 
will  be  entitled  on  the  decease  of  his  brother  aged 
40 :  what  is  the  value  of  his  interest  therein,  taking 
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the  probabilities  of  life  as  ol)scrvc(l  by  M.  De  Par» 
cieiir,  and  interest  at  4 J  per  cent? 

The  value  of  an  annuity  for  30  years  on  a  life  aged 
20  is,  by  Question  VII,  equal  to  14*352,  and  the  value 
of  a  similar  annuity  on  the  two  joint  lives  is,  by  the 
same  Question,  equal  to  12*040;  consequently,  the 
difference  of  the  two  values,  or  2*303,  will,  by 
Question  XIII,  be  the  answer  required. 

Example  2.  In  a  lease  of  an  estate  (originally 
granted  for  twenty-one  years)  10  years  are  unexpired ; 
to  the  rent  of  which,  a  woman  aged  40  will,  on  the 
decease  of  her  husband  aged  46,  become  entitled : 
what  is  the  value  of  her  interest  in  the  same,  taking 
the  probabilities  of  life  as  observed  in  Sweden,  and  the 
rate  of  interest  at  4  per  cent? 

The  value  of  an  annuity  on  the  life  of  a  woman 
aged  40  fojr  10  years  is,  by  Question  VII,  equal  to 
7*475,  and  the  value  of  a  similar  annuity  on  the  two 
joint  lives  is,  by  the  same  Question,  equal  to  6*775; 
consequently  '700  is  the  value  required. 

If  we  wish  to  determine  the  value  of  these  tem- 
porary reversionary  annuities  in  annual  payments,  we 
have  only  to  divide  the  single  payments,  above  found, 
by  unity  added  to  the  value  of  a  temporary  annuity 
on  the  joint  livesyor  one  year  less  than  the  given  term  : 
and  the  quotient  will  be  the  annual  payment  required. 
See  §  368. 

QUESTION  XX. 
§  403.    Two  persons  A  and  B  purchase  an  an- 
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nuity  on  the  longest  of  their  lives,  which  is  to  be 
equally  divided  between  then  whilst  they  are  both 
living,  but  on  the  decease  of  either  of  them  it  is  to 
belong  wholly  to  the  Siu^vivor :  to  find  their  respec- 
tive shares,  or  the  proportion  which  each  person  ought 
to  contribute  towards  the  purchase. 

SOLUTION, 

From  the  value  of  an  annuity  on  the  life  A  or  B 
subtract  half  the  value  of  an  annuity  on  the  two  joint 
lives  :  the  remainder  will  the  share  of  A  or  B  required 

See  §  85. 

Example  1.  Suppose  the  age  of  A  to  be  20,  and 
that  of  B  40 ;  the  rate  of  interest  4^  per  cent,  and  the 
probabilities  of  life  as  observed  M.  De  Pa?xieu.v? 

The  value  of  an  annuity  on  a  life  aged  20  is,  by 
Table  V,  equal  to  16-624;  and  the  value  of  an  an- 
nuity on  a  life  aged  40  is  equal  to  14*254  :  also  the 
value  of  an  annuity  on  two  joint  lives  aged  20  and 
40  is,  by  Table  IX,  equal  to  12*545,  the  half  of  which 
is  6'272.  Consequently  this  latter  value  subtracted 
from  16'624  will  give  10-352  for  the  share  which  A 
ought  to  contribute ;  and  subtracted  from  14*254  it 
will  give  7*982  for  the  share  which  B  ought  to  con- 
tribute. 

Example  2.  Suppose  two  persons,  a  man  aged  46 
and  a  woman  aged  40,  to  hold  the  lease  of  an  estate 
on  the  longest  of  their  lives,  the  rent  of  which  is  di- 
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vided  in  the  manner  above  stated  ;  what  sum  ougljt 
to  be  given  to  each  of  tliem  for  surrendering  their 
right  in  the  same:  interest  being  reckoned  at  4  per 
cent,  and  the  probabilities  of  life  as  observed  iu 
Stirdcn  ? 

The  value  of  the  man's  interest  is  equal  to  7*154 
(or  to  the  difference  between  12*297  and  5"  143);  and 
the  value  of  the  woman's  interest  is  equal  to  9-258 
(or  to  the  difference  between  14-401  anjd  5*  143). 
Therefore  if  the  net  rent  of  the  estate  were  £50  per 
annum,  the  sum  which  ought  to  be  given  to  the  man 
will  be  357-700,  or  £357;  14:  and  the  sum  which 
ought  to  be  given  to  the  woman  will  be  4G2-900,  or 
£402  :  18. 

SCHOLIUM. 

§  404.  If  the  annuity  is  for  a  term  of  years,  less 
than  that  to  which  it  is  probable  the  given  lives  may 
extend,  we  must  substitute  the  values  of  annuities 
for  the  given  term  instead  of  the  values  of  annuities 
for  the  who/e  continuance  of  the  lives;  and  proceed 
with  these  substituted  values  according  to  the  direc- 
tions given  in  the  rule. 

Thus,  if  in  the  first  example,  the  annuity  had  been 
for  30  years  only,  we  must  find  the  value  of  a  tern- 
porary  annuity  for  30  years  on  a  single  life  aged  20, 
a  single  life  aged  40,  and  two  joint  lives  aged  20  and 
40:  which  values  are,  by  Question  VII,  equal  to 
14-352,  13-470,  and  12049  respectively.  Conse- 
quently, the  half  of  the  latter  subtracted  from  14*352 
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will  leave  8-328  for  the  share  of  A  ;  and  subtracted 
from  13*470,  it  will  leave  7-446  for  the  share  of  B. 


QUESTION  XXI. 

^  405.  Two  persons  are  in  possession  of  an  an- 
nuity on  the  longest  of  their  lives ;  which,  on  the 
decease  of  either  of  them,  will  belong  to  D  and  his 
heirs  during  the  life  of  the  Survivor :  to  find  the  value 
of  his  interest  therein. 

SOLUTION. 

From  the  sum  of  the  values  of  an  annuity  on  each 
single  life  in  possession,  subtract  twice  the  value  of 
an  annuity  on  their  joint  lives  :  the  difference  will  be 
the  value  required.     See  §  137. 

E.vample.  Suppose  the  ages  of  the  two  lives  in 
possession  to  be  20  and  40 ;  interest  4  J  per  cent,  and 
the  probabilities  of  living  as  observed  by  M.  De 
Parcieu.v  ? 

The  value  of  an  annuity  on  each  single  life  is, 
by  Table  V,  equal  to  16-624  and  14-254;  and  the 
value  of  an  annuity  on  the  two  joint  lives  is,  by  Table 
IX,  equal  to  12-545.  Consequently,  25-090  sub- 
tracted from  30-878  will  leave  5-788  for  the  interest 
of  D  and  his  heirs  in  this  annuity. 

Had  the  two  lives  in  possession  been  a  man  aged 
46  and  a  woman  aged  40,  the  value  of  the  interest  of 
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D  and  his  heirs  in  the  annuity  would  (on  the  suj)- 
position  tliat  interest  was  at  4  per  cent,  and  the  pro- 
babilities of  living  as  observed  in  Sweden)  be  cfjual  to 
6126 

SCHOLIUM. 

§  406.  If  the  annuity  is  for  a  term  of  years  less 
than  that  to  which  it  is  possible  that  either  of  the 
given  lives  may  extend,  we  must  substitute  the 
values  of  annuities  for  the  given  ierm  instead  of  the 
values  of  annuities  for  the  who/e  continuance  of  the 
lives :  and  proceed  with  these  substituted  values  ac- 
cording to  the  directions  given  in  the  rule. 

Thus,  if  in  the  example  just  given,  the  annuity  on 
the  two  lives  aged  20  and  40  had  been  for  30  years 
only,  then  24098  (or  twice  the  value  of  a  temporary 
annuity  for  30  years  on  the  two  joint  lives,  as  found 
by  Question  VII)  subtracted  from  27*822  (or  the 
sum  of  the  values  of  a  temporary  annuity  for  30 
years  on  each  of  the  single  lives,  as  found  by  the 
same  Question)  will  leave  3*724  for  the  value  in  this 
case  required. 

QUESTION  XXII. 

^  407.  To  find  the  value  of  an  annuity  certain 
for  a  given  term  ;  and  afterwards,  for  the  remainder 
of  any  given  life  or  lives. 


SOLUTION. 

To  the  present  value  of  an  annuity  certain  for  the 

4  o 
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given  term,  add  the  value  of  an  annuity  on  the  given 
life,  or  lives,  deferred  for  that  term :  the  sum  of  these 
two  will  be  the  value  required.     See  §  51. 

Example  1.  What  is  the  value  of  an  annuity  cer- 
tain for  30  years,  and  then  to  continue  during  the 
life  of  a  person  now  aged  20:  reckoning  interest  at 
4J  per  cent,  and  the  probabilities  of  living  as  ob- 
served by  M.  De  Parcieux  ? 

The  value  of  an  annuity  certain  for  30  years  is,  by 
Table  LIX,  equal  to  10-289,  and  the  value  of  an  an- 
nuity, on  a  life  aged  20:  deferred  for  30  years  is,  by 
Question  VI,  equal  to  2*272:  consequently  18-561 
will  be  the  value  required. 

Example  2.  What  is  the  value  of  an  annuity  cer^ 
tarn  for  10  years,  and  then  to  continue  during  the 
joint  lives  of  a  man  aged  46  and  his  wife  aged  40 ; 
reckoning  interest  at  4  per  cent,  &  the  probabilities 
of  living  as  observed  in  Sweden  1 

The  value  of  an  annuity  certain  for  10  years  is,  by 
Table  LIX,  equal  to  8-111,  and  the  value  of  an  an- 
nuity on  the  two  joint  lives,  deferred  for  10  years,  is, 
by  Question  VI,  equal  to  3*511:  consequently  11-022 
will  be  the  value  required. 

QUESTION  XXIII. 

§  408.  Supposing  a  person  to  enjoy  an  annuity 
for  his  life;  and,  at  his  decease,  to  have  the  nomination 
of  a  successor:  to  find  the  present  value  of  the  an- 
nuity on  the  Succeeding  life. 


\ 
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SOLUTION. 

Multiply  the  value  of  an  annuity  on  the  life  iu 
possession  by  the  rate  of  interest,  and  subtract  the 
product  from  unity;  multiply  the  remainder  by  the 
assamed*  value  of  an  annuity  on  the  succeeding  life: 
the  product  will  be  the  present  value  required.  See 
§  205. 

Eaampie.  Suppose  the  age  of  the  life  in  pos- 
session to  be  65,  and  that  at  his  decease  he  has  the 
liberty  of  nominating  another  life  to  succeed  him; 
which  life  we  will  suppose  to  be  one  of  tjie  best  that 
can  then  be  found,  or  one  which  may  then  be  about 
10  years  old  :  what  is  the  present  value  of  such  suc- 
ceeding life,  interest  at  5  per  cent,  and  the  proba- 
bilities of  living  as  observed  by  M.  De  Parcieux? 

The  value  of  an  annuity  on  a  life  aged  G5  is,  by 
Table  V,  equal  to  7'535,  which  being  multiplied  by 
•05,  and  subtracted  from  unity,  will  leave  '02325 ; 
and  this  quantity,  multiplied  by  IG'2l3  (or  the  value 
of  an  annuity  on  the  life  to  be  hereafter  nominated) 
will  produce  10*105  for  the  present  value  of  the 
same,  as  was  required. 

Had  it  been  required  to  calculate  the  value  of  the 

*  Tlie  Hfc  or  liret  nominated  to  succeed  to  the  annaity,  after  tlio  ex- 
tinction of  the  life  or  lives  in  possession,  arc  such  as  are  th«n  to  b«  fixcvl 
on,  at  pleasure  :  therefore  the  present  ralue  of  an  annuity  on  those  lircs 
will  vary  according  to  the  a|(ei  at  which  they  are  stippoaed  to  t>9  pat  in. 
See  page  169. 
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succeeding  life  according  to  the  Northampton  tables 
of  observations,  at  the  same  rate  of  interest ;  we 
ought  to  multiply  7-276  by  -05;  which,  subtracted 
from  unity,  would  leave  -63020;  and  this  latter 
quantity  multiplied  by  15-139*  will  give  9-631  for 
the  value  in  this  case  required. 


SCHOLIUM. 

§  409.  The  solution  given  to  the  present  question 
will  apply  equally  to  the  case  of  annuities  on  joint 
lives,  or  on  the  longest  of  any  lives;  with  power  to 
nominate,  at  the  extinction  of  such  lives,  an  equal 
number  of  similar  lives  to  succeed  thereto. 

Example,  Suppose  an  annuity  is  held  on  two 
joint  lives  aged  50  and  60 ;  and  that,  on  the  ex- 
tinction of  either  of  them,  two  other  joint  lives  (the 
best  that  can  then  be  found,  and  which  we  will  sup- 
pose to  be  10  years  old)  are  nominated  to  succeed 
them :  what  is  the  present  value  of  the  annuity  on 
the  succeeding  joint  lives,  interest  at  5  per  cent,  and 
the  prob£[bilities  of  living  as  observed  at  Northampton! 


*  It  appears  that,  by  the  Northampton  tables,  a  life  of  the  asje  of  8  years 
is  one  of  the  best  that  can^be  put  in  ;  since  the  value  of  an  annuity  on  such 
life  is  equal  to  15'22G :  but  in  questions  of  this  kind  we  may  safely  omit 
the  decimal,  and  assume  the  life  to  be  such  that  an  annuity  on  it  at  the 
time  of  nomination  would  be  worth  15  years  purchase.  For,  it  seldom  hap- 
pens that  the  life,  which  we  should  choose  to  nominate,  is  exactly  of  the  age 
which  is  assumed. 


Qu.  23.  PRACTICAL   QUESTIONS.  413 

The  value  of  an  annuity  on  the  two  joifit  lives  is, 
by  Table  XXX,  equal  to  G0G8 ;  which,  being  mul- 
tiplied by  "05  &  subtracted  unity,  will  leave  '67160; 
and  this  multiplied  by  I2GG5(or  the  value  of  an  an- 
nuity on  two  joint  lives  both  JO  years  old)  will  pro- 
duce 8*506  for  the  value  required. 

Had  the  annuity  been  held  on  the  loiigcst  of  the  • 
two  lives,  aged  50  and  60;  with  power,  on  the  ex- 
tinction of  both  those  lives,  to  nominate  two  other 
lives  (whose  ages  we  will  suppose  to  be  each  10 
years)  who  are  to  enjoy  the  annuity  as  long  as  either 
of  them  is  in  existance ;  the  present  value  of  the  an- 
nuity on  those  succeeding  lives  might  be  calculated 
in  a  similar  manner.  For,  the  value  of  an  annuity 
on  the  longest  of  two  lives  aged  50  and  CO  is,  by  the 
solution  in  Question  VIII,  equal  to  12-093 ;  which 
being  multiplied  by  '05  and  subtracted  from  unity, 
leaves  -39535;  and  this  quantity  multiplied  by  17-613 
(or  the  value  of  an  annuity  on  the  longest  of  two 
lives  aged  10  years)  will  give  G'9G3  for  the  value 
required. 

QUESTION  XXIV. 

§  410.  To  find  the  present  value  of  an  annuity 
certain  for  a  given  term  after  the  extinction  of  any 
given  life  or  lives. 

SOLUTION. 

Multiply  the  value  of  an  annuity  on  the  given  life 
or  lives  by  the  rate  of  intertst,  and  subtract  the  pro- 
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duct  from  unity;  multiply  the  remainder  by  the  pre- 
sent value  of  an  annuity  certain  for  the  given  term  : 
the  product  will  be  the  value  required     See  §  208. 


Example  1.  Suppose  D  and  his  heirs  to  be  en- 
titled to  an  annuity  certain  for  21  years,  to  com- 
mence at  the  death  of  a  person  aged  70 ;  what  is  the 
present  value  of  D's  interest  in  that  annuity,  taking 
the  probabilities  of  living  as  observed  at  Northampton^ 
and  the  rate  of  interest  at  5  per  cent?^ 

The  value  of  an  annuity  on  the  life  of  a  person 
aged  70  is,  by  Table  XXVII,  equal  to  6-023,  which 
being  multiplied  by  '05  and  subtracted  from  unity, 
will  leave  -69885  ;  and  this  multiplied  by  12*821  (or 
the  value  of  an  annuity  certain  for  2 1  years)  will  pro- 
duce 8'960  for  the  present  value  of  the  same  annuity 
to  be  entered  on*  at  the  extinction  of  the  given  life. 

If  this  value  be  added  to  6-023  (or  the  value  of 
the  annuity  on  the  life  in  possession)  the  sum  of 
them,  or  14*983,  will  be  equal  to  the  value  of  an  an- 
nuity on  th  given  life,  commencing  immediately,  and 
to  continue,  after  the  extinction  of  such  life,  for  the 
term  of  21  years  longer. 

Example  2.  A  lease  of  an  estate  is  held  upon  two 
lives  aged  60  and  70 ;  and,  after  the  decease  of  both 
of  them,  then  for  21  years  longer:  what  is  the  value 

*  This  solution  supposes  tliat  the  first  payment  of  the  annuity  is  made 
At  the  end  of  the  year  in  which  the  given  life  becomes  extinct. 


QU,  24.  PRACTICAL    QUESTIONg.  415 

of  such  lease,  reckoning  interest  at  5  per  cent,  and 
the  probabilities  of  living  as  at  Northampton  ? 

The  value  of  an  annuity  on  the  longest  of  two  lives 
aged  60  and  70  is,  by  the  rule  in  Question  VI 11, 
equal  to  9*735 ;  which  being  multiplied  by  05  and 
subtracted  from  unity,  will  leave  *51325;  this  being 
multiplied  by  12*821  (or  the  value  of  an  annuity 
certain  for  21  years)  will  give  6*580  for  the  present 
value  of  the  same  annuity  to  be  enjoyed  2 1  years  after 
the  extinction  of  the  longest  of  the  two  lives.  And 
this  value  being  added  to  9*735  (or  the  value  of  an 
annuity  on  the  longest  of  the  two  lives)  will  give 
10*315  for  the  value  of  the  lease  required. 

Krampie  3.  A  lease  of  an  estate  is  held  upon 
three  lives  aged  50,  60,  and  70;  and,  after  their 
decease,  then  for  21  years  longer:  what  is  the  value 
of  the  same,  reckoning  interest  at  5  per  cent,  and  the 
probabilities  of  living  as  at  Northampton  ? 

The  value  of  an  annuity  on  the  longest  of  three 
lives  aged  50,  60,  and  70  is,  by  the  rule  in  Question 
IX,  equal  to  12*443  ;*  which,  being  multiplied  by  *05 
and  then  subtracted  from  unity,  will  leave  -37785 ; 
this  being  multiplied  by  12*821  will  give  4*844  for 
the  present  value  of  the  annuity  for  21  years  after  the 
longest  of  the  three  lives.  And  this  value,  being  ad- 
ded to  12-443,  will  give  17*287  for  the  value  of  the 
lease  required. 

*  The  valu:  of  an  annuity  on  thttt  joint  lives  is,  by  the  rule  in  Qnesiion 
(and  the  correction  alluded  to  io  page  370)  equal  to  4*061. 


» 

416  BRACTICAL   QUESTIONS.  Ch,  12. 

Had  the  three  lives  been  10,  60,  and  70  years  of 
age ;  then  the  value  of  an  annuity  on  the  longest  of 
their  lives  would  be  equal  to  15'878;*  and  the  value 
of  the  annuity  for  21  years  after  those  lives  would  be 
equal  to  2 '642 :  consequently  the  value  of  the  lease 
would  in  this  case  be  equal  to  18*520. 

Or,  had  the  three  lives  been  10,  10  and  70  years 
of  age;  then  the  value  of  an  annuity  on  the  longest 
of  their  lives  would  be  equal  to  17*610  ;f  and  the 
value  of  the  annuity  for  21  years  after  those  lives 
would  be  equal  to  r532  :  consequently  the  value  of 
the  lease  would  in  this  case  be  equal  to  19.142. . 


On  the  Renewal  of  Leases  for  Lives  and  afterwards 
for  a  Term  certain. 

^411.  The  three  examples  given  in  the  preceding 
question  will  serve  to  show  the  method  of  determining 
the  value  of  the  Fine  which  ought  to  be  given  for 
Renewing  any  lives  dropt  in  a  lease  originally  held 
on  three  lives  and  for  a  term  certain  after  the  e.vti?iction 
of  those  lives.  For,  the  value  of  such  fine  will  in  all 
cases  be  equal  to  the  present  value  of  the  tenant's 
interest  in  the  lease  before  the  renewal,  subtracted 


*  The  value  of  an  annuity  on  these  three  joint  lives  is,  by  the  rule  in 
Question  V  (and  the  correction  alluded  to  in  papje  37G)  equal  to  4'454. 

+  The  value  of  an  annuity  on  these  three  joint  lives  is,  by  the  rule  in 
Question  V  (and  the  correction  alluded  to  in  page  876)  equal  to  5*374. 


\ 
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from  his  iDterest  in  the  lease  after  the  new  lives  are 
added.* 

Thus,  suppose  that,  in  a  lease  originally  held  on 
three  lives  and  21  years,  one  of  the  lives  has  dropt; 
and  that  the  ages  of  the  two  remaining  lives  are  60 
and  70:  the  value  of  the  fine  which  ought  to  be  paid 
for  putting  in  another  life  aged  10  years  is  equal  to 
the  difference  between  16'315  (or  the  value  found 
by  the  second  example)  and  18*520  (or  the  value 
found  by  the  second  case  in  the  third  example). 
That  is,  the  value  of  the  fine  will  be  equal  to  2*205, 
or  about  2i  years  purchase  of  the  net  improved  rent 
of  the  estate. 

Again,  let  us  suppose  that  two  of  the  lives  have 
dropt;  and  that  the  age  of  the  remaining  life  is  70: 
the  value  of  the  fine  which  ought  to  be  paid  for  put- 
ting in  two  other  lives  both  10  years  of  age,  is  equal 
to  the  difference  between  14*983  (or  the  value  found 
by  the  first  example)  and  19*142  (or  the  value  found 
by  the  third  case  in  the  third  example):  consequently 
the  value  of  the  fine  will  be  equal  to  4*159,  or  about 
4h  years  purchase  of  the  net  improved  rent  of  the 
estate. 

These  examples  will  also  serve  to  show  the  sum 
that  ought  to  be  given  for  Exchanging  any  of  the 
lives  on  which  the  lease  may  happen  to  be  held:  for, 
the  same  method  of  solution  will  apply  to  such  cases. 

*  Sec  what  hu  been  ftlretdy  said  on  the  subject  of  the  Renewal  of  Leases 
for  Lives  in  general,  in  page  397. 

4    H 
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Thus,  suppose  that,  in  a  lease  held  on  three  lives  and 
21  years,  the  ages  of  the  lives  at  present  in  the  lease 
were  50,  60,  and  70;  and  that  the  tenant  is  desirous 
of  exchanging  the  life  of  50  for  another  life  aged  10 
years  old:  the  value  of  the  fine  which  ought  in  such 
case  to  be  paid  will  be  equal  to  the  difference  be- 
tween I7'287  (or  the  value  of  h\s  present  interest,  as 
found  by  the  first  case  in  the  third  exam  pie),  and 
18'520  (or  the  value  of  his  interest  after  the  ex- 
change, as  found  by  the  second  case  in  the  same 
example).  That  is,  the  value  of  the  fine  will  be 
1  -233,  or  near  1^  year's  purchase  of  the  net  improved 
rent  of  the  estate. 

§  412.  Many  of  the  estates  belonging  to  the  Cor- 
poration of  Liverpool  are  held  on  the  tenure  alluded 
to  in  these  examples;  and  till  lately  they  were  in 
the  constant  habit  of  renewing  their  leases  on  the 
following  terms:  viz.  One  year's  purchase  for  adding 
one  life  dropt.  Three  years  purchase  for  adding 
two  lives  dropt,  &  Seven  year's  purchase  for  adding 
three  lives  dropt  when  the  21  years  remain  unexpired. 
In  all  these  cases  no  regard  was  paid  to  the  age  or 
state  of  health  of  the  existing  lives  in  the  lease. 
This  practice  of  demanding  an  uniform  fine  for  re- 
newing with  any  life,  and  without  regard  to  the  age 
or  state  of  health  of  the  lives  remaining  in  the  lease, 
betrayed  a  total  want  of  knowledge  on  the  subject ; 
and  was  in  most  cases  injurious  to  the  interests  of 
the  Corporation. 

But,  the  most  singular  circumstance  attending  this 
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subject  was  their  custom  of  escha/iging,  for  the  sum 
of  only  one  guinea  each,  lives,  not  exceeding  50  years 
of  age  and  in  good  health,  for  lives  oi  any  other  age, 
and  in  estates  of  any  yearly  value ! ! !  A  practice 
which  could  hardly  be  supposed  ever  to  have  existed 
in  so  enlightened  a  place  as  Liverpool,  Tiie  Corpo- 
ration at  length,  suspecting  that  their  mode  of  pro- 
ceeding was  incorrect  in  principle,  referred  the 
matter  to  a  Committee,  who  directed  it  to  be  laid 
before  me  for  my  opinion :  and  agreeably  to  their 
request  I  calculated  a  set  of  Tables  for  their  use, 
founded  on  the  principles  detailed  in  the  preceding 
examples. 

As  it  is  possible  that  many  other  Corporate  bodies 
are  still  pursuing  the  same  incorrect  and  absurd 
practice  of  leasing  their  estates,  I  have  been  more 
particular  in  these  examples,  in  order  that  they  may 
the  more  readily  determine  the  values  that  ought 
to  be  given  in  such  cases. 

QUESTION  XXV. 

§  413.  To  find  the  present  value  of  what  may 
happen  to  remain  (after  any  given  life,  or  lives)  of  aa 
annuity  certain  for  a  given  term:  provided  such  term 
be  less  than  that  to  which  it  is  possible  the  given 
lives  may  extend.* 

*  The  term  (o  which  it  is  possible  that  any  given  life  or  lires  maj  ex- 
tend is — for  a  tingle  Jifc,  equal  to  the  diffcrtncc  between  the  age  of  sach 
life  and  the  age  of  the  oldest  life  in  the  table  of  obserrations : — for  joint 
lires,  equal  to  the  difference  between  the  vUttt  of  such  Hres  and  the  age  • 
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SOLUTION, 

From  the  value  of  an  annuity  certain  for  the  given 
term,  subtract  the  value  of  an  annuity  on  the  given 
life,  or  \'\we&,  for  the  given  term:  the  difference  will 
be  the  value  required.     See  ^  192. 

Example.  A  lease  of  an  estate  is  held  for  30 
years,  to  the  rent  of  which  a  person  aged  20  is  en- 
titled provided  he  lives  so  long;  but  if  not,  then  the 
remainder  of  the  lease  will  descend  to  his  heirs: 
what  is  the  value  of  their  interest  in  the  same,  taking 
the  probabilities  of  living  as  observed  by  M.  De  Par- 
cieux,  and  reckoning  interest'  at  the  rate  of  4 J  per 
cent? 

The  value  of  an  annuity  certain  for  30  years  is,  by 
Table  LIX,  equal  to  ]  6*289;  and  the  value  of  a 
temporary  annuity  for  30  years  on  a  life  aged  20  is, 
by  Question  VII,  equal  to  14*352:  therefore  this  lat- 
ter quantity  subtracted  from  the  former  will  leave 
1-937  for  the  value  of  the  reversion  required. 

Had  the  life  been  40  years  of  age,  the  value  would 
have  been  equal  to  the  difference  between  16-289 
and  13  470:  that  is,  2  819  would  be  the  value  of  the 
reversion  in  this  case  required. 

Had  these  two  joint  lives  (aged  20  and  40)  been 
entitled  to  the  rent  of  the  estate  provided  they  lived 

the  oldest  life  in  the  table  of  observations: — and  for  the  longest  of  any  num- 
ber of  lives,  equal  to  the  difference  between  the  youngest  of  such  lives  and 
th«  age  of  the  oldeat  life  in  the  table  of  observations. 
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80  long,  then  12-049  (or  the  value  of  a  temporary  an- 
nuity lor  30  years  on  those  twojoint  lives,  as  found  by 
Question  VII)  subtracted  from  16*289,  would  give 
4  240  fur  the  value  of  the  reversion  in  this  case 
required. 

Or,  had  the  longest  o(  ihese  two  lives  been  entitled 
to  the  rent  of  the  estate,  then  15*773  (or  the  value  of 
a  temporary  annuity  for  30  years  on  the  longest  of 
those  lives,  as  found  by  Question  XIIj  subtracted 
from  16-289,  would  give  -516  for  the  value  of  the  re- 
version in  this  case  required. 


QUESTION  XXVI. 

§  414.  To  find  the  value  of  the  Assurance  of  an 
estate  (or  annuity  certain  for  any  given  term*)  to  be 
entered  upon  at  the  extinction!  of  any  given  lives. 


SOLUTION. 

Subtractthe  value  of  an  annuity  on  the  given  livesj 
from  the  value  of  the  perpetuity,  or  the  terminable 

*  ProviiJed  >ucli  term  be  not  let*  tlian  that  to  wliicli  it  is  probable  the 
gircn  lives  may  exieud.  For,  in  such  cue,  the  sulutiua  is  obtained  by  the 
preceding  Q>i.ttion. 

t  That  is,  the  first  payment  of  the  annuity  is  to  be  made  at  the  end  of 
the  year  in  which  such  hves  become  extinct :  and  ihitt  is  always  understood  in 
qucs'iuns  of  this  kind. 

X  Wiiethcr  a  tingle  life,  or  joint  lives,  or  the  longetl  of  any  namber  of 
liTea  :  for  the  solution  will  apply  to  each  case. 
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annuity :   and  the  difference  will  be  the  value  re- 
quired.    See  §  189. 

Example  1.  What  is  the  value  of  the  reversion  of 
an  estate  in  fee  after  the  death  of  a  person  now  aged 
20;  interest  being  reckoned  at  4  J  per  cent,  and  the 
probabilities  of  life  as  observed  by  M.  De  Parcieiixl 

The  value  of  the  perpetuity  Is,  by  Table  LIX, 
equal  to  22*222,  and  the  value  of  an  annuity  on  the 
life  of  a  persQn  aged  20  is,  by  Table  V,  equal  to 
16'624  ;  consequently  the  difference  between  these 
two  values,  or  5*598,  will  be  the  answer  required. 
Therefore  if  the  estate  produced  a  rent  of  £4  :  10 
per  annum,  its  present  value  in  a  single  payment 
would  be  25-191,  or  £25  :  3  :  10 

This  is  the  true  present  value  of  the  assurance  in 
a  single  payment :  but,  in  order  to  obtain  the  value  of 
the  same  in  annual  payments,  commencing  imme- 
diately, we  must  divide  the  sura,  thus  found,  by 
unity  added  to  the  value  of  an  annuity  on  the  given 
life  (agreeably  to  the  principles  laid  down  in  §  369): 
and  the  quotient  will  be  the  answer  required. 

Thus,  in  the  present  case,  if  we  divide  25*191  by 
17*624,  the  quotient  will  be  1*429,  or  £l  :  8  :  7; 
and  this  is  the  sum  that  ought  to  be  paid  annually 
during  the  life  of  the  person  assured,  in  order  to  se- 
cure the  perpetuity  of  £4  :  10  per  annum  on  his 
death  :  the  first  of  those  annual  payments  being 
made  immediately ,  and  the  remaining  ones  at  the  be- 
ginnitig  of  every  subsequent  year. 
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Had  the  question  referred  to  an  annuity  for  80 
years,^  instead  of  a  perpetuity,  then  16-624  subtracted 
from  21*565  (or  the  present  value  of  an  annuity 
certain  for  that  term  by  Table  LIX)  would  leave 
4*941  for  the  answer  required.  Therefore,  if  the 
anuuity,  as  in  the  preceding  case,  w6re  £4  :  10  per 
annum,  its  present  value  in  a  single  payment  would 
be  22*234 :  and  this  sum,  divided  by  17-624,  would 
give  1*262  for  the  value  of  the  same  in  annual  pay- 
ments. 

Example  2.  What  is  the  value  of  a  freehold  es- 
tate to  be  entered  upon  at  the  death  o{  either  of  two 
lives,  a  man  aged  40  and  a  woman  aged  40 ;  reckoning 
interest-  at  4  per  cent,  and  the  probabilities  of  life 
as  observed  in  Sweden? 

The  value  of  the  perpetuity  is,  by  Table  LIX, 
equal  to  25,  and  the  value  of  an  annuity  on  the  joint 
lives  of  these  two  persons  is,  by  Table  XVI,  equal 
10*286 :  this  latter  value  subtracted  from  the  former 
will  leave  14*714  for  the  answer  required.  There- 
fore if  the  estate  produced  £4  per  annum,  its  present 
value  would  be  58*856,  or  £58  :  17  :  1,  in  a  single 
payment:  and  this  sum,  divided  by  11*286,  would 
give  5-215,  or  £5  :  4  :  4,  for  the  value  of  the  same  in 
annual  payments. 

If  the  estate  were  not  to  be  entered  upon  till  the 

'  *  It  must  be  pftrticulatly  observed  that,  wlicn  we  have  to  deteniiine  by 
this  rule  the  value  of  the  reversion  of  any  tcnuinable  annuity  alter  any 
given  lives,  tite  number  of  ye«ri  during  which  such  aanoity  is  to  continue 
must  not  be  Ittt  than  that  to  which  it  is  probable  the  given  lives  may  ex< 
tend  :  (c«  the  note  in  page  419* 
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extinction  of  both  the  lives,  then  16'412  (or  the 
value  of  an  annuity  on  the  longest  of  the  two  lives, 
as  found  by  Question  VIII)  subtracted  from  25,  will 
leave  8*588  for  the  number  of  years  purchase  re- 
quired ;  and  which  being  multiplied  by  4,  as  in  the 
preceding  case,  will  give  34'352  for  the  value  of  the 
same  estate  in  a  single  payment:  and  this  sum  di- 
vided by  17*412  will  give  1*973  for  the  value  of  the 
same  in  annual  payments. 

Had  it  been  a  leasehold  estate  of  £4  per  annum 
for  60  years,  instead  of  a  freehold,  the  value  would 
in  the  former  case  have  come  out  equal  to  49*348  in 
a  single  payment;  or  4*373  in  annual  payments.  And 
in  the  latter  case,  to  24*844  in  a  single  payment;  or 
1*427  in  annual  payments. 

QUESTION  XXVII. 


§  415.     To  find  the  value  of  an  Assurance  of  a 
of  any  given  lives. 


iven  sum,  which  is  to  be  received  on  the  extinction* 


SOLUTION. 

Multiply  the  value  of  an  annuity  on  the  given  lives-f 

*  That  is,  ftt  the  end  of  the  year  in  which  such  lives  become  extinct :  and 
this  is  ulways  understood  in  questions  of  this  kind.  The  usual  practice  of 
Assurance  Offices,  however,  is  to  pay  the  sum  at  the  end  of  six  months 
from  the  time  of  the  decease. 

t  Whether  a  aingle  life,  or  joint  lives,  or  the  longest  of  any  number  of 
lives :  for,  the  solution  (as  in  the  preceding  question)  will  apply  to  each 
ease. 
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livest  by  the  rate  of  interest,  and  subtract  the  pro- 
duct from  unity;  divide  the  remainder  by  the  amount 
of  £1  in  one  year:  and  the  quotient,  multiplied  by 
the  given  sum,  will  be  the  value  required.    See  ^  180. 


Krampk  1.  What  is  the  present  value  of  an  as- 
surance of  £100  on  the  life  of  a  person  aged  20: 
interest  at  4  J  per  cent,  &  the  probabilities  of  living 
as  observed  by  AI.  De  Parcieu.v? 

The  value  of  an  annuity  on  such  life  is,  by  Table 
V,  equal  to  1G'G24,  which  being  multiplied  by  -045 
(or  the  rate  of  interest)  will  produce  '74808;  the  dif- 
ference between  this  value  &  unity  is  '25192,  which 
being  divided  by  1*045  (or  the  amount  of  £I  in  one 
year)  will  give  24*107  for  the  present  value  of  £l  to 
be  received  on  the  extinction  of  the  given  life:*  and 
this  value,  being  multiplied  by  100,  will  give  24*107, 
or  £24  :  2  :  2,  for  the  answer  required,  in  a  single 
payment. 

But,  in  order  to  obtain  the  value  of  the  same  in 


•  From  tbe  present  value  of  one  pound  Ut  be  received  on  the  extinction 
of  any  given  life  or  lives,  we  may  readily  determine  the  sum,  which  ought 
to  be  paid,  on  the  extinction  of  such  lives,  (or  any  given  Jtum  novo  advanced: 
viz.  by  dividing  this  latter  sum  by  the  present  value  of  £1  as  above  found. 
Thus,  if  a  person,  aged  20,  borrows  £4000,  and  gives  security  to  pay  the 
Talae  of  the  same  at  his  death,  the  sum  which  ought  then  to  be  paid  (sup- 
posing the  interest  &c  the  same  as  mentioned  in  the  text)  is  found  by 
dividmg  4000  by  -24107  ;  which  gives  1G502G91,  or  £16592  :  13  :  10,  for 
the  answer  required.  This  method  is  unirerBal ;  and  will  apply  to  all  the 
subsequent  in  the  present  Chnpter. 

4  I 
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flwwwfl/ payments,  commencing  immediately,  we  must 
divide  the  sum,  thus  found,  by  unity  added  to  the 
value  of  an  annuity  on  the  given  life;  agreeably  to 
the  principles  laid  down  in  ^  3G9:  whence  24-107 
divided  by  17-624  will  give  1-368,  or  £l  :  7  :  4,  for 
the  sum  which  ought  to  be  paid  annually  during  the 
life  of  the  person  assured,  in  order  to  secure  the  sum 
of  £100  on  his  death.  The  first  of  those  annual 
payments  being  made  immediately,  and  the  remaining 
ones  at  the  beginning  of  every  subsequent  year.* 

Had  the  life  been  40  years  of  age,  its  value  in  a 
single  payment  would  have  been  equal  to  34-313: 
•which  being  divided  by  15*254  (or  unity  added  to  the 
value  of  an  annuity  on  the  given  life)  will  give  2*249, 
or  £2  :  5  :  0,  for  the  value  of  the  same  in  aiinuat 
payments. 

Example  2.  What  is  the  present  value  of  £100  to 
be  received  on  the  death  of  a  man  aged  46 :  interest 
being  reckoned  at  4  per  cent,  and  the  probabilities 
of  life  as  observed  in  Siveden. 

The  value  of  an  annuity  on  the  life  of  a  man  aged 


*  The  rates  of  Assurances  for  Lives,  at  all  the  different  Offices  established 
in  London,  are  calculated  from  the  Northampton  Table  of  Observations, 
and  at  3  per  cent  interest.  These  rates,  both  for  Single  and  Joint  lives 
are  given  in  Tables  LI  and  LII  at  the  end  of  the  present  work :  and  by 
comparing  them  with  the  true  and  proper  values,  as  given  in  Tables  LIV  to 
LVII,  the  public  may  form  a  tolerably  accurate  idea  of  the  immense  profit 
which  is  made  by  the  several  Assurance  Companies  above  alluded  to.  I 
shall  however  enlarge  more  upon  this  subject  in  Chapter  XIV.  See  also 
the  Scholium  to  Question  XXIX,  and  the  Scholium  to  Question  XXX. 
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AG  is,  by  Table  XVI,  equal  to  12-297  ;  which  being 
multiplied  by  '04,  and  the  product  subtracted  from 
unity,  leaves  '50812;  this  quantity,  divided  by  1'04, 
gives  '48858;  which,  being  multiplied  by  100,  pro- 
duces 48*858,  or  £48  :  17  :  2,  for  the  answer  re- 
quired, in  a  single  payment.  And  if  this  latter  sum 
be  divided  by  13297,  it  will  give  3G74,  or  £3:13  :  6, 
for  the  value  of  the  same  in  annual  payments.  Had 
the  age  of  the  man  been  56,  the  value  of  the  as- 
surance in  a  single  payment  would  have  been  equal 
to  58'781  ;  which  divided  by  10*717  would  give 
5'4S5  for  the  value  of  the  same  in  annual  payments. 

But  if  the  sum  had  depended  on  the  death  of  a 
woman  aged  40,  its  value  in  a  single  payment  would 
have  been  equal  to  40*765,  or  £40  :  15  :  4.  And 
this  sum,  divided  by  15*401,  would  give  2*647,  or 
£2  :  12  :  1 1,  for  the  value  of  the  same  in  annual 
payments.  And  had  the  age  of  the  woman  been  50, 
the  value  of  the  assurance  in  a  single  payment  would 
have  been  equal  to49'812;  which  divided  by  13*049 
would  give  3*817  for  the  value  of  the  same  in  annual 
payments. 

Example  3.  "What  sum  ought  to  be  given  for  the 
assurance  of  £100  on  two  joint  lives  aged  20  &  40 : 
interest  at  4  J  per  cent,  and  the  probabilities  of  living 
as  observed  by  M.  Dc  Parcicux. 

The  value  of  au  annuity  on  the  two  joint  lives 
is,  by  Table  IX,  equal  to  12*545,  which  being  mul- 
tiplied by  -045  (or  the  rate  of  interest)  will  produce 
-56452;  this  quantity,  subtracted  from  unity,  leaves 
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•43547,  which  being  divided  by  1*045  (or  the  amount 
of  £1  in  a  year)  will  give  41*672;  and  this  multi- 
plied by  100  will  produce  41*672,  or  £41  :  13  :  5, 
for  the  answer  required,  in  a  single  payment.  If 
this  latter  quantity  be  divided  by  13*545,  it  will  give 
3*077,  or  £3:1:  6,  for  the  value  of  the  same  in  an- 
nual payments. 

Had  the  two  lives  been  50  and  70,  the  value  in  a 
single  payment  would  have  been  equal  to  71*936; 
which  being  divided  by  6*517  would  give  11*035  for 
the  value  of  the  same  in  annual  payments. 

Had  the  assurance  been  made  on  the  joint  lives  of 
a  man  aged  46,  and  his  wife  aged  40,  the  value  of 
the  same  (reckoning  interest  at  4  per  cent,  and  the 
probabilities  of  life  as  observed  in  Sweden)  would 
have  been  equal  to  56*592  in  3isi?2gle  payment,  and 
which,  being  divided  by  11*286,  would  give  5*014 
for  the  value  in  annual  payments. 

Or,  had  these  two  lives  been  respectively  56  and 
50,  the  value  would  in  such  case  have  come  out 
equal  to  65*869  in  a  single  payment:  and  which  be- 
ing divided  by  8*874  would  give  7*423  for  the  value 
in  annual  payments. 

Ei'ample  4.  "What  is  the  value  of  an  assurance  of 
£100  on  the  longest  of  two  lives  aged  20  and  40 ; 
interest  4J  per  cent,  and  the  probabilities  of  life  as 
observed  by  M.  De  Parcieu.v  ? 

The  value  of  an  annuity  on  the  longest  of  two  lives 
aged  20  &  40  is,  by  Question  VIII,  equal  to  18*333; 
which,  being  multiplied  by  '045  and  subtracted  from 
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unity,  leaves  '17602;  this  quantity,  divided  by  1*045, 
will  give  '16748,  and  which  being  multiplied  by  100 
will  produce  10*748,  or  £10  :  15  :  0,  for  the  answer 
required,  in  a  shig/e  payment.  If  this  latter  quantity 
be  divided  by  19'333  (or  unity  added  to  the  value  of 
an  annuity  on  the  longest  of  the  two  lives)  it  will  give 
'8G6  or  Ms  :  Ad  for  the  value  of  the  same  in  annual 
payments,  to  be  made  at  the  beginning  of  each  year 
during  the  continuance  of  either  of  the  given  lives. 

Had  the  two  lives  been  50  &  70  years  of  age.  the 
value  in  a  single  payment  would  have  been  equal  to 
41*328;  which,  being  divided  by  13G25,  would  give 
3*033,  for  the  value  of  the  same  in  annual  payments. 

Or,  had  the  assurance  been  made  on  the  longest  of 
the  two  lives,  of  a  man  aged  46  and  his  wife  aged 
40,  the  value  of  the  same  (reckoning  interest  at  4 
per  cent,  and  the  probabilities  of  life  as  observed  in 
Sweden)  would  have  been  equal  to  33*031  in  a  single 
payment:  &  which,  being  divided  by  17*412,  would 
give  1*897  for  the  value  of  the  same  in  annual  pay- 
ments. 

And  had  these  two  lives  been  respectively  56  and 
50,  the  value  would  in  such  case  have  come  out 
equal  to  42*723  in  a  single  payment:  which  being 
divided  by  14*892  will  give  2*869  for  the  value  of 
the  same  in  annual  payments. 

Example  5.  What  is  the  present  value  of  a  legacy* 
of  £100  to  be  received  on  the  extinction  of  any  one 

*  I  consider  a  legacy  as  not  duo  till  the  end  of  the  year  in  which  the  tea- 
Utor  dies :  for  it  is  seldom  paid  immediately* 
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of  three  lives  aged  20,  30,  and  40:  reckoning  interest 
at  4  per  cent,  and  the  probabilities  of  living  as  at 
Northampton  ? 

The  value  of  an  annuity  on  the  three  joint  lives  is, 
by  Table  XLIV,  equal  to  8-986,  which,  being  multi- 
plied by  '04,  and  the  product  subtracted  from  unity, 
leaves  -64056 :  this  quantity  divided  by  1*04  will 
give  -61592,  and  which  being  multiplied  by  100  will 
produce  61*592,  or  £61  :  11  :  10,  for  the  present 
value  of  the  legacy  required. 

In  like  manner  we  might  determine  the  value  of 
the  legacy  payable  on  the  extinction  of  any  two  of 
the  three  lives  above  mentioned.  For,  the  value  of 
an  annuity  on  any  two  out  of  those  three  lives  is,  by 
Question  X,  equal  to  15*315  :  consequently,  by  pro- 
ceeding as  in  the  last  case,  we  shall  find  that  37*250, 
or  £37  :  5  :  0,  will  be  the  present  value  of  the  legacy 
in  this  case  required. 

So  also  we  might  find  the  value  of  the  legacy  pay- 
able on  the  extinction  of  all  the  three  lives.  For,  the 
value  of  an  annuity  on  the  longest  of  the  lives  is,  by 
Question  IX,  equal  to  19-710:  and  by  proceeding  in 
a  similar  manner  it  will  be  found  that  20-346,  or 
X20  :  6  :  11,  is  the  present  value  of  the  legacy  in 
this  case  required. 

SCHOLIUM. 

§  4 16.  It  may  be  here  necessary  to  advert  to  the  re- 
mark which  I  have  made,  in  the  Scholium  in  page  160, 
respecting  the  relative  valuesof  a  reversionary  sum,  and 
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a  corresponding  reversionary  estate:  and  which  may 
be  verified  by  a  comparison  of  the  values  in  any  two 
similar  cases  found  by  the  rules  in  the  two  preceding 
Questions.  Thus,  by  the  first  cxatnple  in  Question 
XXVI I,  it  appears  that  the  value  of  £100  payable 
on  the  decease  of  a  person  aged  20,  interest  at  4  J 
per  cent,  is  equal  to  24*  107  pounds:  and  by  the  first 
example  in  Question  XXVI,  it  appears  that  the  value 
of  a  corresponding  estate  (or  perpetuity)  of  £4  :  10 
per  annum  is  equal  to  25*191  pounds.  But  the  latter 
is  to  the  former  value  in  the  proportion  of  1'045  to 
1 ;  and  vice  versd,  the  former  is  to  the  latter  value,  as 
1  is  to  1-045. 

QUESTION  XXVIll. 

^417.  To  find  the  value  of  a  Deferred  assurance 
of  any  given  sum,  on  any  given  lives. 

SOLUTION    TIRST. 

For  Single  and  Joint  Lives. 

Find  the  value  of  the  assurance  of  the  given  sum 
on  the  same  number  of  single  or  joint  lives  as  the 
given  lives,  but  each  older  than  such  lives  by  the 
given  term ;  multiply  this  value  by  the  expectation 
that  the  given  single  or  joint  lives  will  receive  £1  at 
the  end  of  that  term :  the  product  multiplied  by  the 
given  sum  will  be  the  value  required.  See  the  note 
in  page  147. 

Ej:ample  1.  What  is  the  present  value  of  £100 
to  be  received  on  the  death  of  a  man  aged  46,  pro- 
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vided  that  should  happen  after  10  years:  interest 
being  reckoned  at  4  per  cent,  and  the  probabilities 
of  life   as  observed  in  Sweden? 

The  value  of  an  assurance  of  £100  on  a  man  aged 
bQ  is,  by  Question  XXVII,  equal  to  58-781  ;  and 
the  expectation  that  a  man  aged  46  will  receive  £1 
at  the  end  of  10  years  is,  by  Question  II,  equal  to 
•5241  ;  consequently  these  two  quantities  being  mul- 
tiplied together  will  produce  30-807,  or  £30  :  16  :  2, 
for  the  answer  required.  , 

Had  the  assurance  been  on  a  woman  aged  40,  its 
present  value  would  have  been  equal  to  49-812  mul- 
tiplied by  -5748;  that  is,  equal  to  28-632. 

Example  2.  What  is  the  present  value  of  £100 
to  be  received  on  the  extinction  of  either  of  two  lives 
aged  20  and  40,  provided  that  should  happen  after 
30  years :  interest  at  A^  per  cent,  and  the  probabilities 
of  life  as  observed  by  M.  De  Parcieuxl 

The  value  of  the  assurance  on  two  joint  lives  aged 
50  and  70  is,  by  Question  XXVII,  equal  to  71-936 ; 
and  the  expectation  of  two  joint  lives,  aged  20  and 
40,  receiving  £1  at  the  end  of  30  years  is,  by  Ques- 
tion II,  equal  to  "0899  :  therefore  the  product  of  these 
two  quantities  will  give  6*467,  or  £6  ;  9  :  4,  for  the 
answer  required. 

Had  the  assurance  been  made  on  the  joint  lives  of 
a  man  aged  46  and  his  wife  aged  40,  provided  they 
became  extinct  ^ifer  10  years,  its  present  value  (taking 
interest  at  4  per  cent,  and  the  probabilities  of  life  as 
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observed  in  Sweden)  would  have  been  equal  to  65*869 
multiplied  by   4459:  that  is,  equal  to  29'37l. 

SOLUTION    SECOND. 

For  the  longest  of  any  lives. 

§  418.  Multiply  the  value  of  an  annuity  on  the 
longest  of  the  given  lives,  deferred  (or  the  given  term, 
by  the  rate  of  interest;  subtract  the  product  from 
the  expectation  of  the  longest  of  the  given  lives  re- 
ceiving £1  at  the  end  of  the  same  period,  and  divide 
the  difference  by  the  amount  of  £1  in  a  year:  the 
quotient  multiplied  by  the  given  sum  will  be  the 
answer  required.     See  §  182. 

Example  3.  What  is  the  value  of  £100  to  be  re- 
ceived on  the  extinction  of  the  longest  of  two  lives, 
aged  20  and  40,  provided  that  shall  happen  after  30 
years  :  interest  at  4^  per  cent,  and  the  probabilities 
of  living  as  observed  by  J/.  De  Parcieuj:? 

The  value  of  a  deferred  annuity  for  30  years  on 
the  longest  of  the  two  lives  is,  by  Question  XI, 
equal  to  2*560,  which  being  multiplied  by  '045  pro- 
duces -1152;  and  this  subtracted  from  -2266  (or  the 
expectation  that  one  or  other  of  these  two  lives  will 
receive  £1  at  the  end  of  30  years,  as  found  by  Ques« 
tion  II)  will  leave  •1114,  which  being  divided  by 
1-045  will  give  'JoeOO;  and  this  last  value,  multiplied 
by  100,  will  produce  10-6G0,  or  £10  :  13  :  2,  for  the 
answer  required. 

4  n 
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Had  this  sum  depended  on  the  extinction  of  the 
longest  of  two  lives,  a  man  aged  46  and  a  woman 
aged  40,  provided  that  event  happened  after  10 
years,  the  value  of  the  same"  (reckoning  interest  at  4 
per  cent,  and  the  probabilities  of  life  as  observed  in 
Sweden)  may  be  found  in  a  similar  manner.  For, 
the  value  of  a  deferred  annuity  for  10  years  on  the 
longest  of  these  lives  is,  by  Question  XI,  equal  to 
8*508,  which  being  multiplied  by  -04  produces  •3403; 
and  this  subtracted  from  '6530  (or  the  expectation 
that  one  at  least  of  the  two  lives  will  receive  £1  at 
the  end  of  10  years,  as  found  by  Question  II)  will 
leave  '3127,  which  being  divided  by  '104  will  give 
•30067 ;  and  this  last  value,  multiplied  by  100,  will 
produce  30*067,  or  £30  :  1  :  4,  for  the  answer  re- 
quired. 

QUESTION  XXIX. 

^419.  To  find  the  value  of  a  Temporary  assurance 
of  a  given  sum  on  any  given  lives. 

SOLUTION. 

From  the  value  of  the  assurance  of  the  given  sum 
on  the  whole  continuance  of  the  given  lives,  subtract 
the  value  of  a  deferred  assurance  of  the  same  sum  for 
the  given  term  :  the  difference  will  be  the  value  re- 
quired.    See  §  184. 

Example  1.  What  is  the  present  value  of  £100  to 
be  received  on  the  death  of  a  man  aged  46,  provided 
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that  shall  happen  within  10  years:  interest  being 
reckoned  at  4  per  cent,  and  the  probabilities  of  lite 
as  observed  in  Sweden  ? 

The  Value  of  an  assurance  of  £100  on  the  whole 
continuance  of  this  life  is,  by  Question  XXVIl, 
equal  to  48-858 ;  and  the  value  of  a  similar  assurance, 
deferred  for  10  years  is,  by  Question  XXVHI,  equal 
to  30-807,  which  being  subtracted  from  the  former 
value  will  leave  18-051,  or  £18  :  1  :  0,  for  the  answer 
required. 

This  is  the  value  in  a  single  payment:  but  if  we 
wish  to  find  the  corresponding  value  in  annual  pay- 
ments, we  must  divide  this  sum  by  7*680  (or  unity 
added  to  the  value  of  an  annuity  on  the  given  life 
for  one  year  less  than  the  given  term,  as  found  by 
the  rule  given  in  the  note,  page  380),  which  will 
give  2-350,  or  £2  :  7  :  0,  for  the  value  of  the  same 
assurance  in  annual  payments. 

Had  the  assurance  been  made  on  a  woman  aged 
40,  its  present  value  would  have  been  equal  to  the 
difference  between  40  7G5&  28-032:  that  is,  12-133, 
or  £12  :  2  :  8,  would  have  been  the  answer  required, 
in  a  single  payment.  And  this  value  divided  by 
7*900  (or  unity  added  to  the  value  of  an  annuity  on 
the  life  for  9  years,  as  found  by  the  rule  above  men- 
tioned) will  give  1-536,  or  £1  :  10  :  9,  for  the  value 
of  the  same  in  annual  payments. 

Example  2.  What  is  the  value  of  an  assurance  of 
£100  on  the  joint  lives  of  two  persons  aged  20  ^ud 
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40,  for  30  years:  interest  at  4 J  per  cent,  and  the  pro- 
babilities of  living  as  observed  by  M.  De  Parcieuxl 

The  value  of  the  assurance  on  the  whole  continu- 
ance of  the  lives  is,  by  Question  XXVIII,  equal  to 
41'C72;  and  the  value  of  a  similar  assurance  deferred 
for  30  years  is,  by  Question  XXVIII,  equal  to  6*467: 
therefore  this  latter  value,  subtracted  from  the  for- 
mer, will  leave  35-205,  or  £35  :  4  :  1,  for  the  answer 
required,  in  a  single  payment.  And  this  sum  divided 
by  12"959  (or  unity  added  to  the  value  of  an  annuity 
on  the  two  join;  lives  for  twenty-nine  years)  will 
give  2'717,  or  £1  14  :  4,  for  the  value  of  the  same 
assurance  in  aimiuil  payments. 

Had  the  assurance  been  made  for  10  years  on  the 
joint  lives  of  a  man  aged  46  and  his  wife  aged  40, 
the  value  of  the  same  (reckoning  interest  at  4  per 
cent,  and  the  probabilities  of  living  as  observed  in 
Swedeii)  would  have  been  equal  to  the  difference  be- 
tween 56  592  and  29'371:  that  is,  27221  would 
have  been  the  value  in  a  single  payment.     And  this 

sum  divided  by  7-239  (or  unity  added  to  the  value 
of  an  annuity  on  the  two  joint  lives  for  nine  years) 
will  give  3*714  for  the  value  of  the  annual  payments. 

Example  3.  What  sum  ought  to  be  given  for  the 
assurance  of  £100  for  30  years  on  the  longest  of  two 
lives,  aged  20  and  40 :  interest  at  4  J  per  cent,  and  the 
probabilities  of  life  as  observed  by  M.  De  Parceiuxl 

The  value  of  the  assurance  for  the  whole  continu- 
ance of  the  given  lives  is,   by  Question  XXVII, 
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equal  to  16*748;  and  the  value  of  a  similar  assurance 
deferred  lor  30  years  is,  by  Question  XXVllI,  equal 
to  10*660 :  this  latter  value  therefore  subtracted  fiom 
the  former  will  leave  6*088,  or  £6  :  1  :  9,  for  the 
answer  required,  in  k  single  payment.  And  this  sum 
divided  by  16*546  (or  unity  added  to  the  value  of  an 
annuity  on  the  longest  of  the  two  lives  for  twenty- 
nine  years)  will  give  '368,  or  7s  :  Ad,  for  the  value 
of  the  same  in  annual  payments. 

Had  it  been  required  to  determinathe  value  of  the 
assurance,  in  annual  payments  during  \\\q  joint  con- 
tinuance of  the  given  lives,  then  O'OSO  divided  by 
12-959  (or  unity  added  to  the  value  of  an  annuity  on 
the  two  joint  lives  for  twenty-nine  years)  would  give 
•470  for  the  answer  required. 

In  like  manner  may  be  determined  the  value  of  an 
assurance  of  £100  for  10  years  on  the  longest  of  two 
lives,  viz  a  man  aged  40  and  a  woman  aged  40 ; 
reckoning  interest  at  4  percent,  and  the  probabilities 
of  life  as  observed  in  Sweden. 

For,  the  value  of  such  assurance  will  be  equal  to 
the  difference  between  33031  and  30*067;  that  is, 
2*964  will  be  the  value  in  a  single  payment :  and  this 
sum  divided  by  8*251  (or  unity  added  to  the  value  of 
an  annuity  on  the  longest  of  the  two  lives  for  nine 
years)  will  give  '359  for  the  vahie  of  the  same  in 
annual  payments  during  the  /o//^''6'i-<  of  the  given  lives  ; 
or  being  divided  by  7*329  (equal  to  unity  added  to 
the  value  of  an  annuity  on  the  ivfo  joint  Yvsts  for  nine 
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years)  will  give  -404  for  the  value  of  the  same  in 
annual  payments  during  the  existance  of  the  joint 
lives. 

SCHOLIUM. 

§  420  When  we  have  to  determine  the  value  of 
a  temporary  assurance  for  a  very  short  term,  such  as 
1 ,  2,  3,  &c  years,  it  will  be  the  easiest  method  to  cal- 
culate the  value  of  each  year's  expectation  from  the 
tables  of  mortality.  For,  the  probability  that  a  person 
of  any  given  age  will  die  in  any  particular  year  is  a 
fraction  whose  denominator  is  the  number  of  persons 
living  at  that  age,  and  whose  numerator  is  the  num- 
ber of  persons  that  die  within  the  given  year ;  and 
which  fraction,  being  multiplied  by  the  present  value 
of  the  given  sum  due  at  the  end  of  the  given  year, 
will  give  the  expectation  of  receiving  such  sum  at  the 
end  of  that  year,  provided  the  given  life  becomes 
extinct  in  that  year :  and  the  sum  of  these  annual 
expectations  for  the  I^t,  2"^,  3"^^^  &c  years  will  be  the 
value  of  the  assurance  for  those  periods  respectively. 

E.vample  1.  What  is  the  value  of  an  assurance  of 
£100,  for  one  year,  on  the  life  of  a  woman  aged  40 ; 
or,  in  other  words,  what  is  the  present  value  of  £100 
to  be  received  at  the  end  of  the  year,  provided  such 
life  be  then  extinct :  interest  being  reckoned  at  4  per 
cent,  and  the  probabilities  of  life  as  observed  in 
Sweden  ? 

The  probability  that  a  woman  of  40  will  die  within 
the^W^  year  is,  by  Table  XIV,  equal  toMj ;  and 
the  present  value  of  £100  to  be  received  at  the  end 
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of  a  year  is,  by  Table  LVIII,  equal  to  96' 1 54  :  these 
two  quantities,  multiplied  together,  will  produce 
1-321,  or  £1  :  6  :  6,  for  the  value  required. 

In  like  manner  it  may  be  found  that  the  probability 
of  a  woman,  aged  40,  dying  within  the  second  year 
is,  by  the  same  Table  equal  tOT^Ji;  and  that  the 
present  value  of  £100  to  be  received  at  the  end  of 
two  years  is  equal  to  92*456  :  which  quantities  being 
multiplied  together  will  produce  1*465  for  the  present 
value  of  £100  to  be  received  at  the  end  of  the  second 
year  provided  the  given  life  becomes  extinct  in  that 
year.  And  this  value,  added  to  the  one  above  found, 
will  give  2-786,  or  £2  :  15  :  9,  for  the  value  of  the 
assurance  for  ttuo  years. 

By  a  similar  method  of  proceeding  it  will  be  found 
thatis;^3  multiplied  by  88.900  will  give  1-428  for 
the  present  value  of  £100  to  be  received  at  the  end 
of  the  t/iird  year  on  a  similar  contingency  :  and  which 
value,  being  added  to  the  sum  of  the  two  former  ones, 
will  give  4*214  for  the  value  of  the  assurance  for  three 
years.     And  so  on  for  the  subsequent  years. 

Had  it  been  required  to  determine  the  value  of  a 
similar  assurance  on  the  life  of  a  man,  aged  46,  the 
expectations  for  the  first,  second,  and  third  years 
would  have  been  equal  to  t&St  multiplied  by  96*154, 
92-456,  and  88-900  respectively:*  whence,  those 
expectations  would  have  come  out  equal  to  1  -927, 

*  Because  ^^^  u  not  only  the  probabilit  j  that  tuch  life  will  die  in  the 
firtt  year;  but  olbo  the  probability  that  it  will  die  in  the  t€COnd  year;  and 
.  also  in  the  third  year  :  as  may  he  seen  by  Tuble  XIV. 


440  PRACTICAL   QUESTIONS.  Ch.   12. 

1*853,  aud  1*782:  and  the  value  of  the  assurance, 
for  one,  two,  and  three  years,  would  have  been  1927, 
3*780  and  5*562  respectively. 

The  same  observations  will  apply  to  assurances 
for  one  year  on  any joi/it  lives.  For,  the  probability 
that  any  two  joint  lives  will  fail  within  the  first  year 
is  the  difference  between  unity  and  the  product  of 
the  probabilities  that  they  shall  both  live  to  the  end 
of  the  year:  and  which  difference,  being  multiplied 
by  the  present  value  of  the  given  sum  due  at  the 
end  of  that  year,  will  give  the  expectation  of  receiving 
such  sum  at  that  period  provided  either  of  the  given 
lives  be  then  extinct.         ^ 

Example  2.  What  is  the  present  value  of  an  as- 
surance of  £100  for  one  year,  on  the  joint  lives'  of  a 
man  aged  46  and  his  wife  aged  40  :  interest  at  4  per 
cent,  and  the  probabilities  of  life  as  observed  in 
Sweden  ? 

The  probability  that  a  man  aged  46  will  live  to 
to  the  end  of  the  year  is  equal  to  ffH ;  and  the  pro- 
bability that  a  woman  aged  40  will  live  to  the  end 
of  the  same  period  is  equal  to|4ff :  these  two  frac- 
tions, therefore,  being  multiplied  together  and  their 
product  subtracted  from  unity,  will  leave  *0335; 
which  being  multiplied  by  96*154  (or  the  present 
value  of  £1  due  at  the  end  of  the  year^  will  produce 
3*221,  or  £3:4:  5,  for  the  value  required. 

§  421.  These  examples  will  show  the  method  of 
proceeding  in  all  similar  cases:  and  for  the  informa- 
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tion  of  the  reader  I  shall  here  subjoin  a  table  of  the 
sums  demanded  by  the  different  Assurance  Com- 
panies for  the  assurance  of  £100  for  oncj/ear  on  a 
single  life  at  the  several  ages  therein  mentioned :  to 
which  I  shall  add  the  fair  value  that  oti^ht  to  be 
given  for  the  same,  according  to  the  probabilities  of 
life  as  observed  by  AI.  Dc  ParckiLv*  and  reckoning 
interest  at  4  per  cent. 


Age*. 

Xorihnmpton 

De  Parcicuz. 

3  per  cent. 

4  per  cent. 

10 

•890 

-929 

20 

1-302 

•900 

30 

1061 

1037 

40 

2030 

1049 

60 

2-763 

1-431 

00 

3-900 

2-983 

70 

6184 

6-289 

From  which  it  appears  that  the  several  Assurance 
Companies  require,  in  most  cases,  half  as  much  again 
as  ought  to  be  given  ;  and  in  some  cases  nearly  dou' 
bU  the  sum  that  should  be  given  for  the  assurance. 
And  though  some  compensation  ought  to  be  allowed 
for  the  expenses  incurred  in  carrying  oi  the  business 
of  the  Office,  as  well  as  a  proper  remuneration  for 
the  services  of  those  who  conduct  it;  yet  it  is  evident 
that  these  sums  are  greater  than  ought  reasonably 
to  be  taken:  particularly  when  it  is  considered  that 

*  The  probtbilities  here  alladed  to  arc,  in  this  particular  case,  taken 
from  ilic  Table  of  Observations  given  by  Dr.  Price  in  his  Ob*,  on  Rev,  Pay 
vol.  ii.  p.  4dG  :  because  the  deeremenU  of  life  ore  there  more  correctly  given; 
and,  being  on  a  mort  enlarged  scale,  are  therefore  more  applicable  to  the 
present  example*. 

4  t 
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those  who  insure  at  any*  of  the  Offices,  for  a  term  of 
years  only,  have  not  much  prospect  of  deriving  any 
advantage  from  the  profits  of  the  concern. 

QUESTION  XXX. 

'§  422.  To  find  the  value  of  an  Assurance  of  a 
given  sum  to  be  received  on  the  decease  of  A,  pro- 
vided he  dies  before  another  given  life  B.f 

SOLUTION. 

Let  O  represent  a  life  one  year  older  than  A:  and 
Y  a  life  one  year  i/ounger  than  A.  Add  unity  to  the 
value  ot  an  annuity  on  the  two  joint  lives  OB,  and 
multiply  the  sum  by  the  number  oi  persons  living  at 
the  age  of  O;  then  divide  this  product  by  the 
amount  of  £1  in  a  year,  and  reserve  the  quotient. 
Multiply  the  value  of  an  annuity  on  the  two  joint 

*  For,  such  persons  do  not  (even  at  the  Equitable  Society)  participate 
ID  the  profits,  unless  a  bonus  happens  to  be  declared  during  the  term  for 
which  they  nre  assured :  which,  in  oiost  ordinary  cases,  (if  it  occurs  at  all) 
is  but  a  partial  advanta|!;e. 

+  The  present  Question  will  be  found  of  considerable  utility  in  enabling 
us  to  determine  the  propriety  and  advantage  of  those  Schemes  which  aie 
formed  with  a  view  of  providing  sums  of  money  to  be  paid  to  Widows,  on 
the  decease  of  their  husbands.  See  what  has  been  already  said  on  the  sub- 
ject ot  annuities,  fipjlied  in  a  sinilar  manmr,  in  the  note  in  page  376. 

J  When  the  two  lives  are  of  the  same  age,  the  present  value  required  is 
in  all  cases  equal  lo  the  present  value  of  half  the  suna  payable  on  the  ex- 
tinction of  th«'  t  vo  joint  lives  AB.  Thus,  if  the  two  lives,  in  the  first  ex- 
ample, were  both  aged  20,  the  present  value  required  would  be  equal  to 
17'C96:  nud  if  il.ey  hud  both  been  40  years  of  age,  the  required  value  would 
kavc  b«en  equal  to  22  G34. 
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•lives  YB  by  the  number  of  persons  living  at  the  age 
of  V:  and,  having  subtracted  the  product  from  the 
reserved  quotient,  divide  the  remainder  by  the  num- 
ber of  persons  living  at  the  age  of  A.  Subtracl  this 
last  quotient  from  the  present  value  of  £l  payable 
on  the  extinction  of  the  two  joint  lives  AB;  and  ihc 
remainder,  multiplied  by  half  the  given  sum,  will  be 
the  value  required.     See  ^  231. 

Example  1.  What  is  the  present  value  of  £100 
payable  on  the  death  of  A  aged  20,  provided  B  aged 
40  be  then  living;  interest  at  4.^  per  cent,  and  the 
probabilities  of  living  as  observed  byJ7.  De  ParcieiLvX 

The  value  of  an  annuity  on  the  two  joint  lives  OB, 
aged  21  and  40,  is,  by  the  rule  in  page  3G5,  equal  to 
12"520;  which,  being  added  to  unity,  and  then  mul- 
tiplied by  806  (or  the  number  of  persons  living  against 
the  age  of  21,  in  Table  III),  will  produce  10S97-120; 
and  this  being  divided  by  1*045  will  give  10427*866 
for  the  reserved  quotient.  The  value  of  an  annuity 
on  the  two  joint  lives  YB,  aged  19  and  40,  is,  by 
the  rule  in  page  365,  equal  to  12*575;  which  being 
multi{>lied  by  821  (or  the  number  of  persons  living  at 
the  age  of  19,  in  Table  111)  will  produce  10324075: 
this  being  subtracted  from  10427*866  (the  reserved 
quotient)  and  the  remainder  divided  by  814  (or  the 
number  of  persons  living  at  the  age  of  20)  will  give 
•1275.  Now,  the  value  of  £1  payable  on  the  ex- 
tinction of  the  joint  lives  AB,  agtd  20  and  40,  is,  by 
Question  XXVil,  equal  to  -4167;   therefore  *1275 
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being  subtracted  from  this  value  will  leave  -2892; 
which  being  multiplied  by  50  will  give  14*46,  or 
£14  :  9  :  2,  for  the  present  value  required. 

Having  thus  found  the  present  value  of  the  given 
sum  payable  on  the  decease  of  A,  provided  B  be 
then  alive;  we  may  easily  determine  the  present 
value  of  the  same  sum  payable  on  the  decease  of  B, 
provided  A  be  then  alive.  For,  we  have  only  in 
such  case  to  deduct  the  value,  found  by  the  rule, 
from  the  value  of  the  same  sum  payable  on  the  ex- 
tinction of  the  joint  lives  AB.  Thus,  the  present 
value  of  XlOO  payable  on  the  extinction  of  the  joint 
lives  AB  is,  by  Question  XXVIl,  equal  to  41-67; 
whence,  if  we  subtract  14-46  from  such  value,  the 
difference,  or  27*21,  will  be  the  present  value  of 
^100  payable  on  the  decease  of  B,  provided  A  be 
then  alive. 

These  values  are,  in  such  case,  the  sums  that 
ought  to  be  given  in  a  single  payment:  but,  if  we 
wish  to  determine  the  value  of  the  same  in  annual 
payments,  we  must  divide  those  sums  by  unity  added 
to  the  value  of  an  annuity  on  the  two  joint  lives  AB. 
Therefore  14-46  being  divided  by  13-545  will  give 
1*068,  or  £1  :  1  :  4,  for  the  annual  payments  in  the 
former  case:  and  27-2/  divided  by  13-545  will  give 
2*009,  or  £2:0:  2,  for  the  annual  payments  in  the 
latter  case. 

Example  2.  B  aged  60  will,  if  he  lives  till  the  de- 
cease of  A  aged  25,  be  entitled  to  a  legacy  of  £100: 
what  is  the  value  of  his  interest  in  such  sum,  taking 
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the  probabilities  of  living  as  at  Northampton,  and 
the  rate  oi  interest  5  percent? 

Tlie  value  of  an  annuity  on  two  joint  lives  OB, 
a-cd  26  and  CO,  is  equal  7*365;  wiiicli  being  added 
to  unity  and  multiplied  by  4685  (or  the  number  of 
persons  living  at  the  age  of  26,  as  in  Table  XXV) 
will  give  39I9U025;  and  this,  divided  by  lOo,  will 
give  37323  833  for  the  quotient,  to  be  reserved.  The 
value  of  an  annuity  on  the  two  joint  lives  YB,  aged 
24  and  60,  is  equal  to  7-399 ;  which  being  multiplied 
by  4835  (or  the  number  of  persons  living  against  the 
age  of  24)  will  produce  3o774*I6o:  this,  being  sub- 
tracted from  the  reserved  quotient,  and  the  remainder 
divided  by  4760  (or  the  number  of  persons  living 
against  the  age  of2o),  will  give  -32550.  Now,  the 
present  value  of  XI  payable  on  the  extinction  of  two 
joint  lives,  aged  25  and  00,  is  equal  to -60081  :  there- 
fore -32556,  being  subtracted  from  this  value,  will 
leave  "27525 :  which,  being  mulliplied  by  50,  will 
give  13-762,  or  £13  :  15  :  3,  for  the  present  value  of 
B's  interest  in  the  legacy. 

If  this  sum  be  subtracted  from  60*081  (or  the  pre- 
sent value  of  £100  payable  on  the  extinction  of  the 
joint  lives  AB  aged  25  and  60;  the  difference,  or 
46-319,  will  be  the  present  value  of  the  legacy  pay- 
ble  on  the  death  of  B,  provided  A  be  then  alive. 

And  either  of  these  values,  divided  by  unity  added 
to  the  value  of  an  annuity  on  the  two  joint  lives,  will 
show  the  annual  payment  which  ought  to  be  given  by 
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B  or  A  respectively,  in  order  to  have  the  same  assured 
to  his  heirs  provided  he  dies  before  the  other. 

SCHOLIUM.  « 

§  423.  The  examples  above  given  show  the  pro- 
per method  of  proceeding  in  all  similar  cases :  and  it 
may  be  here  useful  to  remark  that  the  values  in  Table 
LlII  (which  are  adopted  by  fl//the  Assurance  Offices 
in  London)  have  been  computed  from  an  incorrect 
rule  given  by  Mr.  Simpson,*  and  therefore  cannot 
be  depended  upon  when  the  life  of  A  is  very  young, 
or  when  there  is  any  considerable  difference  between 
ages  of  the  two  lives.  I  shall  however  enter  more 
at  large  on  this  singular  fact,  in  Chapter  XIV".  Se6 
also  what  has  been  already  said  on  this  subject  in  the 
note  in  page  187.  i 

*  In  the  Supplement  to  his  Doctrine  of  Annuities,  Prob.  XXXII;  and 
in  his  Select  Exercises  j  Prob.  XXXII.  In  using  which  rule,  it  should  be 
observed  that,  when  the  reversion  is  a  sum  and  not  an  estate,  the  value 
found  by  the  rule  must  be  divided  by  £1  increased  by  its  interest  fur  a  year  :  as 

explained  in  page  162.     Agreeably  to  this  correction  it  wiil  be  found  that 

I—SBB  e 

Mr.  Simpson's  rule  may  be  expressed  by  the  formula  s  x ■~~'  x  —  : 

2(1 +?)       e 

which  denotes  half  the  value  of  an  assurance  of  the  giveii  s.iir  payable  on 

the  extinction  of  two  joint  lives  of  the  same  age  With  the  oldest  of  the  two 
lives,  multiplied  by  a  fraction  whose  numerator  is  the  expectation  of  the 
life  B,  and  whose  denominator  in  the  expectation  of  the  life  A. 

This  is  the  approximate  value  when  B,  or  the  life  in  expectation,  is  the  . 

oldest  of  the  two  lives.     But  if  B  be  the  youngest,  this  value  must  be  sub- 
I—2AB 

tracted  from  *   x >  ^^^  t^^  difference  will  be  the  value  in  this 

c^e.  (1  +3) 

I  would  here  observe  that  Mr.  Dodson's  formula  (Mat.  Hep.  vjI.  iii. 
Qucs.  23)  is  deduced  from  precisely  the  same  series  as  Mr.  Simpson's  for- 
Aiula:  neyerthelcss,  they  five  d/^ere/jf  results  when  expounded  numerically. 
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QUESTION  XXXI. 

^  424.  To  find  the  value  of  a  Temporary  assurance 
of  a  given  sum  payable  on  the  decease  of  A,  provided 
he  dies  de/orc  another  life  B. 

SOLUTION.* 

Add  2  to  the  rate  of  interest;  multiply  this  sum  by 
the  value  of  an  annuity  on  the  life  B,  and  add  unity 
to  the  product.     Call  this  thejirst  value. 

Add  2  to  the  rate  of  interest ;  multiply  this  sum  by 
the  value  of  an  anruity  on  a  life  older  than  B  by  the 
given  term,  add  unity  to  the  product,  and  then  mul- 
tiply this  sum  by  the  expection  of  B's  receiving  £i 
at  the  end  of  the  term.  Call  this  product  the  second 
value. 

Divide  the  probability  that  A  will  die  before  the 
end  of  the  term,  by  the  number  of  years,  and  multiply 
the  quotient  by  half  the  given  sum.  Call  this  product 
the  third  value. 

Subtract  the  second  value  from  the  Jirst,  and  divide 

*  It  may  be  neecmry  to  obterve  llmt  this  rale  in  only  an  approximation 
to  the  inia  raliie,  agreeably  to  the  |)rinciplcfl  laid  down  in  (he  note  in  pag<> 
104;  and  there.ore  inu^t  b<^  always  usvd,  not  only  with  cautiun  but,  with 
a  due  regard  to  the  tables  of  ob^erTation  cniployecl.  The  correct  valoc  may 
b*  obtaiited  by  the  btip  of  the  fortuula  in  Prob.  XXVII,  cor.  4;  but,  u 
that  furuiula  could  not  be  conveniently  ex)>rc8sed  in  woids  at  leogtli,  J  have 
pr^rcrred  the  one,  aboT«  alluded  to,  for  the  illustratioo  of  this  part  «f  the 
•nbjwt. 
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the  remainder  by  the  amount  of  £1  in  a  year:  the 
quotient  thence  arising,  being  multiplied  by  the  third 
value,  will  give  the  present  value  of  the  given  sum 
required. 

Example.  1.  What  is  the  present  value  of  £100 
payable  on  the  decease  of  A  aged  7,  provided  that 
shall  happen  within  14  years,  and  provided  another 
life  B,  aged  30,  be  then  alive  :  interest  at  3  per  cent, 
and  the  probabilities  of  living  as  observed  at  North- 
ampton ? 

The  value  of  an  annuity  on  the  life  B,  aged  30,  is, 
by  Table  XXVII,  equal  to  16*922  ;  which  being  mul- 
tiplied by  2-03  (^or  2  added  to  -03)  will  produce 
34-35166;  and  this,  being  added  to  unity,  will  give 
35-35166  for  the Jirst  value. 

The  value  of  an  annuity  on  a  life  14  years  older 
than  B  (that  is,  on  a  life  aged  44)  is  equal  to  13929  ; 
whicli,  being  also  multiplied  by  2*03,  will  produce 
28-27587.  This,  being  added  to  unity,  will  give 
29-27587;  whicli  being  multiplied  by  -50144  (or 
the  expection  of  B's  receiving  £l  at  the  end  of  14 
years*)  will  produce  14-68009  for  the  second  value. 

The  probability  that  A  will  die  before  the  end  of 
the  given  term  is  equal  to  - 14599, f  which  being  di- 
vided by  14  will  give  -010428;  and  this  quotient, 
multiplied  by  50  (or  half  the  given  sum)  will  produce 
•5214  for  the  third  value. 

The  difference  between  the  Jirst  and  second  value 
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is  20*67157;  which,  being  divided  by  1*03,  will  give 
20-0695.  This  quotient,  multiplied  by  -5214  will 
produce  10*464  for  the  value  required. 

This  is  the  sum  that  ought  to  be  given  for  the  as- 
surance in  a  jiiugie  payment:  but,  if  we  wish  to 
determine  the  value  of  the  same  in  annual  payments, 
we  must  divide  this  sum  by  9*566  (or  unity  added 
to  the  value  of  an  annuity  on  the  two  joint  lives  for 
13  years);  which  will  give  1*094  for  the  annual  pay- 
ment required. 

Esample  2.  B  aged  60  will,  if  he  lives  to  the 
decease  of  A  aged  25,  be  entitled  to  a  legacy  of  £100, 
provided  that  event  shall  happen  within  15  years: 
what  is  the  value  of  his  interest  therein,  reckoning 
the  probabilities  of  life  as  observed  at  Northampton, 
and  the  rate  of  interest  at  5  per  cent  ? 

The  value  of  an  annuity  on  the  life  aged  60  is,  by 
Table  XXVII,  equal  to  8*392;  which,  being  multi- 
plied by  2*05  and  added  to  unity,  will  make  18*2036 
for  i\kQ  first  value. 


*  The  probability  that  B  shall  live  to  the  end  oF  14  years  is,  by  the  nil* 
in  Qaestion  I,  equal  to  ^^H  '  ''"^  ^^^  presrnt  rnlue  of  XI  certain  to  bs 
rceeircd  at  the  end  of  that  period  is,  by  Table  LVIII,  equal  to  -6^11  :  the 
product  oftheae  two  quantities  will  ^JTe  '50144  for  the  expectation  required. 

t  The  probability  that  A  shall  live  to  the  end  oF  14  years  is,  by  the 
rule  in  Question  I,  equal  to  ^^^ ;  that  is,  equal  to  ■85401.  This  tsIuc, 
subtracted  Trom  unity,  will  give  '14599  for  the  probability  that  A  slioll  </i« 
before  tlie  cod  of  that  period. 

4    M 
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The  value  of  an  annuity  on  a  life  aged  75  is  equal 
to  4'744;  which  being  multiplied  also  by  2*05,  and 
added  to  unity  will  make  10*7252:  and  this,  being 
multiplied  by  '19637  (or  the  expectation  of  B's  re- 
ceiving £1  at  the  end  of  15  years*)  will 'produce 
2*1061  for  the  second  value. 

The  probability  that  A  will  die  before  the  end  of 
J 5  years  is  equal  to  •23634f;  which,  being  divided 
by  15,  will  give  '015756;  and  this  quotient,  multi- 
plied by  half  the  given  sum,  will  produce  '7878  for 
the  thb^d  value. 

The  difference  between  the  first  and  second  value 
is  16'0975;  which,  being  divided  by  1-05,  will  give 
15-3310.  This  quotient,  multiplied  by  *7878,  will 
produce  12'078  for  the  value  required,  in  a  single 
payment. 

And  this  sum  being  divided  by  7 '592  (or  unity 
added  to  the  value  of  an  annuity  on  the  two  joint 
lives  for  14  years)  would  give  1*591  for  the  value  of 
the  same  sum,  if  required,  in  annual  payments. 

SCHOLIUM. 

§  425.     If  the  term,  for  which  the  assurance  is 

*  The  probability  that  B  shall  live  to  the  end  of  15  years  is  equal  to 
■^SV  ^^^  ^^^^  present  value  of  £1  to  be  received  at  the  end  of  that  term 
is  equal  to  '40102  :  the  product  of  these  two  quantities  will  give  •19G37  for 
the  expectation  required. 

1"  The  probabiiity  that  A  will  die  in  16  years  is  equal  to  -l^?^  subtracted 
l^oni  unity  ;  tliat  i?,  equal  to  J  ij-gg,  or  '23634. 
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made,  happens  to  fall  witliin  the  limits  of  equal 
decrements,  of  the  life  A,  as  found  in  the  given  table 
of  observations,  it  is  obvious  (from  the  method  of 
deduction  in  the  note,  in  page  192,  &c)  that  this 
rule  will  give  the  cract  value.  This  is  the  case  in 
the  second  example  here  given  :  for,  by  referring  to 
Table  XXV,  it  will  be  found  that  from  the  age  of  25 
to  40  the  decrements  of  life  are  exactly  equal:  and 
consequently  the  rule  is  in  this  case  strictly  correct. 
Nevertheless,  if  the  value  of  the  same  assurance  be 
found  by  the  help  of  the  formula  given  in  Prob. 
XXVII,  cor.  4,  it  will  come  out  equal  to  12*139, 
and  I  can  account  for  this  difference  in  no  other  way, 
than  by  supposing  there  is  some  error  in  the  tables 
of  the  values  of  the  annuities;  for,  it  is  evident  that 
tlie  two  results  ought  to  be  precisely  the  same. 


QUESTION  XXXII 

§  426.  To  find  the  value  of  an  Assurance  of  a 
given  sum  payable  on  the  decease  of  A,  provided  he 
dies  after  another  life  B. 

SOLUTION.  * 

From  the  value  of  the  assurance  of  the  given  sum 
payable  on  the  decease  of  A,  subtract  the  value  of 
the  same  assurance  payable  on  the  decease  of  A, 
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provided  he  dies  before  B :  the  difference  will  be  the 
value  required.     See  §  241. 

Example  1.  What  is  the  present  value  of  £100 
payable  on  the  decease  of  A  aged  20,  provided  B 
aged  40  be  then  dead :  reckoning  interest  at  4 J  per 
cent,  and  the  probabilities  of  living  as  observed  by 
M.  De  Parcieu.v  ? 

The  value  of  the  assurance  of  £100,  payable  on 
the  decease  of  A,  is,  by  Question  XXVII,  equal  to 
24*107 ;  and  the  value  of  the  same  sum,  payable  on 
the  decease  of  A,  provided  he  dies  before  B,  is,  by 
Question  XXX,  equal  to  14*460:  consequently  9*647, 
or  £9  :  12  :  11,  will  be  the  value  required. 

Having  thus  found  the  value  of  the  given  sum 
payable  on  the  decease  of  A,  provided  B,  be  then 
dead,  we  may  easily  determine  the  value  of  a  similar 
sum  payable  on  the  decease  of  B,  provided  A  be  the 
extinct :  for,  we  have  only  in  such  case  to  deduct 
the  value,  found  by  the  rule,  from  the  value  of  the 
same  sum  payable  on  the  extinction  of  the  longest  of 
the  two  lives.  Thus,  the  present  value  of  £100  pay- 
able on  the  extinction  of  the  longest  of  two  lives 
aged  20  and  40  (at  the  rate  of  interest  &c.  above 
mentioned)  is,  by  Question  XXVII,  equal  to  16*748; 
from  which  if  we  subtract  9*647,-  as  above  found,  the 
difference,  or  7*101,  will  be  the  value  of  £100  pay- 
able on  the  decease  of  B,  provided  he  dies  after  A. 

These  sums  are  the  values  which  ought  in  each  case 
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to  be  given  in  a  singie  payment :  but,  if  we  wish  to 
determine  the  value  of  the  same  in  annual  payments 
till  the  claim  is  determined,  we  must  divide  the  single 
payment,  thus  found,  by  unity  added  to  the  value  of 
an  annuity  on  the  two  joint  lives.  Or,  if  we  wish 
to  determine  the  value  of  the  same  in  annual  payments 
till  the  claim  becomes  due^  we  must  divide  the  single 
payment  by  unity  added  to  the  value  of  an  annuity 
on  the  single  life,  on  which  the  assurance  is  made.* 
Thus,  9'647  being  the  value,  in  a  single  payment,  of 
an  assurance  of  £100  on  the  life  A  provided  he  dies 
after  B;  it  follows  that  the  value  of  the  same  assu- 
ranee,  \nannual  payments  till  the  claim  is  determined,  is 
equal  to  9*647  divided  by  13*545:  that  is,  equal  to 
•712,  or  14*:  3^.  And  that  the  value  of  the  same 
assurance,  in  annual  payments  till  the  claim  becomes 
due,  is  equal  to  9*647  divided  by  17*624:  that  is, 
equal  to  547,  or  10^  :  IW. 

Example  2.  What  is  the  present  value  of  £  1 00  pay- 
able on  the  decease  of  A  aged  25,  provided  he  should 
die  after  B  aged  60 :  interest  at  5  per  cent,  and  the 
probabilities  of  living  as  at  Northampton  ? 

The  value  of  an  assurance  of  £100  on  the  decease 
of  A  is,  by  the  rule  in  Question  XXVII,  equal  to 
30  633 ;  and  the  value  of  the  same  sum  payable  at 
the  same  period,  provided  B  be  then  extinct,  is, 
by  Question  XXX,  equal  to  13*762:  consequently 

«  Set  pi)9i  963. 
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16-871,  or  £16  :  17  :  5,  will  be  the  value  required, 
in  a  single  payment. 

This  value,  being  divided  by  8-383  will  give  2*013, 
or  £2  :  0  :  3,  for  the  annual  payments  till  the  claim 
is  determined:  or,  being  divided  by  14*567,  will  give 
1*158,  or  £1  :  3  :  2,  for  the  annual  payments  till  the 
claim  become  due. 


QUESTION  XXXIII. 

§  427.  To  find  the  value  of  a  Temporary  assurance 
of  a  given  sum  payable  on  the  decease  of  A,  provided 
he  dies  after  another  life  B, 

SOLUTION. 

From  the  value  of  a  temporary  assurance  of  the 
given  sum  payable  on  the  decease  of  A,  subtract  the 
value  of  a  similar  temporary  assurance,  payable  on 
the  decease  of  A,  provided  he  dies  before  B :  the 
difference  will  be  the  value  required. 

Example.  What  is  the  present  value  of  a  legacy  of 
£100  payable  on  the  decease  of  A  aged  25,  provided 
he  dies  within  15  years,  and  provided  also  that 
another  person  B,  now  aged  60,  be  then  dead :  in- 
terest being  reckoned  at  5  per  cent,  and  the  proba- 
bilities of  living  as  at  Northampton  I 


I 


# 
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The  value  of  an  assurance  of  £100  payable  on  the 
decease  of  a  person  aged  25,  provided  that  should 
happen  within  15  years,  is,  by  the  rule  in  Question 
XXIX,  equal  to  lG-354*;  and  the  value  of  a  similar 
assurance,  provided  another  person  now  aged  60  be 
then  living,  is,  by  Question  XXXI,  equal  to  12078 ; 
consequently  this  latter  value  subtracted  from  the 
former  will  leave  4-27C,  or  £4  :  5  :  6,  for  the  value 
of  the  assurance  required. 

SCHOLIUM. 

§  428.  This  rule  will  still  be  correct  although 
the  given  term  exceed  the  number  of  years  between 
the  age  of  B,  and  the  oldest  life  in  the  table  of  obser- 
vations :  but,  in  such  case,  the  value  of  the  assurance 
payable  on  the  decease  of  A,  provided  he  dies  before  B 
(being  now  for  the  whole  continuance  of  the  joint  lives) 
must  be  found  by  Question  XXX  instead  of  Question 
XXXI :  and  the  value  thus  found,  being  deducted 
from  the  temporary  assurance  on  the  life  A,  will  give 
the  value  requiredf . 

*  Tbe  Ttlae  of  the  assorance  on  the  whole  continuance  of  the  life  is,  by 
the  rale  in  Question  XXVII,  equal  to  30633;  and  the  value  of  the  same 
aaaurance  d^erred  for  15  years  is,  by  the  rule  in  Question  XXVIII, 
equal  to  14*279  :  consequently  the  difference  between  these  two  values, 
will  be  the  value  of  the  temporary  assurance. 

t  Mr.  Morgan  has  given  a  singular  and  troublesome  rule  for  this  ease, 
in  Dr.  Price's  06/.  on  Jtev,  Pay.  Tol.l,  p«ge  70,  note  i.  It  is  neither  sim- 
ple nor  correct. 
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Thus,  if  the  term  in  the  preceding  example  had 
been  40  years;  then  the  value  of  the  assurance  on 
the  life  A  for  40  years  would,  by  the  rule  in  Ques- 
tion XXIX,  be  equal  to  27*682*;  and  the  value  of 
the  assurance  on  the  same  life,  provided  B  be  alive 
at  his  decease,  would  by  question  XXX,  be  equal  to 
] 3*762;  consequently,  this  latter  value  subtracted 
from  the  former  would  leave  13*920,  or  £13  :  18  :  5, 
for  the  value  required,  in  a  single  payment.  And 
13-920  divided  by  8*383  (or  unity  added  to  the  value 
of  an  annuity  on  the  two  joint  lives)  will  give  1*661 
for  the  value  of  the  same  in  annual  payments  till  the 
claim  is  determined :  or,  being  divided  by  14*164  (or 
unity  added  to  the  value  of  an  annuity  on  the  life  A 
for  39  years)  will  give  '983  for  the  same  value  in 
annual  payments  till  the  sum  becomes  due. 


%  429.  Before  I  close  the  present  chapter  I  shall 
insert  the  solution  of  a  Question,  which  will  be  often 
found  of  considerable  practical  utility,  not  only  to  in- 
dividuals, but  likewise  to  those  Societies  whose  bu- 
siness consist  in  granting  Assurances  on  lives. 

The  reader  must  be  already  aware  that  if  a  person 
were  to  make  an  assurance  at  any  of  the  Offices  on 

*  The  Tnlue  of  the  assurance  on  the  whole  continuance  of  the  life  is,  as 
in  the  preceding  note,  equal  to  30-633;  and  the  value  of  the  same  assurance 
deferred  for  40  years  is,  by  the  rule  in  Question  XXVIII,  equal  to  2-951: 
consequently  the  latter  value  subtracted  from  the  former  will  be  the  value 
of  the  temporary  assurance  required. 
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hisown  life  (orasi/igie  year,  and  to  repeat  tliifi  at  the  end 
of  every  successive  year  to  the  utmost  extremity  of 
life,  the  annual  payment  (for  such  assurance)  would 
be  continually  increasing  till  bis  death.  But,  if  he 
made  the  assurance  on  the  who/e  continuance  of  his 
Jife»  and  contracted  with  the  Office  to  pay  the  value 
of  such  assurance  by  equai  annual  payments  durinj^ 
his  life  (as  is  usually  the  case),  it  is  evident  that  such 
annual  payment  ought  to  be  greater  than  the  premium 
required  for  an  assurance  for  a  single  year  at  his;;rt'- 
sent  age,  but  less  than  the  premium  required  for  a 
similar  assurance  at  the  more  advanced  periods  of  life^ 
ilence,  it  appears  that  if  a  person,  who  was  originally 
assured  for  the  whole  term  of  his  life,  should  be  de- 
sirous (either  through  inability,  or  any  other  motive) 
of  renouncing  his  claim  upon  the  OtHcc  and  of  can- 
celling his  policy,  he  ought  to  have  some  part  of  tl  ose 
annual  payments  returned  to  him,  or,  in  other  words, 
a  compensation  ought  to  be  made  him  for  that  excess 
in  the  annual  payments  which  he  has  been  advancing 
to  the  Society.  The  object  of  the  following  question 
is  to  determine  the  amount  of  that  remuneration. 

QUESTION    XXXIV. 

§  430.  To  find  the  sum  that  ought  to  be  given 
to  a  person,  who  is  assured  for  the  whole  term  of  his 
life  for  a  given  sum,  in  order  that  he  may  renounce 
his  claim  thereto. 


N.B   Page  457  to  400  to  be  cancelled,  aiiJ  these  lettre«  iiucrted  instead. 
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SOU  TIOX. 

Multiply  the  equal  annual  payment,  which  he  has 
been  giving  since  the  assurance  commenced,  by  the 
value  of  an  annuity  (increased  by  unity*)  on  the  life 
at  the  present  age ;  subtract  the  product  from  the  value 
of  the  assurance  of  the  given  sum  on  the  life  at  its 
present  age:  the  difference  will  be  the  sum  required* 

Example.  A  person  now  aged  60,  who  has  been 
paying  21-790,  or  £21:  15:  10,t  annually  for  the 
assurance  offlOOO  at  his  death,  is.  desirous  of  discon- 
tinuing the  same;  what  sum  ought  to  be  given' to 
him,  by  the  Office,  as  a  compensation  for  so  doing  : 
n  terest  being  reckoned  at  3  per  cent,  and  the  pro- 
babilities of  living  as  at  Northampton  ?  J 

The  value  of  an  annuity  (increased  by  unity)  on  a 
life  aged  50  is,  by  Table  XXVII,  equal  to  13-436  ; 
which  being  multiplied  by  21-790,  will  produce 
292-770:  this  being  subtracted  from  608*660  (or  the 

*  This  supposed  that  the  policy  is  cancelled  immediately  befort  the  an- 
nual payment  becomes  due  ;  but  if  immediately  afteVy  we  must  multiply 
tlie  payment,  above  alluded  to,  by  the  value  of  an  annuity  on  the  given  lif» 
without  the  addition  of  unity. 

I  This  is  the  annual  payment  for  the  assurance  of  £1000  on  a  life  aged 
20,  as  appears  by  Table  LI. 

t  The  rate  of  interest  and  probabilities  of  life,  in  tuch  computations, 
ought  to  be  the  same  as  those  adopted  by  the  Office  at  which  the  policy  is 
effected. 
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value  of  the  assurance  on  a  life  aged  50,  as  appears  by 
Table  LI)  will  leave  316-890,  or  £316:  17:  10 
for  the  answer  required.* 


SCHOLIUM. 

§  431.  If  the  sum,  which  is  to  be  received  at  the 
death  of  the  assured,  has  been  increased  by  any  ad- 
dition or  bonus,  (as  will  oftentimes  be  the  case  in  the 
Equitable  Socwti/)  we  must  subtract  the  product  above 
alluded  to,  from  the  value  of  the  assurance  of  the 
given  sum  together  with  its  bonus;  and  the  remainder 
will,  in  this  case,  be  the  sum  required,! 

Example.  Suppose  that  the  several  additions  made 
to  the  policy,  alluded  to  in  the  preceding  example, 


*  The  troth  of  this  rule  will  be  evident  from  the  following  itatement 
The  Society  may  be  conaidered  as  indebted  to  the  assured  in  the  pre  sea 
ra'ue  of  aa  assurance  of  £100t  on  a  life  aged  50 ;  which  is  equal  to  008^ 
or  £608  :  13:3.    And  the  assured  may  be  considered  aa  owing  to  the  So- 
ciety the  present  Talut  of  all  the  annual  payments  of  £21  ;  15  ;  10,  during 
the  remainder  of  hia  life  ;  the  first  of  which  payments  is  supposed  to  b« 
made  immediately  ;  therefore  the  value  of  all  those  payments  will  be  equal 
to  21 -790  multiplied  by  13-436  ;  which  produces  202-77,  or  £292  :  15 ;  5* 
Consequently  the  interest  of  the  assured  in  his  policy  will  be  equal  to   the 
d\ffertnee  between  £606:  13:  3,  and  £299:  16  :  6;  that  is,  equal  to 
£315  :  17:  10,  as  found  by  the  example  in  the  text. 

t  Or,  we  may  add  the  value  of  aa  aaitmoce  of  the  additionalunm  on  the 
given  life,   to  the  value  found  by  the  preceding  solutioo  ;    which  will  givo 
the  same  results. 
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amount  to  £1800;*  in  which  case  the  executors,  of 
jhe  assured  would  be  entitled  to £2800  on  his  death; 
what  sum  ought  now  to  be  given  him  for  renouncing 
his  claim  upon  the  Society;  the  interest,  &c,  being 
as  in  the  preceding  example  ? 

The  value  of  an  assurance  of  £2800  on  a  life  a'jed 
50  is  1704-248;  from  which  we  must  subtiact 
292-770:  the  difference  is  1411-478,  or  £1411:  9:  7, 
which  is  the  answer  required. 

The  same  result  would  have  been  obtained  by  ad- 
ding £1095 :  11  :  9  (or  the  value  of  an  assurance  of 
the  additional  £1800  on  the  given  life)  to  £31 5: 17  :  10, 
as  found  by  the  preceding  example. 

^  432.  These  two  examples  will  show  the  mrthod 
of  proceeding  in  all  similar  cases,  whether  the  assu- 
rance depends  on  a  single  life,  upon  any  joint  \\\  es,  or 
on  any  other  contingency.  It  will  also  serve  to  show 
the  amount  of  the  debts  owing  by  a  Company,  whose 
business  consists  in  making  Assurances  on  lives  :  since 
these  are  the  sums  which  would  be  required  to  cancel 
the  respective  claims  on  the  Society,  and  may  conse- 
quently be  fairly  considered  as  money  o\^  ing  by 
them.  These  debts,  therefore,  being  di>ducted 
from  the  amount  of  capital  in  hand,  wil  1  leave 
the  net  surplus  stock  belonging  to  the  Society: 
and  it  is  this  net  surplus  stock  aloiie  tl  at  can 
be  considered   as  the  true  profits   of  the  (  oncern, 

*  This  would  actually  be  the  case  at  the  Equitable  Society.  So  that  this 
person,  althou&;h  originally  assured  there  for  one  thousand  pounds  only, 
would  now  be  entitled  to  receive  above  one  thousand  four  hundred  pounds, 
for  cancelling  his  policy  !  !  1 
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and  as  the  oniy  fund  from  which  any  divisions  ought 
to  be  made  amongst  the  different  members :  either 
by  way  of  interest,  dividend,  or  bonus.  A  society 
that  is  not  guided  by  some  principle  of  this  kind 
must  inevitably  terminate  in  disgrace  and  ruin. 
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CHAPTER  XIII. 

On  Schemes  for  pj^ovid'mg  Annuities  for  the  Benefit  of 
Old  Age,  and  of  Widows. 


1.     For  Old  Age. 

§  433.  ±HE  rule  given  for  the  solution  of  Ques- 
tion VI,  in  the  preceding  Chapter,  is  of  considerable 
practical  use  ;  since,  by  means  of  it,  we  are  enabled 
to  determine  the  efficacy  and  propriety  of  those 
schemes  and  establishments  which  are  proposed  with 
a  view  of  providing  Annuities  for  Old  Age.  For, 
having  found  the  present  value  of  an  annuity  of  £1 
per  annum  on  any  given  life  or  lives,  to  commence 
at  the  end  of  any  number  of  years  from  the  present 
time,  we  may  easily  find  the  present  value  of  any 
other  annuity  (either  in  a  single  payment,  or  in  an- 
?zwa/ payments,  or  in  both)  by  multiplying  the  present 
values,  thus  deduced,  by  that  other  annuity ;  agree- 
ably to  the  principles  already  laid  down  in  the  note 
in  page  362.  And  in  like  manner,  having  found  the 
present  value  above  alluded  to,  we  may  readily  de- 
termine the  annuity  that  ought  to  be  given,  at  the 
end  of  any  period,  for  a  given  sum  paid  down  im- 
mediately ;  or,  for  a  given  sum,  part  of  which  is  paid 
immediately,  and  the  remainder  by  annual  payments 
till  the  end  of  the  given  term. 
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Thus  it  appears,  by  the  second  example  in  page 
378,  that  the  present  value  of  an  annuity  of  one 
pound  per  annum  on  the  life  of  a  female  aged  40,  to 
commence  at  the  end  of  10  years,  is  (reckoning  in- 
terest at  4  per  cent,  and  the  probabilities  of  life  as 
observed  in  Sweden)  equal  to  G*92C,  or  £6  :  18:6: 
consequently  an  annuity  of  £44  per  annum  to  com- 
mence at  the  same  period  would  be  equal  to  304*744, 
or  £304  :  14  :  11,  in  2l  single  present  payment.  And 
this  latter  sum  divided  by  7*900  (or  unity  added  to 
the  value  of  an  annuity  on  the  given  life  for  9  years) 
will  give  38-575,  or  £38  :  1 1  :  6,  for  the  value  of  the 
same  annuity  in  annual  payments  :  the  first  of  such 
payments  to  be  made  immediately,  and  the  remain- 
ing ones  at  the  beginning  of  every  subsequent  year, 
provided  the  given  life  is  then  in  being.  Or,  if  £200 
(part  of  the  £304  :  14  :  11)  be  paid  down  imme- 
diately/ ;  then  the  annual  payments  which  ought  in 
this  case  to  be  made,  in  order  to  supply  the  de- 
ficiency, will  be  equal  to  the  remaining  sum  of 
104*744  divided  by  7*900  :♦  that  is,  equal  to  13*259, 
or  £13  :  5  :  2. 

*  If  tin  first  of  these  annual  payments  is  not  made  till  the  end  of  the 
first  year,  then  the  sum  here  alluded  to  must  be  divided  by  7*475  (or  the 
Talue  of  an  aoouity  on  the  given  life  for  10  yrars)  which  will  make  the  an- 
nual payment  e^unl  to  14*013,  or  £14:0:3:  and,  in  tliis  cnse,  the  last 
•ODoal  payment  will  be  made  at  the  same  time  that  the  first  payment  of 
the  annuity  becomes  due.  In  the  cases  mentioned  by  Dr.  Price  (Ob*,  on 
Rev.  Pay.  vol.  i.  p.  141)  and  to  which  I  shall  presently  allude,  the  pay- 
meuts  were  made  Aa(/'-yearly  ;  ond  :he  first  of  those  helf-yearly  payments 
was  paid  down  with  the  Admission  monry  :  but  he  does  not  notice  this  fact, 
although  it  makes  some  diiferrncc  in  the  rcsultr. 
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In  like  manner  if  we  wish  to  determine  the  annuity 
that  ought  to  be  granted  on  such  life  at  the  end  of 
10  years,  for  £73  :  10  :  0,  paid  down  immediately, 
and  £6  :  14:0  in  annual  payments,  we  must  pro- 
ceed as  follows.  Multiply  6-700  (or  the  amount  of 
the  annual  payment)  by  7*900  (or  unity  added  to  the 
value  of  annuity  on  the  given  life  for  9  years)*, 
which  will  produce  52-930,  or  £52  :  18  :  7,  for  the 
total  present  value  of  such  annual  payments ;  and 
which  being  added  to  the  admission  money,  or 
X73  :  10  :  0,  will  make  the  whole  value,  given  for 
the  annuity,  equal  to  126-430,  or  £126  :  8  :  7.  There- 
fore this  quantity,  being  divided  by  6-926  (agreeably 
to  the  principles  laid  down  in  the  note  in  page  363), 
will  give  18-254,  or  £18  :  5  :  0,  for  the  amount  of 
the  annuity  required. 

§  434.  This  example  will  show  the  method  of 
proceeding  in  all  similar  cases ;  and  I  have  taken 
this  one  in  particular,  because  it  is  the  one  assumed 
by  Dr.  Price  {Obs.  on  Rev.  Pay.  vol.  i.  p.  137)  to 
expose  the  futility  and  iniquity  of  those  Schemes 
that  were  published  by  the  several  societies  instituted 
about  the  year  1770 :  who  by  holding  out  a  false  lure 
to  the  public,  took  in  the  unwary,  &  entailed  misery 
and  distress  on  the  unfortunate  adventurers. t     Hap- 

*  If  the  first  annual  payment  is  not  to  be  made  till  the  end  of  the  year, 
we  must  multiply  6*700  by  7*475  (or  the  value  of  an  annuity  on  the  givea 
life  for  10  years):  see  the  preceding  note. 

t  The  following  are  tbs  terms  upon  which  some  of  those  Societief 
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pily  his  efforts  were  crowned  with  success,  and  none 
of  those  public  societies  now  exist  to  disgrace  the 
present  age.  But  although  he  lias  sufHciently  de- 
monstrated that  those  bubbles  could  not  possibly 
comply  with  the  terms  held  out  to  the  public,  yet 
he  has  not  shown  that  they  were  so  deficient  and 
absurd  as  they  will  appear  to  be,  when  compared 


gnuited  ftnnuities  to  incmb«ra,  agel  40,  Tor  what  might  happen  to  remain 
or  tlicir  lires  after  fiO  years  ofag^e. 

Admitsion  Annual  Annuity 

Money.  Payment.  granted. 

£      e.  £     :  £     e. 

The  Laudable  Society  73  :  10  6  :  14  44  :    0 

The  London  AnnuitaotJi  26  :    0  10  :    0  44  :     0 

The  Equitable  Society  of  Annuitants    82  :    0  13  :    0  44  :     0 

The  London  Union  Society  37  :    0  7:0  64  :  12 

The  Amicable  Society  of  Annuitants     28:10  G:    0  26  :     0 

The  Provident  Society  31:10  8:    8  25  :     0 

Tlie  annual  payment  was  usually  paid  half  yearly  :  and  the  firtt  half 
yearly  payment  was  made  at  the  time  of  admission.  It  will  be  readily  seen 
(from  the  example  gircn  in  the  text)  that  there  was  no  probability  that  the 
Societies  would  ever  be  able  to  continue  these  enormous  annuities  to  all 
the  members.  The  truth  is,  that  (even  at  that  day)  they  were  styled  im- 
poeiiion*  on  the  public  proceeding  from  ignorance,  and  supported  by 
credulity  and  folly.  **  But,  (as  Dr.  Price  justly  continues)  this  is  two 
**  gentle  a  censure.  There  is  reason  to  bciiere  that  vorse  principles  hare 
**  contributed  to  their  rise  and  support.  The  present  members,  consisting 
*'  chiefly  of  persons  in  the  more  advanced  ages  who  have  been  admitted  on 
'•  the  easiest  terms,  belicrc  that  the  schemes  they  are  supporting  will  last 
"  their  time  and  that  they  will  be  gainers.  And,  as  to  the  injury  that  may 
**  he  done  to  their  successors  or  to  younger  members,  is  at  a  distance,  and 
**  they  care  little  about  it.  Agreeably  to  this  principle  the  founders  of 
*'  these  societies  begin  so  low  as  not  to  require  perhaps  ti  fourth  or  njffth  of 
**  the  values  of  the  annuities  they  promise.  Afterwards  they  advance  gra> 
**  dually,  just  as  if  they  imagined  that  the  ralue^f  the  annuities  ma  nothing 

4   O 


466  ON    ANNUITIES    FOR   OLD   AGE.  Ch.   13. 

with  the  values  deduced  as  above  from  the  real  pro- 
babilities of  life.*  The  present  examples  will  be 
sufficient  to  enable  any  one  to  examine  the  accuracy 
and  sufficiency  of  similar  proposals  :  and  I  shall  not 
detain  the  reader  with  any  further  comments  on  this 
subject,  as  it  is  probable  that  a  similar  circumstance 
will  not  soon  again  occur  to  call  forth  the  censure 
of  every  honest  member  of  society.  The  public  are 
now  better  acquainted  with  the  method  of  calcu- 
lating the'values  that  ought  to  be  given  in  such  cases, 
and  are  not  likely  to  become  again  in  this  manner 
the  dupes  of  any  artful  impostor.  Their  danger  now 
seems  to  lie  in  the  opposite  extreme. 

I  do  not,  however  by  these  observations  at  all  in- 
tend to  discourage  institutions  or  schemes  for  pro- 
viding annuities  for  old  age.     On  the  contrary,  I  am 


'<  determinate,  but  increased  with  every  increase  of  the  society.  But,  as 
"  no  ignorance  can  believe  this,  the  true  design  appears  to  be,  to  form  soon 
"  as  large  a  society  as  possible  by  leading  the  unwary  to  endeavour  to  be 
"  foremost  in  their  applications,  lest  the  advantage  of  getting  in  on  the 
*'  easiest  terras  should  be  lost.  It  is  wclllcnown  that  these  arts  have  succeeded 
"  wonderfully  ;  and  that,  in  consequence  of  them,  these  societies  now  con- 
**  sist  of  persons  who  for  the  same  annuities  make  higher  or  lower  payments, 
"  according  to  the  time  when  they  have  been  admitted  ;  and  the  generality 
"  of  whom,  therefore,  must  know  that  either  more  than  the  values  have 
«  been  required  of  the  members  last  admitted ;  or,  if  not,  that  they  are 
"  themselves  expecting  considerable  annuities  for  which  they  have  given  no 
"  valuable  consideration  :  and  which,  if  paid,  must  be  stolen  from  the 
"  pockets  of  some  of  their  fellow-members." 

*  Dr.  Price  formed  his  calulation  fnm  the  volues  of  annuities  deduced 
irom  the  hypothesis  of  M.  De  Moivre, 
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fully  persuaded  that  a  society  or  office,  that  would 
proceed  upon  an  efficient  and  liberal  plan,  might  be 
of  essential  advantage  to  the  state  and  highly  bene- 
ficial to  the  public.  Many  persons,  particularly  in 
the  inferior  stations  of  life,  would  in  such  case  be 
induced  to  lay  by  (during  the  period  of  youth  and 
vigour)  many  small  sums,  which  are  now  squandered 
in  riot  and  dissipation  ;  and  by  endeavouring  to  get  a 
little  money  beforehand  would  acquire  habits  of  in- 
dustry, and  be  probably  enabled  thus  to  make  pro- 
vision for  themselves  in  the  more  advanced  periods 
of  life,  when  they  will  be  incapable  of  labour.  There- 
by rendering  themselves  not  only  more  independent 
and  valuable  members  of  society,  but  also  obviating 
the  necessity  of  their  applying  to  the  parish  for  relief. 
Dr.  Price  justly  observes  that  "the  lower  orders  of 
**  mankind  are  objects  of  particular  compassion,  when 
'*  rendered  incapable,  by  accident,  sickness,  or  age, 
*'  of  earning  their  subsistence.  This  has  given  rise 
**  to  many  very  useful  societies  among  them  for  grant- 
"ingreliefto  one  another,  out  of  little  funds  supplied 
**  by  weekly  contributions."  It  is  much  to  be  feared, 
however,  that  many  of  these  establishments  are  for- 
med on  such  vague  and  inefficientplans,  without  any 
regard  to  the  true  principles  of  calculation,  that  they 
are  not  always  entitled  to  our  unqualified  approbation. 
When  thus  erroneously  founded,  and  perhaps  at  the 
same  time  badly  and  carelessly  conducted,  they  only 
serve  to  increase  the  misery  which  they  were  inten- 
ded to  remove. 
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§  435.  Under  these  circumstances  it  is  to  be  re- 
gretted that  the  Legislature  has  not  adopted  some 
efficient  measures  towards  assisting  such  persons,  in 
the  humbler  stations  of  life,  as  might  be  desirous  of 
employing  their  money  in  this  laudable  manner. 
Two  attempts  have  been  made  to  obtain  an  Act  for 
this  purpose :  but,  though  it  has  each  time  passed 
the  House  of  Commons,  it  has  been  as  regularly 
thrown  out  by  the  House  of  Lords'.  I  cannot  here, 
however,  omit  the  opportunity  of  inserting  the  per- 
tinent remarks,  on  this  subject,  of  a  very  able  writer*, 
which  will  serve  to  show  the  objects  that  those  bills 
had  in  view. 

*  To  make  such  a  provision  for  one's  old  age,  is  so 

*  natural  a  piece  of  prudence,  that  it  seems  wonderful 

*  at  first  sight  that  it  should  not  be  generally  prac- 

*  tised  by  the  labouring  poor  above  described,  as  it 

*  is   almost  universally  by  persons  engaged  in  the 

*  higher  paths  of  industry,  such  as  the  several  branches 

*  of  commerce,  and  the  practice  of  the  liberal  pro- 

*  fessions :  nor  can  their  negligence  in  this  respect  be 

*  accounted  for  in  any  other  way  so  naturally  as  by 


*  Mr.  Baron  Maseres,  in  a  pamphlet  which  he  published,  entitled  A  pro- 
posal for  establishing  Life  Annuities  in  Parishes  for  the  benefit  of  the 
Industrious  Poor  :  London,  1772.  The  learned  author  has  lately  favoured 
me  with  a  copy  of  that  pamphlet,  with  an  obliging;  offer  that  I  might  make 
what  use  of  it|I  pleased  in  my  intended  publication  :  and  I  lament  that  the 
limits  of  the  present  treatise  will  not  enable  me  to  enter  upon  the  subject 
more  than  by  an  insertion  of  the  above  extract  irom  that  valuable  work. 
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*  ascribing  it  to  their  wanting  opportunities  of  era- 

*  ploying  the  money,  ihcy  miglit  save,  in  some  safe 

*  and  easy  method  that  would  procure  them  a  suitable 

*  advantage  from  it  in  the  latter  periods  of  their  lives. 
'  They  know,  for  the  most  part,  but  little  of  the  pu- 

*  blic  funds ;  and  when  it  happens  that  they  are  ac- 

*  quainted  with  them,  the  smallness  of  the  sums  they 

*  would  be  entitled  to  receive  (as  the  interest  of  the 

*  money  they  could  aftbrd  to  lay  out  in  them)  is  no 

*  encouragement  to  dispose  of  it  in  that  way.     What 
'  inducement,  for  instance,  can  it  be  to  a  man,  who 

*  has  saved  ten  pounds  out  of  his  year's  wages,  to 

*  invest  it  in  the  purchase  of  three  per  cent  Bank 

*  annuities,  to  consider  that  it  will  produce  him  about 

*  six  or  seven  shillings  a  year?     It  is  but  the  wages 

*  of  three  days  labour.     And  if  they  lend  their  money 

*  to  tradesmen  of  their  acquaintance,  as  they  some- 

*  times   do,  it  happens  not  unfrequently  that  their 

*  creditor  becomes  a  bankrupt ;  and  the  money,  they 

*  had  trusted  him  with,  is  lost  for  ever;  which  dis- 

*  courages  others  of  them  from  saving  their  money  at 

*  all,  and  makes  them  resolve  to  spend  it  in  the  en- 
'  joyment  of  present  pleasure.     But,  if  they  saw  an 

*  easy  method  of  employing  the  money  they  could 
'  spare,  in  such  a  manner  as  would  procure  them  a 

*  considerable  income  in  return  for  it  at  some  future 

*  period  of  their  lives,  without  any  such  hazard  of 
'  losing  it  by  another  man's  folly  or  misfortune,  it  is 
'  probable  they  would  frequently  embrace  it:  and 
'  thus  a  diminution  of  the  poor's  rate  on  the  estate  of 
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*  the  rich,  an  increase  of  the  present  industry  and 

*  sobriety  in  the  poor,  and  a  more  independent  and 

*  comfortable  support  of  them  in  their  old  age  than 

*  they  can  otherwise  expect,  would  be  the  happy 

*  consequences  of  such  an  establishment.     Now  this, 

*  I  conceive,  might  be  effected  in  the  following  plain 

*  and  easy  method. 

*  1°      Let   the   churchwardens   and  overseers   of 

*  every  parish  be  empowered  by  Act  of  Parliament 

*  to  grant  life-annuities  to  such  of  the  inhabitants  of 

*  the  parish  as  shall  be  inclined  to  purchase  them, 

*  to  commence  at  the  end  of  one,  two,  or  three  years 

*  (or  such  other  future  period  of  time  as  the  purchaser 

*  shall  choose)  and  to  be  paid  out  of  the  poor's  rate  of 
'  the  parish,  so  that  the  lands  and  other  property  in 

*  the  parish  that  is  chargeable  to  the  poor's  rate,  shall 

*  be  answerable  for  the  payment  of  these  annuities. 

*  This  circumstance  would  give  these  annuities  great 

*  credit  with  the  poor  inhabitants,  by  setting  before 

*  them  so  solid  and  ample  a  security  for  the  regular 

*  payment  of  them. 

*  2°   Let  the  annuities,  thus  granted  to  the  poor 

*  inhabitants,  be  such  as  arise  from  a  supposition 

*  that  the  interest  of  money  is  three  per  cent ;  or  some 

*  higher  rate  of  interest,  if  the  churchwardens  or  over- 

*  seers  of  the  poor  shall  think  fit  to  make  use  of  such 

*  higher  interest. 

'  3°   But,  at  the  rate  of  three  per  cent,  the  pur- 

*  chaser  should  have  a  right  to  an  annuity,  and  the 
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'  churchwardens  and  overseers  of  the  poor  should  be 
'  compeilable  to  grant  it. 

'  4*  No  annuity,  depending  upon  one  life,  should 

*  exceed  201.  a  year. 

•  6*  No  less  sum  than  6/.  should  be  allowed  to  be 
'  employed  in  the  purchase  of  an  annuity.     This  is 

*  to  avoid  intricacy  and  multiplicity  of  accounts. 

*  C"    An  exact  register  of  these  grants  should  be 

*  kept  by  the  churchwardens  and  overseers  of  the 
'  poor  in  proper  books  lor  the  purpose,  in  which  the 
'  grants  should  be  copied  exactly,  and  the  copy  of 
'  each  grant  subscribed  by  the  person  to  whom  it  is 

*  granted :  or,  if  he  cannot  write,  marked  with  his 

*  mark,  and  subscribed  by  two  other  persons  as  wit- 
'  nesses.     And  this  copy  in  the  register-book  of  the 

*  parish  should  be  good  evidence  of  the  purchaser's 
'  right  to  the  aunuity,  in  case  the  original  deed  of 
'  grant  to  the  purchaser  (which  was  delivered  to 
'  him  at  the  time  of  the  purchase)  should  afterwards 

*  be  lost. 

'  7"  The  money,  thus  paid  to  the  churchwardens 
'  and  overseers  of  the  poor  for  the  purchase  of  life- 
'  annuities,  should  be  employed  in  the  purchase  of 

*  three  per  cent  Bank  annuities,  in  the  joint  names 

*  of  all  the  churchwardens  and  overseers ;   and  by 

*  them  transferred  at  the  expiration  of  their  offices 
'  to  their  successors,  and  so  on  to  the  next  suc- 
'  cessors  for  ever,  so  as  to  be  always  the  legal  pro- 

*  perty  of  the  churchwardens  and  overseers  of  the 
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*  poor  for  the  time  being,  in  trust  for  the  persons 
'  who  should  be  entitled  to  the  several  life-annuities, 
'  granted  in  the  manner  above  mentioned ;  and  the 

*  interest  of  this  money  should  be  received  every  half 
'  year,  and  invested  in  the  purchase  of  more  prin- 

*  cipal  annually,    so  as  to  make  a  perpetual  fund 

*  for  the  payment  of  these  life-annuities.     And  when 

*  any  annuity  became  due,  the  churchwardens  and 
'  overseers  ot  the  poor  should  pay  it  out  of  this  fund, 

*  and  should  sell  a  sufficient  part  of  the  principal  for 
'  that  purpose,  where  the  interest  was  not  sufficient 

*  for  the  purpose,  as  wOuld  generally  be  the  case : 

*  and  file  deficiencies  (it  any  were)  of  both  principal 

*  and  interest  should  be  made  good  out  of  the  poor's 

*  rate   assessed  upon   the  parish.     But   this  could 

*  hardly  ever  happen,  if  the  annuities  granted  to  the 

*  purchasers  were  such  as  would  be  proportional  to 

*  the  money  contributed,  upon  a  supposition  that  the 

*  interest  of  money  was  only  three  per  cent ;  because 

*  that  is  a  lower  interest  than  that  which  the  parish 

*  would  receive  from  the  goverment  for  the  same 
«  money,  by  investing  it  in  the  three  per  cent  Bank 

*  annuities,  as  that  stock  is  now  twelve  per  cent 

*  under  par,*  and  is  not  likely  soon  to  rise  to  par 

*  again.     So  that  the  landholders  of  the  parish,  and 

*  the  owners  of  other  rateable  property  in  it,  need  be 

*  under  very  little  apprehension  of  having  their  es- 

*  tates  exorbitantly  burthened  by  a  great  increase  of 

*  the  poor's  rate,  in  order  to  make  good  the  payment 

*  of  these  annuities.     On  the  contrary,  they  would 
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'  be  gaiaem  by  this  institution,  af  was  observed  aboTe, 
'  since  many  of  the  poor  who  must  otherwise,  in 

*  their  old  age,  come  to  be  a  burthen  upon  the  par- 
'  ish,  would  now  be  maintained,  in  part  at  least,  by 
'  annuities  paid  to  them  out  of  a  fund  of  their  own 

*  raising.' 

Agreeably  to  this  plan,  a  bill*  was  brought  into 
the  House  of  Commons  in  the  year  1773  by  Mr. 
William  Dowdeswell,  and  passed,  on  a  division  after 
a  debate,  by  a  majority  of  two  to  one  of  all  the  mem- 
bers present :  but  it  was  rejected  by  the  House  of 
Lords  in  consequence  of  the  opposition  of  Lord  Camb- 
den,  who  conceived  that  the  measure  might  be  ulti- 
mately injurious  to  the  landed  itiUrcst ;  since  the 
value  of  future  leases  might  be  affected  by  an  increase 
of  the  poor's  rate  to  make  good  any  deficiency  arising 
from  the  failure  or  defection  of  the  scheme.  A  bill 
of  a  similar  nature,  however,  with  tables  computed 
by  Dr.  Price.t  was  introduced  in  the  year  1789 ;  but 
shared  a  similar  fate. 


2.     For  Widows, 
\  436.     The  rules,  by  which  Question  XHI  and 
XVIII,  in  the  preceding  Chapter,  are  solved,  are 
very  useful  in  enabling  us  to  determine  the  ad- 
vantage and  propriety  of  those  schemes  which  are 

*  A  copy  of  this  bill,  together  with  the  tables  that  were  eompated  for  it 
•re  ineerted  by  Mr.  Beron  Maaeres  in  hii  Doctrine  of  Life  AnnuUiot, 

t  TbMe  Tablet  aie  ioMrted  io  Dr.  Prioe'a  0^,  on  Boo,  Fag,  toI.  ii. 
piie473. 
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instituted  with  a  view  to  provide  Annuities  for  Wi- 
dows*,  For,  having  found  the  present  value  of  a 
reversionary  annuity,  or  a  deferred  reversionary  an- 
nuity, of  £l  per  annum  on  any  given  life  after  any 
other  given  life,  we  may  readily  find  the  present 
value  of  any  other  annuity  (either  in  a  single  payment, 
or  in  annual  payments,  or  in  both)  by  multiplying  the 
present  value,  thus  obtained,  by  that  other  annuity. 
And  in  like  manner,  having  found  the  present  value 
above  alluded  to,  we  may  easily  determine  the  an- 
nuity which  ought  to  be  granted,  to  the  life  in 
reversion,  for  a  given  sum  paid  down  immediately; 
or,  for  a  given  sum,  part  of  which  is  paid  down  im- 
mediately, and  the  remainder  by  annual  payments 
during  the  existance  of  the  life  in  possession.  Or,  ac- 
cording to  any  other  plan  which  may  be  proposed. 

Thus,  let  the  scheme  of  a  society,  for  granting  an- 
nuities to  widows,  be  such  that,  if  a  member  lives 
one  year  after  admission,  his  widow  shall  be  entitled 
to  a  life  annuity  of  £20 :  if  seven  years,  to  £10  more 
(or  £30  in  the  whole) :  \i  fifteen  years,  to  £10  more 
(or  £40  in  the  whole).  What  ought  to  be  the  an- 
nual payments  for  members  aged  30,  40,  and  50 
years  respectively,  and  supposing  them  of  the  same 
ages  as  their  wives  :  interest  being  reckoned  at  4  per 

*  These  observations  relate  to  the  method  of  determining  the  best  mode 
of  jToviding  Annuities  for  Widows  :  but  those  inquiries  which  relate  to 
the  best  mode  of  providing  for  the  payment  of  any  given  Sum  to  a  Widow, 
on  the  death  of  her  husband,  are  answered  by  Question  XXX,  in  the  pre- 
ceding Cliaptcr. 
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cent,  and  the  probabilities  of  living  ai  observed  in 
Sweden  amongst  males  and  females  respectively ;  and 
also  as  observed  at  Northampton  and  at  London  f 

By  proceeding  according  to  tlic  rules  laid  down  in 
the  Scholium  in  page  394*,  we  shall  find  that  the 
annual  payments  which  ought  to  be  made  by  the 
members,  of  the  respective  ages  above  mentioned, 
will  (according  to  the  several  tables  of  observations 
made  use  of)  be  as  follow : 


Age,, 

Swden. 

Northampton. 

London, 

30 

=     6-90 

7-6C 

8-52 

40 

iL    7-89 

8-09 

906 

50 

=     8-50 

8-40 

9-61 

I  have  selected  this  scheme  as  being  that  on  which 
the  London  Annuity  Society  for  the  Benefit  of  Widows 
set  out  in  1765.     The  Laudable  Society,  which  was 


*  For  cxMopI* :  the  T»lue  of  a  rerenionary  ADDoity  on  the  life  of  • 
female  aged  90  after  the  life  of  a  man  aged  also  30,  and  deferred  for  one 
year  prorided  both  the  Uvea  eontiDoe  so  long,  is  (by  the  rule  in  the  Scholiuna, 
aeoocdiaf  to  the  IhPtdtn  obaerrations)  equf  1  to  S'lOO :  coosequenily  the 
pccseot  ralue  of  au  annuity  of  £20,  under  the  same  circumstances,  is  62*160. 
lo  like  manner,  the  present  ralue  of  XIO  per  annum  on  the  same  life,  de« 
ferred  for  tecen  years  proridcd  both  the  lives  continue  so  long,  is  equal  to 
21*680.  And  by  the  tame  rule  tb«  preaeot  value  of  £10  per  annum,  de- 
fcncd  for  J}fUm  years,  is  under  the  like  etreumataoees  eq-.ud  to  12'd06. 

These  values,  being  added  together,  are  equal  to  06-404 ;  or  the  value 
of  the  expectation,  described  in  the  seheme,  in  a  elH^te  prsseot  payment : 
and  which  being  divided  by  19>06S  (or  unity  added  to  ths  valoe  of  an  a». 
unity  oo  the  two  joint  lives)  will  give  6*903  for  the  value  of  the  same  ex- 
pectation in  annuo/  payments,  as  stated  in  the  text.  In  like  manner  may 
be  found  the  an«wer  to  all  Questions  of  a  similar  kind. 
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formed  on  nearly  a  similar  plan,  had  been  established 
in  the  year  1761,  In  each  of  these,  the  annual  con- 
tribution of  every  member  was  five  guineas  only, 
payable  half-yearly ;  for  which  payment,  his  widow 
was  entitled  to  the  annuities  stated  in  the  scheme 
above  mentioned,  according  to  the  conditions  there 
expressed.  Nothing,  however,  can  more  fully  show 
the  inadequacy  of  the  means  for  carrying  into  effect 
the  intentions  of  those  Societies  than  the  examples 
above  given.  For  it  will  be  seen  that,  on  the  sup- 
position that  the  members  are  of  the  same  ages  as 
their  wives,  the  Societies  received,  on  an  average, 
little  more  than  three  fifths  of  the  true  value  of  the 
annuities ;  but  on  the  supposition  that  they  are,  one 
with  another,  ten  years  older  than  their  wives,  it  will 
be  found  that  they  received  only  one  half  of  the  true 
value  of  such  annuities.  The  consequences  of  such 
inequitable  measures  were  highly  injurious.  The 
more  early  annuitants  enjoyed  the /m// sums,  accord- 
ing to  the  conditions  of  the  plan :  but,  after  pursuing 
this  pernicious  course  for  some  years,  the  Directors 
at  length  listened  to  the  voice  of  reason ;  and,  in 
consequence  of  the  repeated  warnings  that  were 
given  them,  found  it  necessary  to  adopt  one  of  the 
two  following  plans  in  order  to  maintain  the  perma- 
nency and  security  of  the  establishment : — ^to  increase 
the  premiums,  or  diminish  the  annuity.  The  London 
Annuity  Society,  at  an  early  period,  adopted  the  for- 
mer proposal,  and  thus  preserved  its  honour  and  its 


Ch,  13.  oy    ANNOITIBS   PO|l   WIDOWS.  477 

credit :  but  the  Laudable  Socktj/,  although  it  repeated- 
ly  reduced  the  annuities,  had  been  too  lung  struggling 
with  the  errors  of  its  original  establishment  to  enable 
it  to  derive  much  permanent  advantage  from  this 
procrastinated  remedy.  **  If  circumstances  there- 
"  fore  should  still  continue  unfavourable,  the  next 
"  measure  must  be  the  disolution  of  the  Society,  and 
"  a  division  of  the  remaining  capital  among  the  an- 
"  nuitauts  and  surviving  members,  in  proportion  to 
**  their  respective  interest  in  the  funds  of  the  So- 
"  ciety*." 

§  437.  Such  will  be  the  final  issue  of  every 
scheme  that  is  not  founded  on  correct  observations 
and  on  mathematical  principles  :  and  though  my  re- 
marks have  been  confined  to  the  two  establishments 
above  mentioned,  they  will,  I  fear,  apply  with  too 
much  justice  to  several  others  of  a  similar  nature. 
'*  There  are  in  this  kingdom  many  institutions  for 
*'  the  benefit  of  widows  besides  the  two  on  which  I 
**  have  now  remarked ;  and  in  general,  as  far  as  I 
**  have  had  any  information  respecting  them,  they 
"  are  founded  on  plans  equally  inadequate,  having 
•*  been  formed  just  as  fancy  has  dictated,  without 
**  any  knowledge  of  the  principles  on  which  the 
**  values  of  reversionary  annuities  ought  to  be  calcu- 
**  lated.  The  motives,  which  influence  the  con- 
"  trivers  of  these  institutions,  may  be  laudable  \  but 

*  8e«  the  history  of  d>««e  two  Societies,  brought  down  to  the  present 
period,  in  Dr.  Price's  C^.  on  Avt  Pay.  vol.  i.  ptgei  72^104 . 
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'  they  ought  (I  think)  to  have  informed  themselves 

*  better." — "  The  longer  such  schemes  are  carried 

*  on,  the  more  mischief  they  must  produce.     Tis 

*  vain  to  form  such  establishments  with  the  expec- 
'  tation  of  seeing  their  fate  determined   soon   by 

*  experience.     If  not  more  extravagant  than  any 

*  ignorance  can  well  make  them,  they  will  go  on 
'  prosperously  for  20  or  30  years ;    and  if  at  all 

*  tolerable,  they  may  support  themselves  for  40  or 

*  50  years,  and  at  last  end  in  distress  and  ruin.     All 

*  inadequate  schemes  lay  the  foundation  of  p?'esent 

*  relief  on  future  calamity ;  and  afford  assistance  to 

*  2.  few  by  disappointing  and  distressing  multitudes*'' 
The  very  learned  and  able  writer,  from  whose 

work  these  quotations  are  made,  employed  his  great 
abilities  in  detecting  the  pernicious  tendency  and 
iniquity  of  the  several  schemes  above  alluded  to. 
His  remarks  on  this  subject  are  invaluable,  and  will 
always  be  consulted  with  advantage.  He  hasjnot 
only  shown  how  far  the  various  societies,  then  in  ex- 
istence, erred  from  the  true  line  of  equity  and  pro- 
priety (predicting,  therefrom,  their  incapacity  and 
ruin) ;  but  has  likewise  pointed  out  some  of  the  best 
schemes  for  providing  annuities  for  widows — such  as 
might  be  **  durable,  and  "  at  the  same  time  easy  and 
encouraging."  As  I  cannot  add  much  to  the  obser- 
vations of  so  intelligent  an  author  I  must  refer  the 
reader  to  that  work,  for  any  further  information  on 
this  subject. 

*  Dr.  Price'a  Oha,  on  Rev,  Pay.  vol.  i.  Chapter  II. 
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CHAPTER  XIV. 

An  Account  of  the  several  Companies^  established  in 

London y  for  Life  Assurances ^  <5'c. 


The  Amicable  Society. 

^  438.  JL  ujg,  first  establishment  of  this  kind,  in 
point  of  time,  is  the  Amicable  Society  for  a  perpetual 
Assurance  office ;  which  was  founded  by  a  charter  of 
Queen  Anne  in  1706,  at  a  period  when  the  subject 
of  Life  Assurances  was  but  little  understood.  Its 
original  plan  was  consequently  in  many  instances 
exceedingly  defective,  absurd,  and  inequitable  :  and, 
though  it  has  since  undergone  several  partial  reforms, 
it  is  still  liable  to  many  objections.  It  was  limited 
by  its  first  charter  to  the  disposal  of  shares  or  num- 
bers, not  exceeding  2000,  held  by  single  lives ;  and 
entitling  to  claims  when  they  drop.  For  each  of 
these  shares  every  new  purchaser  paid  down  at  en- 
trance X7:  10:0,  besides  £1  :  11:0,  as  the  first 
quarterly  payment  of  £6:4:0  per  annum  to  be 
continued  during  his  life.  An  annual  dividend  of 
£1:4:0  for  each  share  was  allowed  to  every  pur- 
chaser, out  of  the  profits  of  the  society  ;  which 
reduced  the  annual  payment,  on  each  share,  to  £5. 
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No  one  person  was  allowed  to  purchase  more  than 
three  shares ;  nor  were  any  admitted  to  be  purchasers 
whose  ages  were  below  ,12  or  above  45 :  and  all  be- 
tween those  ages  were  admitted  on  the  same  terms. 
Every  person  admitted  became  a  member;  and  the 
net  annual  income,  arising  from  all  the  annual  pay- 
ments* y  was  equally  divided  among  the  nominees  of 
such  members  as  happened  to  die  within  the  year. 
In  1757  the  society  engaged  that  this  dividend, 
though  it  might  be  more,  should  not  be  less  on  each 
share  than  £125  ;  and  in  1770  they  guaranteed  they 
it  should  not  be  less  than  £150. 

Such  are  the  outlines  of  the  plan  upon  which  the 
business  of  this  society  yf2iS  formerly  conducted.  Its 
absurdity  and  injustice  are  manifest  in  its  two  most 
prominent  features :  1°  in  regulating  the  dividends, 
among  the  7iominees,  by  the  number  of  members  that 


•  Making  £10,000  when  the  society  was  full ;  being  £5  net  income  on 
each  of  the  2000  sharea.  The  admittance  money  of  £7  :  10  :  0,  together 
with  such  profit,  interest  or  improvement,  as  the  Society  might  be  able  to 
make,  were  carried  to  a  teparate  account.  In  1757  these  savings  had  ac- 
cumulated to  £26,300  three  per  cent  stock  ;  which  in  1770  had  increased 
to  £33,300.  Out  of  this  stock,  the  sum  of  £4000  Consols  and  £11,000 
Reduced  was  in  1770  appropriated  and  set  apart,  together  with  all  future 
savings,  as  a  fund  for  augmenting  the  claims  to  the  full  sum  of  £150,  when* 
ever  they  fell  short  of  that  amount  under  the  dividend  directed  by  the 
charter.  In  1780  the  stock  of  the  Society  had  been  increased  to  £51,300; 
and  in  1790,  to  £64,300  three  per  cent  annuities,  together  with  some  pro* 
perty  in  houses.  Out  of  this  amount,  the  sum  of  £30,000  stock  was 
appropriated  in  aid  of  the  fund  above  mentioned  :  but  the  remainder  cannot 
be  disposed  of  without  the  consent  of  two  successive  Qcneral  Courts. 
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die  within  the  year ;  whereby  that  benefit  is  made 
to  depend  not  on  the  value  of  the  contribution,  but 
on  a  contingency :  2**  in  requiring,  from  all  the  mem- 
bers, the  same  payments  without  regarding  their 
difference  of  age.  The  utility  of  this  institution 
however  (defective  as  it  is)  has  been  virtually  ac- 
knowledged, and  the  plan  thereof  sanctioned,  by  the 
grant  of  three  subsequent  charters :  one  in  1730, 
providing  for  the  better  regulation  of  the  society :  the 
next  in  1790,  enabling  it  to  enlarge  the  number  of 
its  members  to  4000  ;*  and  the  last  in  1807,  whereby 
the  society  is  enabled  to  render  itself  more  exten- 
sively useful,  and  whereby  it  has  obtained  several 
other  powers  for  the  better  regulation  and  conduct 
of  the  business  of  the  corporation. 

By  this  new  charter  the  society  is  enabled  to  grant 
tweive  shares  on  each  life  at  any  age  between  8  and 
67,  It  is  also  empowered  to  proportion  the  pre- 
miums on  admission,  and  the  annual  contributions 


*  When  the  Society,  in  1770,  guaranteed  that  the  diridend  on  each  share 
•honid  not  be  len  than  £160,  the  number  of  subscribers  increased  very 
considerably  :  th«  natural  consequence  of  which  was,  (in  a  Society  so  con- 
stituted) that,  for  the  first  10  or  15  years,  the  dividends  rose  from  £160  to 
£200 ;  and  in  some  years  even  to  £300.  A  similar  rise  was  produced  from 
the  increase  of  the  number  of  shares,  by  the  charter  of  1790  :  but  these  ef> 
fects  were  tmmpcrarjf  only,  and  neeesaarily  ceased  with  the  cause  that  pro* 
doeed  them.  They  were  sdEcient  boweTer  to  protM  to  the  society  the 
absnrdity  of  their  plan,  had  they  been  disposed  to  profit  by  experience.  Of 
late  years,  the  dividend  has  been  gradually  decreasing  ;  but  it  is  now  fixed 
that  it  shall  not  b«  Isti  Uhb  £180. 

4a 
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for  each  share,  to  the  age  and  other  circumstances 
of  the  parties  on  whose  lives  the  Assurance  is  made; 
with  further  power  to  grant  (when  applied  for  by 
the  parties)  Annuities  in  lieu  of  the  amount  insured, 
or  in  lieu  of  policies  which  it  may  be  desirable  no  lon- 
ger to  continue.  The  whole  of  the  annual  contri- 
butions for  every  share  granted  previous  to  this 
charter,  and  seven-eights  of  the  contributions  on  shares 
subsequently  granted,  are  to  be  divided  every  year 
amongst  the  claimants  by  deaths  which  happen  in 
that  year :  and  the  corporation  now  engages  that 
each  share  (although  it  may  be  more)  shall  not  pro- 
duce less  than  £180.* 

The  several  charters  provide  that  the  joint  stock. 


*  The  following  are  some  of  the  Rates,  on  which  persons  are  now  ad- 
mitted to  become  shareholder!,  according  to  tho  ages  of  the  lives  assured. 


Premium 

on 

Annual 

{ges. 

Admission. 

Payments. 

£ 

s. 

d. 

£ 

s.     d. 

15 

1 

11 

6 

3  : 

10  :  6 

20 

1  : 

14 

6 

4  : 

0  :  6 

25 

1 

17 

:  0 

4  : 

9  :  0 

30 

1  . 

19 

6 

4  : 

19  :  0 

35 

2  • 

2 

.  6 

5  : 

11  :  6 

40 

2 

5 

:  0 

6  : 

7  :6 

45 

2 

9 

:  0 

7  : 

7  :  0 

50 

2 

:   13 

:  0 

8  : 

12  :  0 

55 

2 

16 

:  6 

10  : 

4  :  0 

60 

3 

1 

:  6 

12  : 

6  :  0 

65 

3 

:     6 

:  6 

15  : 

6  :  0 

Tht  annual  payments  are  to  be  made  ?uil/  yearly ;  and  the  first  half 
yearly  payment  is  to  be  made  at  the  time  of  admission 
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raised  by  the  accumulation  of  the  resenre  fund  ne- 
cessary for  the  security  of  this  guarantee,  is  to 
be  improved  for  the  benefit  of  all  the  members,  ae 
cording  to  their  respective  interests :  and  no  division 
of  this  capital  is  to  be  made,  otherwise  than  in  the 
pajrment  of  claims  on  death ,  without  the  consent  of 
two  successive  General  Courts  of  the  members  of  the 
corporation.  And  the  Society  is  now  enabled  to  ef- 
fect assurances  for  any  number  of  years ^  or  on  the 
joint  continuance  of  lives,  or  on  survivor  ships ,  or  on 
mhf  other  contingency  of  life,* 


The  Royal  Eschange,  and  London  Assurance 
Companies, 

^439.  The  Royal  Rvchange  Assurance  Company 
was  formed  about  the  time  of  the  South  Sea  Bub- 
ble; and  is  one  of  the  few  projects  which  hMB 
survived  that  troublesome  period,!  and  preserved  its 
credit  to  the  present  day.  It  was  established  by 
charter  dated  June  22,  1720,  under  the  name  of  The 
Royal  Ejchangt  Assurmtce,  for  insuring  ships  and 

•  No  lilW  kM  7«»  kMO  p^MMbad  oT  Ae  l«raw  on  vliok  Osm  Am- 


t  Oat  of abore  two  hundred  fiaioiur;  KbemM,  that  wore  farmed  an<t 
mrri0d  into  qfoet  ot  Uut  time,  oa\j/our  exiM  at  proMOt !  rii.  the  Royil 
Bxefaugc  Anttfooee  Coapooy,  (b«  Loo^on  Aaunun  Ooaiponjr,  4>«  Tork 
B«iUiiQg«C<aof«ay,«MitbeSi«WiC«pp«rCoinpta7.  Bee  Miffihcnoa'i 
inmnlt  ^  (hmmerett  vol.  ili,  pop  M. 
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goods  at  sea,  or  going  to  sea,  and  for  lending  money  on 
bottomry.  This  charter  was  granted  by  virtue  of  an 
Act  of  Parliament  (6  Geo.  I,  c.  13) :  but  in  the  fol- 
lowing year  (April  29,  1721)  the  king  (by  virtue  of 
his  prerogative)  granted  them  another  charter  for  the 
Assurance  of  Lives  and  against  casualties  and  acci- 
dents by  fire,  under  the  name  of  The  Royal  Exchange 
Assurance  of  houses  and  goods  from  Fire. 

The  London  Assurance  Company  had  a  similar 
origin,  and  was  incorporated  in  consequence  of  the 
Act  above  mentioned.  It  is  also  empowered  to  grant 
Assurances  on  Lives. 

In  addition  however  to  the  powers  and  privileges, 
which  are  common  to  both  these  Companies,  the 
Royal  Exchange  was  further  authorised  and  enabled 
(by  Act  33  Geo.  Ill,  c.  14)  to  sell  and  purchase  An- 
nuities either  immediate  or  reversionary,  under  certain 
restrictions :  and  for  the  purposes  of  that  act  only 
they  are  (over  and  above  the  names  by  which  they 
were  before  styled)  to  assume  the  name  of  The  Royal 
Exchange  Assurance  Annuity  Company.  In  order  to 
render  full  security  to  the  Annuitants  under  this  act, 
it  is  provided  that  the  money  received  for  the  an- 
nuity shall  (as  often  as  it  shall  amount  to  £1000)  be 
laid  out  in  goverment  security ;  the  interest  or  di- 
vidends on  which,  the  Corporation  may  from  time  to 
time  receive  :  but  they  are  prohibited  from  touching 
any  part  of  the  principal  till  the  extinction  of  the  life 
on  which  the  annuity  is  granted.    And  for  the  sake 


CA.  14.  ASSURAHCB   COMPANIlf.  584 

of  preventing  any  fraud  in  this  respect,  it  is  enacted 
that  the  time  and  place  of  the  death  and  burial  of 
each  annuitant  shall  be  inserted  twice  at  least  in  the 
London  Gazette :  and  that  a  certificate  of  such  death 
or  burial,  with  an  account  of  the  annuity  depending, 
shall  be  left  at  the  Office  in  London ;  to  be  inspected, 
without  fee  or  reward,  by  any  person  interested  in 
any  annuity  granted  by  virtue  of  that  act.  And  it 
is  likewise  further  enacted,  that  no  agreement  for  the 
selling  or  purchasing  of  any  annuity  shall  be  valid, 
unless  at  the  price  stated  in  a  Table  which  is  di> 
rected  to  be  hung  up  in  some  conspicious  place  in 
the  Office ;  and  which  table  shall  be  remaining  in 
the  office  at  the  time  ot  granting  the  annuity. 

It  is  difficult  to  discover  upon  what  principles  this 
Corporation  has  deduced  its  table  of  the  Rates  o{Y\{q 
Annuities.*  Those  rates  have  certainly  not  been  de- 
duced from  any  observations  hitherto  published;  nei- 
ther do  they  agree  with  any  probable  rate  of  human 
mortality :  but  seem  to  have  been  formed  at  random, 
without  any  regard  to  the  true  principles  of  the  sci- 
ence. The  values  for  all  the  lives  under  50  years  of 
age  arc  much  too  low^  even  when  compared  with 
M.  De  Parcieuxs  Observations,  at  4  per  cent :  but, 
above  that  age,  they  err  considerably  more  from  the 
true   value,   in   the  contrary  extreme.     If  however 


*  Tbeir  rmtet  of  Life  A$turanett,  u'well  those  of  the  London  A$turttnct 
Compuiy,  tre  the  urn*  m  thoee  adopted  by  all  the  other  Offices  :  of  which 
I  shall  speak  btnafUr. 
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their  rates  be  compared  with  those  proposed  by 
Government  (as  explained  at  the  end  of  this  chapter), 
they  will  be  ioxxndi altogether  too  high :  and  few  persons, 
who  are  enabled  to  accept  the  proposals  there  alluded 
to,  will  be  disposed  to  sacrifice  so  considerable  a  dif- 
ference by  purchasing  an  annuity  at  the  Office  of  the 
Royal  Exchange  Company :  or  indeed  at  any  other 
Office  whose  terms  have  yet  been  published. 

Equitable  Society. 

§  440.  These  were  the  only  three  Companies  for 
granting  Life  Assurances  till  the  establishment  of  the 
Equitable  Society  in  1762;*  which  was  formed  in 
consequence  of  Mr.  Simpson's  lectures,  recommend- 
ing such  an  institution.  It  appears  likewise  that 
Mr.  Dodson  was  active  in  recommending  the  plan  of 
this  society ;  and  composed  some  tables  for  its  use. 
It  is  truly  deserving  the  name  which  it  has  assumed  : 
it  being  certainly  one  of  the  most  Equitable^  as  well 
as  the  most  important,  of  all  the  societies  that  have 
ever  yet  been  formed  for  the  purpose  of  granting 
Assurances  on  lives. 

By  its  constitution,  the  assured  are  mutual  assurers 

*  Several  Societies  however  had  been  formed,  and  still  exist,  for  the  pur- 
pose of  assuring  the  lives  of  a  particular  class  of  the  community  ;  such  as 
Naval  and  Military  men,  Clergymen,  Schoolmasters  and  others.  But  it  is 
not  my  intention  to  enter  into  any  ioquiry  oa  the  priiwiples  whereon  these 
8ocietiea  have  been  established. 
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one  to  the  other ;  and  participate  equally*  in  all  the 
profits  and  advantages  of  the  concern.  These  profits 
are  estimated  from  certain  period icalf  valuations  of 
all  the  claims  upon  the  society,  compared  with  its 
present  assets.^;  One  third  of  the  clear  surplus  stock 
is  then  set  apart  as  a  fund  for  the  permanency  and 
future  security  of  the  concern.^  But,  the  remaining 
two  thirds  are  divided  amongf^t  the  assured ;  and  the 
amount  of  each  person's  share  (estimated  in  proportion 
to  the  time  that  he  has  been  a  member)  is  added  to 
his  policy :  so  that  his  representives  will,  at  his  de- 
cease,  probably  receive  considerably  more  than  the 

*  This  tpplies  only  to  thoM  persons  who  are  •seared  for  the  whole  con- 
tinuance of  their  livca  :  that  right  has  not  yet  been  extended  to  those  who 
sre  assured  for  a  term  of  ytariy  except  a  Bonas  should  happen  to  be  declared 
daring  the  term  for  which  the  assurance  is  made  ;  and  then  only  in  case  the 
life  should  happen  to  become  extinct  between  the  time  of  declaring  euek 
bonus  and  the  end  of  the  given  term  :  which,  io  most  ordinary  cases,  caa 
be  bat  •  partial  advantage. 

t  The  period  ot  ten  years  (which  has  been  adopted  by  the  Society)  is 
certainly  too  great  an  interval  since  few  persons  can  expect  to  enjoy  the 
/itlt  value  of  their  interest  in  the  coacera.  A  new  pUm,  hoiMver,  has  just 
bcoo  tdoptftd  by  ttie  Society  (which  I  shall  presently  mention)  that  will  ia 
■OHM  flacuure  remove  this  objection,  as  far  as  the  old  members  are  con* 
eemed. 

X  Sec  the  method  of  making  these  valuations  in  Question  XXXIY,  page 
407. 

Whtn  it  is  eoBsidered  that  this  rtmtnsei  third  is  cootinoally  improved 
at  inlcrcil,  to  the  end  of  the  next  period,  for  the  ose  of  all  the  mrmViim, 
and  then  mergca  into  the  general  stock  to  be  again  divided  ;  it  will  appear 
that  a  person  asearing  at  the  Equitable  Society,  in  its  present  established 
stau  (with  its  reHTved  third  m  abeyance),  receive*  newly  the  whok  of  his 
•Imn  f4  the  9urmU  jgniu  oi  the  coooern. 
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original  sum  insured.     That  this  has  hitherto  been 
the  case  will  appear  from  the  following  statement. 

In  the  year  1786,  the  addition  of  1 J  per  cent  on 
the  sum  assured^  which  had  been  made  to  the  claims 
in  1 782,  for  every  annual  payment  prior  to  that  year, 
was  increased  to  2^  per  cent.  In  the  years  1791, 
1793,  and  1795,  still  further  additions  were  made; 
amounting  together  to  4  per  cent.  In  the  year  1800, 
another  addition  of2  per  cent,  was  made  to  the  claims : 
and  we  have  just  seen  a  still  further  bonus  declared, 
of  2J  per  cent  per  stnnum,  on  all  claims  from  as- 
surances effected  before  December  7,  1809.  So 
that  at  this  time,  the  assurances  of  the  year  1800  are 
increased  by  the  addition  of  25  per  cent;  those  of 
1790  are  increased  by  86  per  cent;  those  of  1780 
are  increased  by  180  per  cent;  those  of  1770  are 
increased  by  290  per  cent;  and  those  of  1762  are 
increased  by  378  per  cent.  Or,  in  other  words,  (for 
I  cannot  be  too  explicit  upon  this  important  subject,) 
the  executors  of  a  person  assured  at  this  Ofl5ce 
in  the  year  1800,  for  the  sum  of  £1000  only,  will 
on  his  decease  be  entitled  to  the  sum  of  £1250 :  but, 
if  the  assurance  has  been  effected  in  1790,  they 
will  be  entitled  to  £1860  :  if  in  1780,  to  £2800  :  if 
in  1770,  to  £3900 :  and  if  in  1762  (when  the  Society 
was  first  established)  they  will  be  entitled  to  the 
enormous  sum  of  £4780.  Now,  at  oto  other  OflSce 
(with  the  exception  of  the  partial  advantages  derived 
from  assuring  at  one  or  two  of  the  Societies  hereafter 
mentioned)  would  the  executors  be  entitled  to  receive 
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a  shilling  more  than  the  Rum  of  £1000  originally 
assured.  Surely  these  facts  speak  sufficiently  for 
themselves  ;  and  show,  most  decidedly,  the  impolicy 
of  assuring  at  those  Offices  whose  sole  object  is  gain» 
and  who  consequently  make  no  return  of  their  im- 
mense premiums. 

But  the  most  important  alteration  in  the  plan  of 
this  Society  was  that  wliich  was  brought  forward 
and  proposed  at  the  General  Court  held  December 
7,  1809:  where  it  was  resolved  that  in  future  the 
addition  of  2  per  cent  on  the  sum  assured  should  be 
madie  to  each  existing  policy  at  the  end  of  every  year, 
for  the  next  10  years:  at  the  end  of  which  period 
another  valuation  is  to  take  place,  when  the  surplus 
profits  of  the  Society  (after  allowing  for  the  bonus 
just  alluded  to)  will  be  divided  amongst  the  ex- 
isting policies,  in  the  usual  manner.  So  numerous 
however  were  the  applications  for  admission  into  the 
Society,  on  this  proposal  being  made  known  to  the 
public,  that  it  was  thought  necessary  and  proper  to 
amend  it  At  the  next  General  Court  (December 
19,  1809)  it  was  therefore  resolved  to  limit  this  ad- 
vantage to  the  persons  already  assured  at  the  Office, 
and  to  such  claims  only  as  should  arise  prior  to  the 
next  division  of  profits.  Consequently,  by  this  new 
plan,  the  executors  of  a  person  already  assured  at 
this  Office  will  be  entitled  to  receive  (in  addition  to 
any  other  bonus  which  may  have  been  declared)  2 
per  cent  (on  the  original  sum  assured)  for  every  year 
which  has  transpired  since  the  date  of  the  last  divi- 

4  R 
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sion  of  profits  and  the  time  of  his  death.  But,  this 
benefit  is  not  yet  extended  to  members  effecting  as- 
surances subsequent  to  the  date  above  mentioned. 

The  proceedings  of  this  Society  have  hitherto  been 
founded  on  a  firm  and  durable  basis :  and  the  Di- 
rectors* have,  in  their  management  of  it,  shown  the 
greatest  prudence  and  discretion.  Guiding  them- 
selves by  the  light  of  mathematical  science  (vi^ithout 
which  no  establishment  of  this  kind  can  be  ever  up- 
held) they  have  taken  no  step  which  can  at  all 
hazard  its  permanency  or  safety  :  *  and,  in  order  to 
secure  the  same  prudence  and  discretion  in  the  fu- 
ture conduct  of  its  members,  the  Society  has  provided 
by  certain  laws,  **  That  no  allowance  to  claimants 
"  shall  ever  be  made  without  a  previous  investigation 
*'  of  its  affairs,  and  the  concurrence  oi four  fifths  of  its 
**  members  at  three  successive  General  Courts ;  and 
**  also  that  such  allowance  shall  in  no  instance  ex- 
•*  ceed  two  thirds  of  the  clear  surplus  stock  of  the 
*'  Society."  By  these  restrictions,  as  far  as  human 
precaution  can  operate,  the  danger  of  intemperate 

*  The  Directors  are  chosen  annually  by  the  members  of  the  Society : 
and  four  General  Courts  are  held  in  the  year  ;  at  which  are  exhibited  ac- 
counts of  the  State  of  the  Company,  and  at  which  are  formed  such  rules  and 
regulations  as  may  be  deemed  necessary  for  its  advancement.  But,  by  a 
law  made  in  January  1810,  no  person,  admitted  a  member  sebsequent  to 
December  19, 1809,  has  a  Toicc  at  the  general  meetings  unless  he  has  been 
assured  for  6  years  in  the  sum  of  £2000  on  the  whole  continuance  of  a  life. 
Nor  can  any  such  person  be  chosen  for  a  director  unless  he  has  been  assured 
for  6  years  in  the  sum  of  £6000. 

t  See  the  history  of  this  Society,  brought  down  to  the  present  time,  in 
Price's  OU.  on  R$v.  Pay.  vol.  I,  Chapter  II,  Section  7. 
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measures  is  avoided:  and  there  is  every  reason  to 
hope  that  an  institution,  founded  on  such  liberal 
principles  and  defended  by  such  wholesome  pro- 
visions, will  not  only  be  secure,  but  continue  to 
improve  in  credit  and  prosperity,  f 
Other  Societies, 
^  44 1 .  Soon  after  the  establishment  of  the  Equi- 
table Assurance  Company  a  number  of  societies 
sprang  up,  (all  about  the  same  time*),  which  assumed 
the  false  and  alluring  title  of  Institutions  "  for  the 
benefit  of  Old  Age."  These  institutions  were,  for 
the  most  part,  gross  impositions  on  the  public  ;  pro- 
ceeding from  ignorance  or  knavery,  and  encouraged 
by  credulity  and  folly.  The  promoters  of  them  were 
principally  persons  in  the  more  advanced  ages  of 
life,  and  who  imagined  the  schemes  would  last  their 
time  :  they  were  consequently  little  anxious  about 
the  durability  of  the  plan,  and  desirous  only  of  getting 
a  numerous  body  of  subscribers,  that  their  plunder 
might  be  the  greater.  Agreeably  to  this  principle, 
the  founders  of  these  societies  began  so  low  as  not  to 
require  so  much  as  a  fourth  or  ^Jifth  part  of  the  va- 
lues of  the  annuities  which  they  undertook  to  pay : 
and  encouragement  was  also  held  out  to  early  appli- 
cants.    These  base  attempts  to  deceive  and  allure 

*  The  LaocUble  Societj,  the  Amicable  Society  of  Annuitants,  the  Prori- 
dent  Sweiety,  the  London  Annuity  Society,  the  Equiuble  Society  of  Annui« 
taou,  the  Westmineter  Union  Society,  the  London  Union  Society,  the  Coo* 
■olidated  Union  Society,  the  Public  Annuitant  Society,  the  Rational  Soeiety, 
the  Friendly  Society  of  Annuitant*,  and  many  others  (whose  nuneaarc  now 
loet  or  forgotten)  were  all  established  about  the  ye«r  1770  and  1771. 
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the  ignorant  and  distressed  (and  which  unfortunately 
succeeded  to  well)  first  induced  Dr.  Price  to  publish 
his  Observations  on  Reversionary  Payments.  "  On 
**  the  first  appearance  however  of  this  work,  the  rage 
"  for  establishing  new  Societies  immediately  sub- 
"  sided ;  a  partial  reformation  took  place  in  some  of 
"  those  which  had  been  already  formed :  and  in  a 
"  short  time  the  greater  part  of  them,  convinced  of 
"  their  mistakes,  dissolved  themselves.  A  few,  in- 
**  deed,  persevered  in  an  obstinate  adherence  to  their 
**  original  plans ;  but  they  have  long  since  exhibited 
•*  a  melancholy  proof  of  their  own  folly,  and  of  the 
"  truth  and  justice  of  the  admonitions  which  had 
**  been  wasted  upon  them.*" 

The  general  practice  of  the  promoters  of  those 
schemes  was  to  attract  the  weak  and  credulous  by 
holding  out  the  most  easy  and  advantageous  terms. 
These  arts  succeeded  wonderfully  well  at  first ;  till 
the  public  became  better  informed  on  the  subject ; 
"when  they  soon  fell  into  disrepute  and  contempt. 
But  although  such  specious  proposals  should  always 
be  viewed  with  suspicion,  the  public  should  be  cau- 
tious not  to  fall  into  the  opposite  extreme,  and  suffer 
themselves  to  be  enticed  into  the  payment  of  exorbi- 
tant rates,  under  the  delusive  plea  of  stability  and 
security.  They  ought  to  satisfy  themselves  that  any 
extra  charge  which  is  made  upon  them  (over  and 
above  the  fair  value,  after  allowing  a  proper  and  li- 
beral compensation  to  the  proprietors)  is  sacredly  and 

*  Introd,  to  Dr.  Price's  Obs,  Rev,  Pay. 
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tHviolabitf  appropriated  to  secure  the  permanency  of 
the  establishment,  and  to  provide  for  those  unfavour- 
able events  which  sometimes  arise  and  overturn  the 
best  contrived  schemes. 

Towards  the  end  of  the  last,  and  the  begining  of 
the  present  century,  several  new  Public  Companies 
were  formed  for  the  purpose  of  making  Assurances 
on  Lives,  granting  Annuities,  &c  :  viz  the  Westmimter 
Society  in  1792  ;  the  Pelican  in  1797  ;  the  Globe  in 
17UD  ;  the  Albion  in  1805:  the  Rode  and  the  Provi- 
dent Institution  in  1806;  and  the  Eagle,  the  Hope, 
the  London  Life  Association  and  the  Atlas  in  1807 
None  of  these  societies  however  are  confined  solely 
to  the  granting  of  Life  Assurances :  since  they  all 
unite  thereto,  the  purchase  or  sale  of  Atumities ;  and 
five  of  them  (in  addition  to  the  other  two  branches) 
are  engaged  in  Fire  Assurances.  It  is  not  my  inten- 
tion to  enter  into  the  nature  and  form  of  all  these 
different  Societies ;  since  the  major  part  of  them  do 
not  (as  far  as  the  subject  of  tbib  work  is  concerned) 
profess  to  hold  out  any  peculiar  advantages  to  the 
public*  But,  as  two  of  them  in  particular  differ  ma- 
terially in  this  point  from  all  the  rest,  I  shall  devote 
a  few  lines  to  their  separate  explanation  and  exami- 
nation. 

The  Provident  Institution. 

§  442.     The  Provident  Institution  was  formed  in 

*  There  is  tome  triiiaf  ddtanoM  bctwccD  them  »<  to  the  /m»  om  ui- 
fnJMton,  and  M  to  mUiUtry  peneoi :  hat,  tbcec  are  /wOfy  eouaidtffaiioM 
eompwtd  with  those  which  I  iball  htCMfter  mention. 
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1806,  with  a  view  "  to  enable  the  industrious  and 
"  economical  to  appropriate  their  savings  most  bene- 
**  ficially  to  their  different  objects  of  prudence  or 
**  affection;  and  to  encourage  that  laudable  dis- 
**  position  by  affording  an  ample  guarantee  for  the 
**  fulfilment  of  the  benefits  proposed,  without  curtail- 
**  ing  them  by  commercial  views  of  profit.  With  these 
"  objects  several  hundred  noblemen  and  gentlemen 
'*  have  entered  into  a  subscription  of  £250,000  to 
"  constitute  an  original  capital  *  ;  and  taking  upon 
"  themselves  the  sole  responsibility  of  the  establish- 
**  ment,  they  render  the  insured  and  annuitants 
"proprietors,  and  entitle  them  equally  to  participate 
*•  in  profits,  after  the  expenses  of  an  economical  ar- 
"  rangement  are  defrayed,  in  which  the  Presidents, 
**  Directors,  Trustees  and  Auditors  act  gratutiously. 
**  Thus,  by  the  specific  sum  insured,  and  the  division 
"  of  contingent  profits,  every  member  of  this  institu- 
"  tion  has  thefulleist  value  possible^,  for  his  payments, 
"  without  being  subject  to  any  calls  or  risk  what- 
"  ever." 

This  institution  not  only  makes  Assurances  on 
lives,  but  also  buys  and  sells  Annuities,  and  grants 
Endowments  for  children.  Their  proposals,  at  first 
sight,  appear  to  be  the  same  as  in  the  Equitable  So- 
ciety ;  since  all  the  proprietors  are  stated  to  partici- 
pate equally  in  the  profits  of  the  concern.     There  is 

*  These  subscribers  are  not  obliged  to  insure  tkeir  own  lives,  as  is  the 
case  at  all  the  other  newly  established  Offices, 
t  Thiiis  a  false  assortioo,  as  will  trideatly  appMi  in  the  Mquel. 
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however  this  material  difference,  that,  in  the  Provi- 
dent Institution,  those  profits  are  shared  in  conjunc- 
tion with  the  several  hundred  nohlemen  and  gentlemen 
who  have  gtiaranteed*  the  capital ;  and  who  appear 
not  to  have  wholly  lost  sight  of  the  commercial  views 
of -profit  in  establishing  this  concernf. 

The  Rock. 

^  443.  The  Rock  Life  Assurance  Company  was 
formed  also  in  the  year  180G;  and  appears  in  some 
respects  to  have  followed  the  plan  of  the  Equitable 
Society :  it  is  however  in  its  nature  essentially  dif- 
ferent. In  the  Rock,  the  assured  are  not  mutual 
assurers  one  to  the  other :  neither  do  they  participate 
equally  in  the  profits  of  the  concern.  For,  though  at 
certain  periods  (of  not  less  than  seven  yearsj)  an  es- 
timate is  made  of  those  profits,  and  two  thirds  of  the 
same,  after  deducting  the  sum  of  Jive  thousand  pounds 
therefrom^,  are  divided  amongst  all  the  policies,  as 
in  the  Equitable  Society ;  yet  the  remaining  third, 
instead  of  being  improved  for  the  benefit  of  all  the 
parties,  is  appropriated  to  the  use  of  the  proprietors 

*  A  tmall  portioo  only  of  the  capital  has  b««n  actually  advaneed, 

f  S«e  some  obserrations  on  the  Ratu  of  this  Society  in  §  374  and  446. 

X  Thtfirit  division  of  profits,  bowcTcr,  is  not  to  take  place  till  after  the 
expiration  of  tnMtv€  years  from  the  establishment  of  the  Society. 

§  This  is  prorided  for,  in  the  Deed  of  Settlement,  although  it  is  not  roen- 
tioDed  in  the  Prospectus  of  the  Company.  Sec  a  jamphlet  issued  by  this 
Society  under  the  erroneous  and  illusirc  title  of  T%«  Prineipltt  of  Lift 
Assurance  Exptainsd. 
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only.  This  third  part  is  thus  for  ever  lost  to  the  rest 
of  the  assured ;  and,  at  the  end  of  the  next  period, 
another  third  part  is  likewise  taken  away  :  which 
continual  subtraction  operates  in  the  inverse  method 
to  that  pursued  by  the  Equitable  Society,  and  must 
in  a  course  of  years  make  a  very  material  difference 
in  the  amount  to  be  added  to  the  policies  at  each 
respective  office.* 

General  Observations. 

§  444.  With  respect  to  the  remaining  institutions 
of  this  kind  now  in  existance,  I  believe  they  are  all 
formed  with  a  view  to  private  interest,  and  do  not 
profess  to  hold  out  any  peculiar  advantage  to  the 
publicf  It  will  be  recollected  that,  a  few  years  ago 
there  existed  in  this  country  a  great  rage  for  Joint- 
Stock  Companies;  and  the  public  were  much  amused 
with  the  various  proposals  that  daily  issued  from  the 
press.  The  enormous  profits  that  are  made,  by 
granting  Life  Assurances  and  Annuities,  attracted 
the  hopes  and  expectations  of  many  persons ;  and 
several  of  the  more  recent  Offices  may  ascribe  their 
origin  to  these  popular  impressions.  The  success, 
attending  the  establishment  of  these  Offices,  and  of 

*  It  will  appear  from  this  view  of  the  subject  that  a  person  insuring  at 
the  Rock  docs  not  stand  a  chance  of  receiving  even  one  half  the  additional 
profit  that  he  would  probably  obtain  by  insuring  at  the  Equitable.  See  the 
note  in  page  487. 

t  See  the  note  in  page  493« 
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similar  undertakings,  encouraged  others  to  come  for- 
ward, not  only  with  the  like  proposals,  but  with 
various  fanciful  schemes  and  visionary  projects :  and 
there  was  every  appearance  that  the  times  of  the 
South  Sea  Bubble  were  about  to  be  revived.  The 
same  measures,  however,  that  put  a  stop  to  the  ne- 
farious practices  of  that  period,  were  now  resorted 
to:  the  act  ot  6  Geo.  I,  c.  18,*  after  lying  dormant 
above  80  years,  was  applied  to  the  correction  of  this 
public  grievance ;  and  the  decision  of  the  Court  of 
King's  Bench,  in  the  case  of  The  King  versus  Dodd, 
put  a  stop  to  all  these  delusive  projects.  As  the 
opinion  of  the  Lord  Chief  Justice  (EUenborough)  on 
that  occasion  cannot  be  made  too  public,  and  as  it 
has  some  connection  with  the  present  subject,  I  shall 
make  no  apology  for  here  inserting  it. 

"  This  case  has  been  very  fully  argued,  and  the 
**  application  for  an  information  has  at  least  had  this 


*  By  that  lUtute  it  was  declared  that  all  the  mischicTous  undertakinga 
and  attempts  thtrein  detcrib«df  tending  to  the  common  grievance,  prejudice 
and  ioconTenicnce  of  his  Majesty's  subjects,  in  their  trado  and  commerce,^— 
aod  all  public  subscriptions,  receipts,  payments,  assignments  or  transfers, 
for  the  purpose  of  furthering,  countenancing,  or  proceeding  in  such  under- 
takinga,—«nd  more  particularly  the  presuming  to  act  as  a  corporate  body, 
and  pretending  to  raise  and  tranfer  any  shares  in  such  concerns  without 
legal  authority  (either  by  Act  of  Parliament  or  Royal  Ciiartcr) — sliould  be 
illegal  and  void.  All  such  undertakings  are  declared  to  be  a  publie  nuisance  ; 
and  persons  offending  therein  are  not  only  subject  to  the  usual  fines  in  such 
eases,  but  arc  further  liable  to  the  penalties  and  forfeiture  of  the  statute  of 
Pramunire* 

4   8 
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good  effect,  that  it  has  produced  a  full  discussion 
of  the  question,  and  has  given  a  general  notoriety 
to  the  existence  of  the  statute  of  the  6  Geo.  I :  so 
that  no  person  can  hereafter  pretend  to  say  that  it 
is  an  obsolete  law ;  and,  on  that  account,  no  longer 
to  be  enforced  against  such  as  offend  against  the 
provisions  of  it.  After  a  lapse,  however,  of  eighty- 
seven  years  since  any  authenticated  proceeding 
has  been  had  upon  this  branch  of  the  act,  and 
when  other  ways  are  still  open  to  the  party  now 
applying  to  put  this  act  in  force  against  offenders, 
the  Court  (in  the  exercise  of  a  sound  discretion, 
under  all  the  circumstances  of  the  case)  will  forbear 
to  interfere  in  this  extraordinary  manner.  But,  at 
the  same  time  we  wish  it  to  be  understood  that  it 
is  not  because  we  think  that  the  facts  brought  be- 
fore us  are  not  within  the  penalty  of  the  law  :  but 
we  choose  to  express  ourselves  with  the  greater 
reserve,  because  the  defendent  may  still  be  indic- 
ted, and  the  Court  may  still  be  called  (upon 
the  removal  of  the  indictment  by  certiorari,  or 
upon  an  information  filed  by  the  Attorney-Gen- 
eral) to  give  their  opinion  on  this  very  case.  But 
(independant  of  the  general  tendency  of  schemes, 
of  the  nature  of  the  project  now  before  us,  to  oc- 
casion prejudice  to  the  public)  there  is  besides  in 
this  prospectus  a  prominent  feature  of  mischief: 
for,  it  therein  appears  to  be  held  out  that  no  per- 
son is  to  be  accountable  beyond  the  amount  of  the 
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"  share  for  which  he  shall  subscribe,  the  conditions 
**  of  which  are  to  be  included  in  a  Deed  of  Trust  to 
'*  be  enrolled.  But  this  is  a  mischievous  delusion, 
*'  calculated  to  ensnare  the  unwary  public.  As  to  the 
'*  subscribers  themselves,  indeed,  they  may  stipulate 
*'  with  each  other  for  this  contracted  responsibility ; 
**  but  as  to  the  rest  of  the  world,  it  is  clear  that  each 
**  partner  is  liable  to  the  whole  amount  of  the  debts 
**  contracted  by  the  partnership.  I  forbear  to  com» 
"  ment  on  lesser  circumstances ;  such  as  the  small- 
"  ness  of  the  sum  to  be  subscribed  in  the  first 
'•  instance,*  (which  seems  to  carry  an  appearance  of 
*'  holding  out  a  luir  to  the  unwary)  and  other  features 
"  in  the  case.  But  (considering  that  this  is  brought 
"  fonvard  after  a  lapse  of  so  many  years  since  any 
"  similar  prosecution  was  instituted,  and  brought 
"  forward  by  a  party  who  does  not  profess  to  have 
"  been  himself  deluded  by  the  project ;  and  the 
"  statute  having  been  passed  principally  for  the  pro- 
**  tection  of  unwary  persons  from  delusions  of  this 
'*  kind)  the  Court  think,  in  the  exercise  of  their  dis- 

*  or  all  the  Life  Anurance  Compaoies  that  have  lately  bceD  established, 
Ae  Globe  is  the  only  one  that  has  paid  up  iu  sabscription  in  full.  The 
NBMiotof  ones  bare  dirided  their  capital  into  small  shares,  on  which  10  per 
cent  only  has  been  paid.  Thos,  the  Eagle  profenes  to  have  a  capital  of 
Two  Millions  ;  whereas  it  in  reality  consist  of  no  more  than  X^.OOO, 
which  is  divided  into  40,000  shares  of  £5  each.  And  the  Rock,  which  pro- 
fciiet  to  have  a  capital  of  Omk  Million,  is  divided  into  50,000  share  of  £2 
each.  A  rimilar  obserTation  will  apply  to  most  of  the  other  Societies.  It 
is  tmc  that  they  have  reserved  a  priviledge  of  making  a  call  for  the  remain- 
der :  but  I  hope  no  etreoiMtaiMet  will  ever  %naitf  wherein  their  power  or 
pretfosiont  may  b«  ditfvAtd, 
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"  cretion,  that  they  should  not  now  enforce  the 

*  statute  against  this  defendant,  at  the  relation  of  a 
"  person  so  circumstanced  :  leaving  the  relator  to 
"  the  common  law  remedy  by  indictment ;  or  the 
"  defendant  to  be  proceeded  against  by  His  Majesty's 
"  Attorney-General  e.v  officio,  if  he  should  deem  it 
•*  adviseable  for  the  protection  of  the  public.  But, 
"  the  Gourt  think  it  is  fit  that  this  rule  should  be 
**  discharged  without  costs.  And  they  recommend 
"  it  as  a  matter  of  prudence  to  the  parties  concerned, 
**  that  they  should  forbear  to  carry  into  execution 
*'  this  mischievous  project,  or  any  other  speculative 
"  project  of  the  like  nature,  founded  on  joint-stock 
**  and  transferable  shares :  and  we  hope  that  this  in- 
"  timation  will  prevent  others  from  engaging  in  the 
"  like  mischievous  and  illegal pi'ojects.*'" 

With  respect  to  the  constitutions  of  the  several 
Assurance  Companies  above  alluded  to,  they  are  all 
of  them  (with  the  exception  of  the  Amicable  and 
Equitable  Societies)  in  one  particular  nearly  the 
same.  In  each  of  them  the  Assured  may  be  divided 
into  two  classes,  Proprietors  and  Non-Proprietors. 
The  former  are  those  who  hold  shares  in  the  concern 
and  who  divide  allf  the  profit  among  themselves  ; 
and  the  latter  consist  of  such  other  persons  as  have 

*  East's  Reports,  in  Easter  Term  1808,  vol.  ix.  page  526. 

+  This  must  be  taken  with  some  limitation  as  far  as  it  regards  the  Pro- 
vident Institution  and  the  Boek ;  agreeably  to  what  I  have  above  stated, 
when  speaking  of  those  companies.  There  is  also  the  following  advantag^e 
held  out  by  the  Hope  Insurance  Company  :  viz.  *•  Persons,  not  being  p/o- 
**  prietors,  who  insur*  for  £600  upon  their  own  lives,  wilj,  upon  the  paynient 
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been  induced  from  ignorance,  persuasion,  or  necessity 
to  effect  assurances  at  those  Offices ;  and  who  (al- 
though they  pay  the  same  premium  on  their  policy 
as  at  the  Equitable  Society)  will  never  receive  a 
shilling  more  than  the  sum  originally  insured. 

For,  it  is  necessary  here  to  remark  (and  I  think  it 
an  observation  of  considerable  importance)  that  the 
rates  of  Assurances  on  lives  do  not  differ,  in  the  least, 
at  any  of  the  Offices :  so  that  whether  a  person  makes 
an  assurance  at  the  Equitable  Society  where  the  sum 
assured  is  continually  increasing  in  value,*  or  whether 
he  effects  it  at  any  other  Office  where  no  additional 
advantage  is  derived,  he  pays  precisely  the  same  pre- 
mium! Surely  this  important  fact  cannot  be  suffi- 
ciently known  by  the  public,  else  it  is  difficult  to  con- 
ceive how  any  of  the  newly  established  Offices  should 
ever  have  been  able  to  extend  their  business  beyond 
the  limits  of  their  own  proprietary  .f 

Independent,  however,  of  the  superior  advantage 
of  insuringat  the  Equitable  Society,  there  isasatisfac- 


"of  ten  dxiUiogi  per  cent  (on  their  admUsion)  beyond  the  premiam  paid  for 

*  the  AMurance,  be  entitled,  out  of  the  profits  of  the  Life  Fond,  to  tuck 
**  iatocat  or  diTidend  as  may  be  paid  on  a  £50  share  to  the  sereral  pro- 
**  prietota  tboreof ;  and  lo  in  like  maoaer  for  every  £500  to  insured.    But 

*  in  no  ease  wbaterer  are  they  to  be  responsible  for  any  claims  which  the 
**  Life  Fond  may  be  called  upon  to  pay  ;  the  Capital  of  the  Company  being 
«  of  tufficient  OMgnitadc  for  that  purpose." 

*  See  page  488. 

t  Every  proprietor,  in  all  these  newly  established  Societies,  is  obliged  to 
iofort  a  givea  lum  on  bis  own,  or  on  some  other  person's  life. 
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tion  arising  from  the  consciousness  of  its  superior 
security  *  This  security  originated  from,  and  is  prin- 
cipally maintained  by,  the  power  which  each  member 
possesses  (in  his  own  right)  of  giving  his  vote  and 
opinion  on  all  the  proceedings  of  the  Society  :  so  that 
no  unfair  advantage  can  be  taken  by  any  particular 
class  of  the  assured.  On  the  contrary,  at  all  the 
other  OflScesf  the  management  of  the  concern  is  in 
.the  hands  of  the  Proprietors  only :  and  the  Non-Pro- 
prietors (or  those  who  assure  at  the  office  without 
holding  any  share)  have  no  voice  whatever  in  the 
administration  of  the  affairs  of  the  Company.  They 
may  see  the  proprietors  voting  dividends  amongst 
themselves,  and  the  capital  of  the  society  (which 
ought  to  be  improved  with  the  greatest  economy) 
annually  dwindling  away :  but,  though  this  should 
be  apparent  to  the  most  common  observer,  they 
would  be,  in  a  great  measure,  unable  to  relieve  them- 
selves. For,  most  persons,  after  continuing  the  pay- 
ments  on   their   policies  though  a  series  of  years. 


*  A  person  who  makes  an  Assurance  against  Fire  is  content  if  the  Office, 
&t  which  he  insures,  possesses  the  present  confidence  of  the  public  and  of 
himself:  since  he  may  remove  his  policy  to  any  other  Office  whenever  he 
doubts  its  stability  or  rcsponsibleness.  Not  so  with  a  Life  assurance  :  for,- 
a  policy  of  that  kind,  once  entered  into,  cannot  be  removed  without  con- 
siderable loss  and  inconvenience  to  the  party;  and,  as  the  claim  may  not 
become  due  for  20,  30  or  40  year8j(nay,  perhaps  for  more  than  a  half  a  cent- 
tury)  it  therefore  particularly  behoves  him  to  be  satisfied  not  only  with  the 
present  flourishing  state  of  the  society  but  with  the  prospect  of  its  permo' 
nency  &ni  future  solvency. 

t  Excepting  the  Amicable  Society. 
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would  think  it  too  serious  an  injury  to  withdraw; 
and  would  rather  risk  the  issue  of  the  event, 
^ow,  though  I  by  no  means  wish  or  intend  to  castany 
reflection  on  the  present  managers  of  any  of  the  more 
recent  Societies,  many  of  whom  I  know  to  be  men  of 
strict  honour  and  integrity,  and  who  (considering 
themselves  equally  trustees  fur  the  public  as  for  the 
Sockty)  would  not  give  their  sanction  to  any  measure 
that  was  likely  to  endanger  its  security,  or  hazard 
its  reputation  ;  yet  their  voice  may  not  always  prevail 
against  a  numerous  body  of  proprietors,  neither  can 
Mcir  services  be  perpetuated.  And  the  sad  experience 
of  almost  all  preceding  establishments  of  a  similar 
kind,  which  have  been  formed  with  a  view  to  the 
benefit  of  posterity,  show  that  this  is  not  an  imagi- 
nary Qvil  only  :*  and  that  it  becomes  every  person 
connected  with  such  Societies  to  be  particularly 
cautious  that  no  attempts  are  made,  either  through 
ignorance  or  design,  to  risk  the  security  of  the  es- 
tablishment by  grasping  too  eagerly  at  immediate  or 
enormous  profits.  They  should  bear  in  mind  the 
advice  that  was  given  to  the  Directors  of  the  Equi- 
table Society  by  a  celebrated  writer  on  these  subjects, 
and  the  adoption  of  which  has  tended  to  raise  that  es- 
tablishment to  its  present  state  of  eminence.    **  They 


*  Let  any  penon  read  the  nerariotu  practice*  alluded  to  by  Dr.  Price  in 
\m  Obttrvattont  on  Reo.  Pay.  and  by  Mr.  Dale  in  bis  Cakulationt  deduetd 
fnmjtrtt  Principie*  ;  he  will  then  be  conrinccd  that  the  memben  cazmot 
keep  too  ri^ilaot  an  eye  orer  the  prooecdinga  of  their  society. 
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**  should  consider  what  distress  would  arise  from 
**  the  failure  of  the  concern  at  any  future  time ;  and 
**  what  are  the  dangers  which  ought  to  be  carefully 

**  guarded  against  in  order  to  secure  success.*' 

**  That  it  is  not  to  be  expected  that  any  society  can 
**  meet  with  difficulties  in  its  infancy ;  because,  not 
**  till  the  end  of  many  years,  after  it  has  acquired  its 
**  ma.vimum  of  members,  will  the  maximum  of  yearly 
*'  claimants  and  annuitants  come  upon  it.  Should 
"  it,  therefore,  through  inattention  to  this  remark,  and 
'*  the  encouragemeut  arising  from  the  possession  of 
**  a  large  surplus,  be  led  to  check  or  stop  the  increase 
"  of  its  stock  [or  to  divide  the  profits  of  the  concern] 
**  too  soon,  the  consequences  might  be  higly  perni- 

**  cious.*" **  That   it  is  of  great  importance  to 

**  the  safety  of  such  a  society  that  its  affairs  should 
**  be  under  the  inspection  of  able  mathematicians. 
"  Melancholy  experience  shows  that  none  but  ma- 
**  thematicians  are  qualified  for  forming  and  con- 
**  ducting  schemes  of  this  kind.  In  short;  dangerous 
**  mistakes  may  sometimes   be   committed,   if  the 

*  The  distinguishing  principle  of  the  London  Life  Association  is,  that 
the  profits  resulting  from  its  transactions  shall  be  shared  by  the  members 
during  life  :  whereby  the  security  of  that  establishment  must  be  considerably 
"  impaired.  For,  "  in  matters  of  chance  it  is  impossible  to  say  that  an  un- 
«  favourable  run  of  events  will  not  come,  which  may  hurt  the  best  contrived 
'*  scheme.  The  calculations  only  determined  probabilities  ;  and  agreeably 
"  to  these  it  may  be  depended  on  that  events  will  happen  on  the  whole. 
"  But,  at  particular  periods,  and  in  particular  instances,  great  deviations 
*'  will  often  happen  ;  and  these  deviations,  at  the  commencement  of  a  scheme, 
*'  must  prove  either  very  favourable  or  very  unfavourable," 
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"  aft'airs  of  such  a  society  are  not  managed  frugally, 
**  carefully,  and  prudently.*" 


Rates  for  Life  Assurances. 


^  445.  I  cannot  conclude  this  chapter  without 
some  observations  on  the  Rates  of  Life  Assurances 
published  by  the  several  Companies  above  alluded 
to :  and,  as  those  rates  are  the  same  in  all,  ray  re- 
marks will  equally  apply  to  each  of  those  different 
societies ;  excepting  perhaps  the  Equitable,  the  na- 
ture of  whose  establishment  renders  it  not  of  so  much 
moment  what  the  rates  are,  provicted  every  member 


*  Price's  Ob*,  on  Rev.  Pay.  vol.  1,  page  179.  The  same  author  |(ia 
pointing  out,  iu  another  place,  the  dangers  to  which  a  Society  of  this  kind 
is  exposed)  remarks,  **  that  there  are  no  questions,  the  solution  of  which 
*'  requires  a  stricter  attention,  or  greater  skill  in  inrestigation,  than  some  in 
**  the  doctrine  of  Assurances.  DifEcult  questions  arc  sometimes  brought 
**  to  the  Society  ;  and  the  Directors,  not  being  themselves  mathematicians, 
**  are  under  a  necessity,  in  making  their  demands,  of  being  governed  by  their 
**  Actuary ;  and  should  he  happen  to  be  unqualified,  he  must  make  mis- 
"  takes,  and  cither  the  Public  or  the  Society  will  be  injured.  In  short,  the 
**  Society  can  scarcely  be  sensible  enough  of  the  importance  of  both  abili- 
'*  tics  and  probity  in  the  bcrvants  it  employs  :  nor,  therefore,  of  the 
"  particular  reason  there  is  for  guarding  their  places  against  the  applications 
*'  uf  candidates  who,  on  any  future  vacancies,  may  endeavour  to  intrude 
"  themselves  by  tlicir  conoexioos  or  influence." 

4  T 


50G  ON    THE    LONDON  Ck.   14. 

pays  in  proportion.*  The  promoters  of  that  concern 
showed  their  sound  judgement  and  good  sense  in 
adopting  such  tables  of  the  probabilities  of  life  as 
were  rather  below  than  above  the  truth.  They  first 
made  use  of  Mr  Simpson's  Table  for  London ;  but, 
finding  these  too  inaccurate,  they  changed  them  for 
the  Northampton  Table.  Experience  has  confirmed 
the  propriety  of  their  choice  ;  but,  at  the  same  time, 
has  proved  to  us  that  the  Noi'thampton  Table  is  by  no 
means  a  correct  index  of  the  rate  of  human  mortality 
amongst  the  members  of  such  a  society.-j"  It  has, 
however,  been  adopted  by  all  the  of/fe?' offices^  under 
the  delusive  plea  that  "  experience  has  shown  it  to 
"  be  the  most  just  and  liberal  scale,  whereby  to  es- 
"  timate  a  fair  value  between  the  two  parties."  But, 
however  applicable  the  Northampton  Table  may  be 
to  the  use  of  a  society  constituted  as  the  Equitable  is. 


*  I  should  likewise  except  the  Amicable  Society,  whose  plan  and  con- 
stitution differ  80  materially  from  the  others. 

t  Mr.  Morgan  says  (Price's  Obs.  on  Rev.  Pay.  vol.  1,  page  183)  that  the 
decrements  of  life  in  the  Equitable  Society,  from  the  year  1768  to  1800, 
compared  with  the  decrements  of  life  in  the  Northampton  Table,  appear  to 
have  been  from  the  age  of 

10  to  20  in  the  ratio  of  1  to  2 

20  ..  30 1  to  2 

30  ..  40 3  to  6 

40  ..  50 3  to  6 

60  ..  60 6  to  7 

60  ..  80 4  to  6 

All  ages  together 2  to  3 
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it  certainly  is  not  entitled  to  the  same  degree  of  ap- 
probation as  affording  a  fair  estimate  of  the  value  of 
annuities  and  assurances  between  the  public  and  a 
trading  company ;  nor  even  as  between  two  indivi- 
duals, unless  under  particular  circumstances.  A 
more  just  and  equitable  scale  ou^hl  to  be  adopted  by 
those  societies  who  do  not  make  any  return  to  tha  as- 
sured, of  the  vast  profits  that  arise  from  this  species  of 
daily  traffic ;  and  would  tend  more  to  the  increase  of 
their  business  in  this  way,  and  would  likewise  be  more 
honourable  to  themselves,  than  the  disgraceful  practice 
oi bribing  solicitors,  agents  and  others  to  effect  as- 
surances at  their  Offices :  thereby  notoriously  in- 
ducing those  parties  to  sacrifice  the  interest  of  their 
employers  and  their  friends.*  For,  the  money  which 
is  applied  to  this  base  purpose  can  be  considered  in 
no  other  light  than  as  laijustly  taken  from  the  pockets 


*  Many  of  the  poblio  Coinpaoics,  who  do  not  make  any  return  of  the 
proSts  to  the  sssare^,  allow  a  liberal  premium  (generally  6  per  cent  on  the 
paynieat  made)  to  any  person  who  will  procure  an  insurance  tu  be  effected 
at  their  Of&fx  :  and  this  commission  ia  aUo  allowed  to  any  person  who  makes 
the  annual  payment  provided  it  be  not  the  party  himself!!!  An  artifice 
wliich  if  easily  seen  through  :  but  which  opens  such  a  door  to  fraud  and 
imposition,  that  it  cannot  be  too  severely  reprobated.  And  however  much 
it  may  be  sanctioned  by  the  Directors  in  their  public  capacity,  we  are  all 
aware  what  their  emotions  would  be  if  they  discovered  any  of  their  tradcs- 
mcQ  tampering  with  their  own  servants  in  this  opprobrious  manner :  uince 
they  must  well  know  who  would  eventually  py  for  it.  I  omit  to  give  the 
ncmes  of  those  companies  who  have  adopted  this  ncfariotis  practice,  under 
the  hope  that  such  a  tncaa  and  iiopro^ier  artifice  will  not  be  cocouraged  in 
future. 
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of  the  assured;  and  would  be  x^ove  properly  and  more 
equitably  employed  in  being  appropriated  towards  a 
reduction  of  the  rate  of  assurance  :  since,  if  the  Com- 
pany can  afford  to  allow  it  to  the  agent,  it  surely  can 
aiFord  to  allow  it  to  the  principal ;  and  it  evidently 
belongs  more  justli/  to  the  latter  than  to  the. former. 

The  Tables  of  the  Rates  of  Life  Assurances,  as  pub- 
lished by  the  several  Companies,  are  precisely  the 
same  in  each;  and  are  usually  three  in  number:  viz. 
one  for  Single  lives,  one  for  Joint  lives,  and  the  other 
on  the  Contingency  that  one  life  shall  die  before  an- 
other life.*  These  rates  are  all  deduced  from  the 
Northampton  observations,  and  at  the  rate  of  three 
per  cent  interest.  By  thus  computing  the  values 
from  the  lowest  probabilities  of  life,  and  at  the  lowest 
rate  of  interest,  the  Rates  become,  in  most  cases, 
full  a  third  more  than  they  ought  to  be  when  cal- 
culated from  the  more  correct  tables  of  the  pro- 
babilities of  life  as  observed  in  Sweden,  at  the  rate 
oijour  per  cent  interest ;  and  still  more  do  they  differ 
from  the  true  value  as  deduced  from  the  probabilities 
of  life  -as  observed  by  M.  De  Parcieux,  at  the  same 
rate  of  interest. 

Now,  since  the  rate  of  human  mortality,  amongst 


*  These  Tables  are  LI,  LII,  and  LIII  at  the  end ;  and  which  may  be 
had  at  any  of  the  Assurance  Offices.  On  a  comparison  of  them,  as  issued 
by  the  different  Offices,  they  will  be  found  to  be  all  alike  :  there  being  only 
a  trifling  difference  of  a  penny  or  twopence  per  cent  in  any  of  them  ;  which 
is  sometimes  in  excess  and  sometimes  in  defect. 
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the  members  assured  at  such  Societies,  is  by  no  means 
correctly  indicated  by  the  Northampton  •  table  of  ob- 
servations, but  approximates  more  nearly  to  the  ob- 
servations made  in  Sweden^  or  to  those  made  by  Af. 
De  ParcieiLi\  the  public  may  form  a  tolerable  cor- 
rect idea  of  the  immense  |  profit  that  is  made  by  this 
species  of  daily  traffic;  and  may  learn,  to  their  own 
cost,  the  impolicy  of  insuring  at  those  Offices  whose 
sole  object  is  gain,  and  who  consequently  make  no 
return  of  any  part  of  these  exhorbitant  demands.  A 
single  instance  will  illustrate  this. 

A  person  aged  20  is  desirous  of  assuring  his  own 
life  for  £5000 :  the  sum  demanded  for  this  purpose 
by  all  the  Assurance  Companies  is  £2140:2.0. 
But  the  true  value  of  such  sum,  as  deduced  from  the 
Sweden  Observations,  is  no  more  than  £1422  :  10  : 0, 
if  we  take  the  rate  of  interest  at  4  per  cent ;  and  no 
more  than  £1128  :  10:  0,  if  we  take  the  rate  of  in- 
terest at  5  per  cent :  or  when  deduced  from  the  ob- 
servations of  M,  De  Parckiury  it  is  no  more  than 
£1358  :  2  :  0,  taking  interest  at  4  per  cent ;  and  no 
more  than  £1078:  16:0,  taking  interest  at  5  per 
cent.  A  person,  therefore,  of  this  age  who  insures 
the  above  sum  at  any  of  those  Offices,  which  make 


*  it  is  in  the  ntio  of  unly  2  to  3.    Sec  the  note  in  page  50G. 

t  Some  idea  may  be  fonncil  of  thcge  cnormoas  gains,  from  the  large 
stimi  which  hare  occaaionolly  been  added  to  the  polieice  at  the  Equitable 
Society ;  and  which  have  amounted  to  above  one  millioa  and  a  half  iu  pre* 
scat  money.    Sec  pa||p  i80 
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no  return  of  any  part  of  the  premium,  may  be  con- 
sidered as  throwing  away  between  seven  hundred  and 
a  thousand  pounds*.  I  say  that  this  sum  is  thrown 
away  by  insuring  at  such  Offices,  because,  by  effec- 
ting the  same  assurance  at  the  Equitable  Societi/,  the 
money  thus  paid  down  is  carried  to  a  common  stock, 
and  thQ* whole '\  of  the  profits  of  the  concern  (after 
the  expenses  of  an  economical  establishment  are  de- 
frayed) are  from  time  to  time  divided  amongst  all 
the  persons  assured,  and  added  to  their  policies  :  so 
that  the  executors  of  a  person  assured  at  that  office 
have  a  chance  of  receiving  (at  his  death)  considerably 
moreX  than  the  sum  originally  insured.  The  public, 
I  presume,  are  not  aware  of  this  important  fact; 
otherwise  it  is  diflficult  to  conceive  how  the  other 


*  These  calculations  are  deduced  from  the  supposition  that  the  whole 
premium  is  paid  down  immediately  in  one  payment  :  but,  nearly  the  same 
differences  will  arise  if  we  suppose  the  premiums  to  be  made  annually.  For 
the  annual  payment  which  would  be  required,  by  all  the  Offices,  for  the  as- 
surance above  alluded  to,  is  £108  :  19  :  0  :  whereas  the  value  of  the  same, 
deduced  from  the  observations  of  M.  De  Parcieux,  is  £71  :  14  :  3,  if  interest 
be  taken  at  4  per  cent,  and  only  £65  :  10  :  0,  if  interest  be  taken  at  5  per 
cent. 

f  t  Every  person  bow  insuriog  at  that  Office  may  be  considered  as  par* 
taking  of  the  whole  of  the  profits  of  the  concern  ;  for  the  reasons  given  in 
the  note  in  page  487* 

X  They  have  a  chance  of  receiving  considerably  more,  for  two  reasons  : 
in  the  first  place  the  Society  can  generally  make  more  thaa  three  per  cent 
interest  of  their  money  ;  and  secondly,  the  lives  do  not  die  off  so  fast  as  tbe 
computations  suppose.  So  that  the  money  is  not  only  improved  at  a  better 
rftte  of  interest,  but  also  for  a  longer  period. 
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Offices  should  ever  have  been  able  to  effect  a  single 
policy,  except  such  as  the  Equitable  Society  had 
refuted. 

The  same  observations  will  apply  to  the  case  of 
Joint  lives;  since  the  values  are  here  also  deduced 
from  the  Northampton  table  of  observations,  and  at 
the  rate  of  three  per  cent  interest.  But,  if  we  take 
the  case  of  Contingent  assurances  (that  is,  of  an  as- 
surance made  on  a  given  life,  or  the  contingency 
that  it  dies  before  another)  we  shall  find  still  greater 
cause  for  censure.  For,  independent  of  the  rates 
being  computed  from  the  lowest  probabilities  of  life 
and  at  the  lowest  rate  of  interest,  they  are  also  de- 
duced from  a  rule  given  by  Mr.  Simpson*,  which 
produces  a  result  that  is  oftentimes  more  than  one 
third oi  the  true  value  too  much,  even  when  computed 
from  the  Northampton  table,  at  3  per  cent  interest !— A 
single  instance  will  confirm  this  also. 

A  person,  10  years  of  age,  is  desirous  of  assuring 
the  sum  of  £100  on  his  life,  on  the  contingency  that 
he  dies  before  another  person  aged  00.  The  sum 
which  would  be  demanded  by  all  the  Assurance 
Offices  (not  even  excepting  the  Equitable)  is  £  1 2 :  18:6 
in  a  single  payment,  or  £1  :  6 :  0  in  annual  payments 
during  the  joint  lives.  But  the  true  value  which 
ought  to  be  given  for  the  same  (even  on  the  sup- 
position that  the  rate  of  interest  is  no  more  than  3 
per  cent,  and  the  probabilities  of  living  the  same  as 

*  Bee  the  Scholium  in  page  446. 
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observed  at  Northampton)  is  only  £10:  13 :  0*  in  a 
siiigle  payment,  and  £1:1:5  in  annual  payments : 
consequently  the  Offices  demand  about  ^fourth  part 
of  the  true  value  more  than  (on  their  own  data)  is  just 
and  equitable.  If  the  value,  however,  had  been  de- 
duced from  the  probabilities  of  living  as  observed  by 
M.  De  ParcieiLZ',  and  at  the  rate  of  4^  per  cent 
interest,  it  would  be  £9:3:1  in  a  single  payment, 
and  only  eighteen  shillings  a?id  7ii?iepence  in  annual 
payments  .•  which  makes  the  Office  rate,  in  this 
case,  nearly  one  half  the  true  value  too  much! 

Mr.  Morgan  has  taken  considerable  pains  to  prove 
that  Mr.  Simpson's  rule  for  finding  the  value  of  these 
contingent  reversions  is  exceedingly  defective-\ ;  and 
that  it  oftentimes  leads  to  conclusions  too  erroneous 
to  be  overlooked.  Now,  since  the  true  values  can 
in  all  cases  be  obtained  with  so  little  trouble,  it  is 
somewhat  singular  that  the  incorrect  values,  in  Table 
LI II  above  alluded  to,  should  still  be  adopted  (not 
only  by  the  Equitable  Society,  but  also  by  every  other 
Office  in  London)  for  the  purpose  of  determining  the 
sums  that  are  required  for  effecting  assurances  on  the 


'  *  I  take  this  sum  from  Mr.  ^lorgan's  calculation  in  Phil.  Trans,  for  1788, 
page  344 ;  who  says  that  he  has  compared  it  with  the  sum  deduced  from 
the  exact  values  of  annuities  on  the  joint  lives  involved  in  the  solution. 

+  See  Phil.  Trans,  ibid.  The  singular  formula  however,  from  which 
Mr.  Morgan  has  deduced  his  values,  has  at  length  been  amended  by  him 
in  the  last  edition  of  Dr.  Price's  Obs.  on  Rev.  Pay.  Note  (O).  Sec  what 
lias  been  said  in  (be  note  in  page  187  of  the  present  work. 
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contingency  here  mentioned.  Amongst  the  numerous 
societies  that  have  lately  have  been  established,  is 
there  no  one  Actuary  that  has  the  confidence  to  pro- 
pose a  ttew  table  of  the  value  of  such  assurances, 
founded  on  a  true  and  proper  basis;  or  will  the  several 
Companies  still  persevere  in  their  unjust  and  illiberal 
demands  ?  Surely  their  profits  must  be  sufficiently 
great  by  taking  the  lowest  rate  of  interest,  and  the 
lowest  probabilities  of  living  as  the  basis  of  their  cal- 
culations ;  without  adding  thereto  the  unfair  advan- 
tage arising  from  the  use  of  inaccurate  rules*. 

The  following  tables  (given  by  Mr.  Morgan  him- 
selff)  of  the  present  value  of  £100  payable  on  the 
decease  of  A,  provided  B  be  then  alive,  will  show 
'*  how  far  Mr.  Simpson's  approximation,  the  only 
*'  rule  now  in  use  [bj/  the  Assurance  Offices],  may  be 
"  depended  upon." 


•  Thcae  obwrrtUoiu  will,  in  a  great  meMnrf ,  apply  also  to  the  Eqaitable 
Society  ;  noce  tboce,  who  AMure  on  this  contingency,  pay  more  in  propor^ 
tion  than  the  reat  of  the  membirB  :  and  it  is  curious  to  obserre  how  serrilcly 
the  other  Offices  hare  followed  their  example.  See  what  has  been  already 
Mid  opoo  this  subject  in  the  note  in  page  188. 

t  Sec  Fhii.  Trans,  ibid. 
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Interest  3  per  cent,  Northampton  Observations. 


Value  by 

Value  by 

Value  by 

-Age  of 

%°'- 

Simpson^s 

correct 

Age  of 

Age  of 

Simpson's 

A 

rule. 

rule. 

A 

B 

rule. 

10 

10 

24-75 

24-76 

20 

20 

27-96 

10 

20 

23-50 

2211 

20 

50 

19-29 

10 

3) 

21-47 

19-84 

30 

30 

30-21 

10 

40 

1907 

17-10 

30 

CO 

18-19 

10 

50 

1621 

14-04 

40 

40 

32-87 

10 

60 

12-93 

10-65 

40 

60 

22-78 

10 

70 

9-15 

7-07 

40 

70 

15-78 

Value  by 

correct 

rule. 

27  9C 
18-(56 
30-21 
17-51 
32-87 
21-92 
15-35 


Interest  4  per  cent,  Siveden  Observations. 


Value  by 

Value  by 

Value  by 

Value  by 

Age  of 

Age  of 

Simpson's 

correct 

Ageo' 

Age  ol 

Simpson's 

correct 

-:A 

B 

rule. 

rule. 

A 

B 

rule. 

rule. 

14 

20 

17-82 

15-42 

40 

40 

26-99 

26-99 

16 

40 

16-23 

13-71' 

40 

76 

9-81 

9-21 

20 

20 

19-84 

19-84 

42 

60 

19-08 

16-11 

24 

60 

13-01 

9-39 

52 

7H 

14-00 

12-58 

28 

40 

20-44 

17-60 

60 

60 

36-34 

36-34 

36 

60 

16-81 

12-29 

64 

76 

22-81 

23-81 

It  will  be  seen  by  this  comparison  that,  when  the 
ages  of  the  two  lives  are  equaly  the  exact  values  are 
found  by  either  rule*  ;  but  when  there  is  any  consi- 
derable inequality  between  the  ages  of  the  two  lives, 
the  values  by  Mr.  Simpson's  rule  are  in  many  cases 
so  wide  from  the  truth,  as  to  show  the  impropriety 


*  Owing  to  some  strange  error  in  his  calculation,  Mr.  Morgan  ban  made 
the  values  deduced  from  Mr.  Simpson's  formula  (accordmg  to  the  Sweden 
observations  and  when  the  lives  are  equal)  different  from  those  obtained  by 
the  correct  rule  :  wlien-as  it  niu.'-t  be  evident  Iroin  an  ins])rction  of  the  for- 
mula ill  me  UDto  in  \nxi'-  443,  tiiat  tliey  ouglii  in  such  casu  to  be  precisely 
the  tame.  The  correction  of  this  error  is  the  only  alteration  I  have  made 
in  the  Table.  • 
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of  their  being  used  by  any  office,  professing  to  b© 
guided  by  mathematical  principles. 


Rates  of  Life  Annuities. 

§  446.  The  observations  which  I  have  made  in 
page  3GI  will  apply  with  equal  force  to  the  terms  on 
which  the  Provident  Institution  grants  deferred  Life 
annuities.  For  instance  :  the  sum  of  £116  :  8  :  0  is 
demanded  for  an  annuity  of  £20  on  the  life  of  a  per- 
son, now  aged  20,  to  commence  when  he  is  40  years 
of  age.  Now  the  value  of  the  same  annuity,  on  the 
life  of  a  person  aged  40,  is  (at  the  same  Office)  es- 
timated at  £296.  But  £116  :  8  :  0  put  out  to  interest 
at  5  per  cent  for  20  years  would  amount  to 
;^308 :  16  :  10 ;  or  to  near  £13  more  than  the  sum  for 
which  he  might  then  obtain  the  same  annuity,  with- 
out the  risk  of  losing  his  money  ///  the  mean  time! ! ! 

With  respect  to  the  value  of  Life  Annuities  in 
general,  at  this  Office,  (and  which  is  the  only  one, 
except  the  Royal  exchange,  that  has  hitherto  pub- 
lished its  rates),  I  would  observe  that,  like  the  values 
adopted  by  that  Corporation,  they  are  too  low  in  the 
younger,  and  too  high  in  the  older  periods  of  life. 
The  cause  of  which  anomaly  is  too  apparent :  since 
life  annuities  are  generally  purchased  by  those  of 
more  advanced  ages,  and  are  seldom  resorted  to  by 
the  young.  I  would  however  remark  that  those  per- 
•ons  who  are  desirous  of  purchasing  annuities  on 
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their  own  lives,  or  on  any  other  person's  life,  or  on 
two  lives  with  benefit  of  survivorship,  have  now  *  an 
opportunity  of  doing  it  with  much  greater  security 
and  advantage,  than  at  any  of  the  Offices  above  al- 
luded to.  For,  by  the  act  48  Geo.  Ill,  c.  142,  any 
person  may  exchange  Reduced  or  Consolidated  3  per 
cent  stock  for  an  annuity  on  the  life  of  a  nominee 
not  younger  than  35  and  not  older  than  75  years  of 
age.  And  as  the  terms,  on  which  this  exchange 
can  be  made,  are  always  more  advantageous  to  the 
party  than  by  a  direct  purchase  of  such  annuities  at 
any  of  the  Offices ;  it  is  probable  that  this  plan  will, 
for  the  future,  be  the  only  one  resorted  to,  in  such 
cases,  as  long  as  it  remains  in  effectf.     This  obser- 


•  In  my  Doctrine  of  Interest  and  Annuifiea,  page  106,  I  suggested  the 
propriety  and  advantage  to  Goverument  in  exchanging  some  of  the  Public 
Stocks  for  Life  Annuities  :  and  I  proposed  to  enter  more  at  large  on  this 
subject  at  some  future  opportunity.  But,  has  that  plan  has  since  been 
adopted  on  so  fair  and  liberal  a  scale,  I  can  only  add  my  best  wishes  for  its 
success. 

t  The  rate  at  which  the  exchange  can  be  made  depends  on  the  price  of 
the  stock  on  the  day  preceding  the  day  of  transfer :  and  the  exchange  may  be 
effected  at  any  time  when  the  price  of  the  3  per  cents  is  between  60  and 
81  :  the  terms  varying  according  to  every  one  per  cent  difference  in  the 
market  price  of  the  stock.  The  limits  of  this  work  will  not  enable  me  to 
insert  the  whole  of  the  Table  given  in  the  act ;  I  shall  therefore  subjoin 
only  a  few  of  the  values  of  annuities  on  Single  lives  according  to  three  dif- 
ferent prices  of  stock ;  to  which  I  shall  add  the  terms  of  the  Koyal  Exchange 
Assurance  annuity  Company  and  of  the  Provident  Institution  (the  only 
ones  that  have  hitherto  published  their  rates),  whereby  an  estimate  may  be 
formed  of  their  comparative  advantages.  I  would  previously,  however,  ob- 
serve that  tbt  annuities  granted  by  Gov  ernmentand  by  the  Provident  Insti> 
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▼ation,  however,  applies  only  to  such  persons  as 
wish  to  purchase  annuities.  But  there  are  many 
others  who  are  obliged,  from  various  causes,  to  sell 
or  grant  annuities  on  their  own,  or  on  other  persons', 
lives  :  and  several  of  the  Offices  are  in  the  habit  of 
purchasing  the  same ;  or,  of  advancing  money  on 
such  contingencies,  I  am  unacquainted  with  the 
tcmu  on  which  this  part  of  their  business  is  con- 
ducted: neither  do  I  suppose  that  they  are  nicely 
weighed  by  that  class  of  persons  who  are  driven  to 
Ruch  an  unfortunate  and  ruinous  measure. 

Conclusion. 

^  447.  Before  I  conclude  this  subject  I  ought  to 
mention  that,  in  consequence  of  the  pernicious  prac- 
tice of  raising  money  by  the  sale  of  Life  Annuities, 


tution  are  payable  half-yearly  :  whereas  those  granted  by  the  Royal 
eithange  are  fwyable  qoarterly.  But  this  does  not  make  any  material 
diiiBreMt  in  the  tme  valut. 


Age. 

Royal 
Exchange 

Provident 
Institution 

Government  Ra 

e«. 

4  per  cent. 

4^  per  cent 

.5  per  cent, 

Ratea. 

Kates. 

Stock  at  76 

Stock  06| 

Stock  at60 

36 

16-380 

16-600 

14-663 

13-878 

13-043 

40 

14-700 

14-800 

13-761 

1.3-072 

12-371 

45 

13-700 

13-700 

12-821 

12-232 

11 -0.50 

60 

12-820 

12-600 

11-71» 

11-299 

10-714 

66 

12-060 

11-496 

10-638 

10-266 

9-836 

60 

10-870 

10-260 

0-404 

9-009 

8-889 

66 

•-800 

OKMX) 

8*242 

8-oei 

7-792 

70 

8-770 

7-760 

6-849 

6-734 

6-622 

76 

7-760 

6-600 

6-395 

6-333 

6196 
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which  was  much  promoted  by  the  secrecy  with  which 
such  transactions  were  conducted,  it  was  enacted  by 
17  Geo.  Ill,  c.  26  (commonly  called  the  Annuity  Act) 
that  a  memorial  of  all  deeds,  bonds,  &c.  for  granting 
Life  Annuities  shall,  within  20  days  of  the  execution 
thereof,  been  rolled  in  the  Court  of  Chancery ;  which 
memorial  shall  not  only  contain  the  date,  names  of 
all  the  parties  (dind  for  whom  any  of  them  are  trustees), 
and  of  all  the  witnesses,  but  shall  likewise  set  forth 
the  amount  of  the  annuity,  the  consideration  (which 
shall  be  in  money  only*),  and  the  name  of  the  an- 
nuitant :  otherwise  such  deed,  &c.  shall  be  null  and 
void  f. 

This  being  the  case,  it  would  be  almost  imposible 
for  any  of  those  societies,  of  the  nature  of  Joint-Stock 
Companies,  to  deal  in  this  kind  of  securities ;  since 
the  ndiVaQS  oi  all  the  proprietors  (amounting  to  some 
hundreds,  or  perhaps  to  some  thousands^)  must  be 
inserted  in  the  deed  :  and  it  would  in  fact  be  difficult, 
if  not  impossible,  to  collect  all  those  names,  at  the 
time  of  making  any  one  contract,  owing  to  the  fluc- 
tuating state  of  the  proprietary.  To  obviate  this  in- 
convenience, some  of  those  Societies  have  obtained 

•  Bank  notes,  a  cheque  on  a  banker,  a  promissory  note,  or  a  bill  of  ex- 
change are  held  to  be  a  good  consideration  provided  they  &xepaidu3hendti9t 
and  aUo  provided  that  they  axe  fully  set  forth  in  the  deeds. 

\  There  are  some  exceptions  to  this  act  ;  amongst  which  are  annuities 
granted  by  any  Coporate  Body,  or  under  any  authority  or  trust  created  by 
Act  of  PurliamcnI. 

X  Bee  the  note  in  page  499. 
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Acta  of  Parliament  with  a  view  to  enable  them  to 
enrol  such  memorials  in  the  names  of  the  parties  to 
such  deeds.  &c ;  and  with  an  intention  that  such  en- 
rolment might  (all  other  requisites  of  the  Annuity 
Act  being  duly  complied  with)  be  as  good  and  ef- 
fectual, to  all  intents  and  purposes,  as  if  the  names 
of  ail  the  parties  interested  were  inserted  therein. 

The  Societies,  that  have  obtained  these  illusive* 
Acts,  are  the  Globe,  the  Albion,  the  London  Life  As' 
sociation^  the  Pelican,  and  the  Provident  Institution : 
and  there  is  a  clause  in  those  acts  whereby  these 
Companies  are  enabled  to  prosecute  and  to  sue  in  the 
name  of  one  of  their  officers ;  but  they  have  not  the 
firivilege  of  being  sued  in  the  same  manner.  And  it 
is  moreover  expressly  provided  by  each  Act  '*  that 


*  Se«  the  Acts  47  Qeo.  Ill,  Sew.  1,  c.  xxx,  xxxi,  xxxil,  xxxiii  and 
xxxiT.  Owiag  to  a  otrange  oreraight,  these  Acta  became  of  no  effect,  al« 
moat  aa  toon  aa  formed  ;  and,  in  order  to  render  them  of  any  real  aervioe  to 
the  parties,  it  wan  found  necessary  to  hare  them  amended.  The  Globe,  the 
Albion  and  the  Pelican  therefore  obtained  new  Acts  for  that  purpose,  ia 
the  very  aame  year ;  being  47  Geo.  Ill,  Sess.  2,  c.  Ixxxvi,  Ixxxvii  and 
Ixxxviii :  but  the  London  Life  Aetociation  and  the  Provident  Inetitution 
remain  in  their  original  doubtful  state.  These  new  Acts,  however,  being 
•till  open  to  some  objections,  were  further  amended  and  explained  (at  least, 
the  titles  «o  expreaa  it)  by  49  Geo.  Ill,  o.  cxxiii.  oxxiv  and  cxxr. 

Under  shelter  of  these  statutes,  the  Albion  boldly  claims  the  ambigaooa 
quality  of  being  "  Empowered  by  Act  of  Parliament :"  but  the  ProwidtiU 
Inetitution,  with  kee  right  and  more  effrontery,  falsely  asserts  that  it  ia 
**  S}iccially  empowed  by  Act  of  Parliament  for  the  Insurance  of  Lives,  and 
**  the  grant  and  porefaaae  of  Annuities."  Surely  this  artifice  ia  unworthy 
•f  tke  rtapeetablc  naraea  at  the  head  of  those  Societies. 
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**  nothing  therein  contained  shall  extend,  or  be 
"  deemed,  construed,  or  taken  to  extend  to  incorpo- 
"  rate  the  said  society  or  partnership ;  or  to  relieve 
"  or  discharge  the  said  society  or  partnership  (or  any 
**  of  the  members  thereof,  or  subscribers  thereto  res- 
**  pectively)  from  any  responsibility,  contracts,  du- 
"  ties  or  obligations  whatsoever;  which,  by  law,  they 
"  may  (now,  or  any  other  time  hereafter)  be  subject 
**  ar  liable  to,  either  as  between  such  society  or  part- 
*'  nership  and  others ;  or  between  the  (or  any  of  the) 
**  individual  members  of  such  society  or  partnership 
"  and  others ;  or  among  themselves ;  or  in  any  other 
"  manner  whatsoever." 

I  cannot  close  this  chapter  without  observing  that, 
by  statute  14  Geo.  Ill,  c.  48,  it  is  enacted  that  no 
Assurance  shall  be  made  on  lives,  wherein  the  party 
assured  hath  no  interest ;  that  in  all  policies  the  name 
of  such  interested  party  shall  be  inserted ;  and  no- 
thing more  shall  be  recovered  thereon  than  the 
amount  of  the  interest  of  the  assured.  And  it  has 
lately  been  decided  that,  although  an  interest  ex- 
isted up  to  the  very  time  that  the  claim  became  due, 
yet  if  such  interest  be  afterwards  destroyed,  the 
money  could  not  be  recovered.  See  (in  East's  Re- 
ports, Vol.  9,  page  72)  the  case  of  Godsall  and  others 
versus  Boldero  a?id  others,  three  of  the  directors  of  the 
Pelican  Life  Assurance  Company,  who  refused  to 
pay  the  sum  of  £500,  insured  on  the  life  of  the  late 
Mr.  Pitt,  under  the  plea  that  his  debts  had  been 
paid  by  Parliament. 
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Showing  the  Number  of  Persons  living,  at  the 


Ages! 

Lond. 

Siock 

-.uliii 

Vicnnii 

Berlin 

Nor- 

North 

Ul.e^ 

ter 

Malis 

i""ein. 

wich 

mnpt. 

Miilcs 

l"'eiii. 

0  1000 

1000 

1000 

LOGO 

1000 

ICOO 

ICOO 

1000 

loot 

1 

680 

577 

611 

542 

633 

730 

743 

773 

8-2e 

2 

548 

497 

521 

471 

528 

51' 5 

625 

678 

735. 

3 

492 

443 

468 

430 

485 

544 

582 

624 

68^ 

4 

452 

405 

433 

400 

434 

517 

553 

588 

64  ^ 

5 

426 

381 

413 

377 

403 

498 

£36 

571 

62 

6 

410 

366 

398 

357 

S87 

481 

521 

556 

GOi 

7 

397 

355 

386 

344 

376 

467 

509 

543 

601 

8 

388 

346 

377 

337 

367 

467 

499 

537 

59(, 

9 

380 

338 

370 

331 

361 

447 

492 

528 

591 

10 

373 

330 

364 

327 

356 

440 

487 

524 

58t 

11 

367 

325 

359 

322 

353 

434 

483 

521 

58: 

12 

301 

3-21 

356 

318 

350 

429 

478 

519 

58;. 

13 

356 
351 

317 
314 

354 
3:)1 

314 

4  tvi 

347 
014 

4 -J  4 

474 

516 

e  1  0 

57! 

14 

oiu 

r}44 

419 

470 

513 

571 

15 

347 

310 
306 

348 
345 

806 
302 

341 
338 

415 

465 

511 

571 

16 

343 

411 

461 

506 

56f 

17 

338 

301 

342 

209 

335 

407 

457 

501 

56S 

18 

334 

29G 

339 

295 

332 

403 

452 

496 

55b 

19 

3-29 

291 

335 

291 

328 

398 

446 

490 

55£ 

20 

325 

285 

331 

288 

3:24 

394 

441 

485 

547 

21 

321 

279 

327 

•284 

320 

389 

434 

479 

543 

22 

316 

273 

323 

280 

315 

384 

428 

473 

53b 

23 

310 

267 

319 

276 

310 

379 

42,1 

467 

53S 

24 

305 

261 

315 

273 

305 

374 

415 

461 

528 

25 

299 

25  i 

311 

2t9 

297 

869 

409 

454 

523 

26 

294 

1:47 

306 

265 

293 

364 

402 

448 

515 

27 

288 

240 

302 

261 

287 

358 

396 

441 

508 

28 

283 

233 

297 

256 

281 

352 

389 

434 

500 

29 

278 

226 

291 

251 

275 

346 

383 

428 

49u 

30 

272 

219 

285 

247 

269 

341 

376 

422 

485 

31 

266 

212 

279 

243 

264 

336 

370 

417 

479 

32 

260 

205 

273 

239 

259 

331 

364 

412 

473 

33 

254 

198 

267 

235 

254 

326 

357 

407 

467 

34 

248 

192 

261 

231 

249 

321 

351 

402 

461 

35 

242 

185 

254 

226 

243 

316 

344 

397 

455 

62^ 
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seTerol  Ages  and  Places  therein  mentioned. 


AfTf 

law. 

Sweden 

Pur  Mil 

in 
nrnn«J. 

Hul; 
Cfom 

Vaud 

Anitta. 

in 
(lol. 

TooU. 

io 
Prnncr 

Mule* 

Km. 

B.ih 

0 

1000 

1000 

1000 

1000 

1000 

1000 

1000 

1000 

1000 

1 

769 

770 

791 

780 

775 

817 

811 

801 

745 

3 

O.'iS 

720 

739 

730 

718 

754 

715 

768 

709 

3 

614 

686 

701 

695 

.687 

708 

735 

736 

6S2 

4 

5S5 

6f>2 

679 

671 

664 

677 

715 

709 

662 

5 

5()3 

647 

666 

656 

642 

651 

701 

689 

647 

C 

546 

635 

654 

614 

622 

G30 

688 

676 

634 

7 

532 

624 

643 

631 

607 

614 

677 

664 

624 

8 

523 

615 

635 

625 

595 

GOl 

667 

652 

615 

9 

515 

60S 

628 

618 

585 

594 

659 

646 

607 

10 

508 

601 

622 

611 

577 

589 

653 

639 

600 

11 

502 

596 

616 

606 

570 

585 

648 

633 

595 

12 

497 

591 

612 

602 

5G4 

582 

643 

627 

590 

13 

492 

587 

008 

597 

559 

579 

639 

621 

585 

14 

488 

583 

604 

594 

5.',4 

576 

635 

616 

581 

15 

483 

579 

601 

590 

549 

573 

631 

611 

578 

IG 

479 

575 

597 

586 

544 

569 

626 

606 

574 

17 

474 

571 

593 

582 

539 

565 

622 

601 

570 

18 

470 

567 

589 

578 

535 

5G1 

618 

59(i 

565 

19 

465 

5G3 

585 

574 

531 

557 

614 

590 

501 

20 

461 

558 

581 

570 

527 

553 

610 

584 

556 

21 

456 

553 

577 

565 

522 

.■548 

606 

577 

551 

23 

451 

548 

572 

5  GO 

517 

542 

602 

571 

545 

23 

446 

543 

568 

555 

512 

537 

597 

566 

540 

24 

441 

538 

564 

551 

507 

531 

592 

559 

534 

25 

436 

532 

559 

546 

602 

525 

587 

551 

529 

26 

431 

527 

555 

541 

498 

619 

582 

543 

523 

27 

426 

521 

550 

535 

495 

512 

577 

535 

517 

28 

421 

516 

544 

530 

492 

506 

572 

526 

512 

29 

415 

510 

539 

525 

489 

500 

567 

517 

506 

SO 

409 

505 

533 

519 

486 

495 

563 

508 

500 

31 

403 

499 

527 

513 

482 

489 

558 

499 

495 

32 

397 

493 

521 

507 

477 

48S 

553 

490 

490 

33 

391 

487 

515 

501 

472 

478 

548 

482 

484 

34 

384 

481 

508 

495 

467 

578 

544 

474 

479 

85 

377 

475 

502 

488 

4G2 

466 

539 

467 

474 

624 
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- 

5^  Lond. 

Stoc 

fcliolin 

v'  1  f  ¥1  n  1 

Berlin 

Nor- 

North- 

CliestHr   ) 

iipV, 

M.iles 

Fern. 

y   icijiit 

wicli 

TMni't. 

MftI 

•s  Ki'iii. 

36 

236 

179 

218 

221 

237 

311 

338 

391 

448 

37 

230 

172 

242 

216 

230 

306 

331 

385 

442 

38 

224 

166 

236 

211 

223 

300 

325 

379 

435 

39 

218 

160 

230 

205 

216 

295 

318 

373 

429 

40 

212 

154 

223 

199 

209 

290 

312 

366 

422 

41 

207 

148 

217 

194 

293 

284 

305 

360 

415 

42 

201 

142 

210 

189 

197 

"278 

299 

352 

408 

43 

194 

136 

204 

185 

192 

274 

292 

345 

401 

44 

187 

130 

197 

181 

187 

268 

285 

337 

394 

45 

180 

124 

190 

176 

182 

263 

279 

329 

387 

46 

174 

119 

184 

171 

177 

257 

272 

322 

380 

47 

167 

113 

177 

165 

172 

251 

265 

314 

373 

48 

159 

108 

171 

159 

167 

245 

259 

306 

366 

49 

153 

102 

164 

153 

162 

239 

252 

298 

■  359 

50 

147 

97 

158 

147 

157 

233 

245 

290 

352 

51 

141 

91 

152 

142 

152 

227 

238 

281 

345 

52 

135 

86 

146 

137 

147 

221 

231 

273 

338 

53 

130 

81 

141 

133 

142 

215 

224 

264 

331 

54 

125 

76 

135 

128 

137 

208 

217 

256 

325 

55 

120 

71 

130 

123 

132 

202 

210 

249 

318 

56 

116 

67 

125 

117 

127 

195 

203  '. 

241 

312 

57 

111 

62 

120 

111 

121 

188 

196   234 

306 

58 

106 

58 

115 

106 

115 

181 

189   226 

300 

59 

101 

54 

110 

101 

109 

175 

182   5 

219 

293 

CO 

96 

50 

105 

96 

103 

168 

175   211 

286 

61 

92 

46 

100 

91 

97 

161 

168   201 

277 

62 

87 

42 

94 

87 

92 

154 

l6l   190 

265 

63 

83 

38 

88 

82 

88 

147 

154   ] 

78 

253 

64 

78 

35 

82 

77 

84 

139 

147   167 

242 

65 

74 

31 

77 

72 

80 

132 

140   156 

232 

66 

70 

28 

72 

67 

75 

124 

133   148 

224 

67 

65 

26 

67 

62 

70 

116 

126   141 

217 

68 

61 

23 

62 

57 

66 

109 

119   136 

210 

69 

56 

21 

57 

52 

60 

101 

113   103 

202 

70 

52 

20 

52 

"48 

55 

94 

106   123 

193 

71 

47 

17 

47 

44 

51 

86 

99   115 

181 

72 

43 

15 

42 

40 

47 

79 

92   130 

167 

73 

39 

13 

38 

36 

43 

73 

85 

92 

153 

74 

85 

11 

33 

33 

32 

66 

78 

81 

139 

75 

32 

10 

28 

30 

35 

59 

71 

72 

127 

I 


625 
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A«e.l  ^'"•- 

SwMltn 

Pkriali 
io 

Rrnii'l. 

Holy 

V»od 

Annts. 

'loDM. 

la 

rtjr- 

'1  law 

Main 

K.-ro. 

Roili 

Cros« 

In 
H..I. 

Fi«noe 

sT 

370 

469 

496 

482 

456 

460 

533 

460 

460 

37 

363 

463 

490 

477 

450 

453 

527 

453 

464 

38 

356 

457 

185 

471 

444 

447 

520 

446 

459 

39 

349 

451 

479 

465 

438 

441 

513 

439 

454 

40 

348 

445 

473 

459 

432 

435 

506 

432 

449 

41 

335 

438 

467 

453 

427 

428 

500 

485 

444 

42 

988 

431 

459 

445 

422 

422 

494 

419 

439 

43 

381 

423 

452 

437 

417 

416 

488 

413 

434 

44 

314 

415 

444 

430 

412 

409 

482 

407 

429 

45 

307 

407 

437 

422 

407 

402 

476 

400 

424 

46 

299 

399 

429 

414 

400 

394 

4G9 

393 

419 

47 

291 

391 

423 

407 

394 

387 

461 

386 

413 

48 

283 

383 

416 

400 

388 

380 

451 

378 

408 

49 

275 

375 

410 

392 

381 

373 

441 

370 

408 

50 

267 

367 

403 

385 

374 

365 

431 

362 

396 

51 

259 

357 

395 

376 

367 

358 

422 

354 

390 

58 

250 

348 

387 

367 

359 

351 

414 

345 

384 

53 

241 

338 

3'79 

358 

351 

344 

406 

336 

378 

54 

232 

329 

370 

349 

343 

335 

397 

327 

371 

55 

224 

319 

362 

340 

334 

327 

388 

318 

363 

56 

216 

310 

353 

331 

324 

319 

377 

309 

355 

57 

29 

3;)0 

345 

322 

314 

310 

364 

3)0 

346 

58 

201 

290 

336 

312 

304 

301 

348 

291 

338 

59 

193 

280 

327 

303 

293 

292 

331 

282 

329 

60 

18€ 

270 

317 

293 

282 

283 

314 

273 

319 

61 

178 

260 

306 

282 

271 

873 

299 

264 

309 

68 

170 

849 

294 

271 

260 

264 

286 

255 

299 

63 

163 

237 

288 

259 

248 

255 

274 

245 

288 

64 

155 

226 

270 

247 

230 

245 

262 

235 

878 

65 

147 

214 

258 

235 

224 

236 

250 

225 

267 

66 

140 

803 

246 

824 

213 

226 

236 

215 

256 

67 

138 

191 

234 

212 

202 

216 

220 

205 

245 

68 

124 

179 

222 

200 

190 

2(;6 

2(;.2 

195 

234 

69 

117 

167 

210 

187 

178 

195 

184 

185 

888 

70 

109 

154 

198 

175 

166 

185 

168 

175 

211 

71 

101 

148 

185 

1G2 

153 

175 

153 

166 

199 

73 

93 

129 

171 

149 

138 

1G4 

140 

155 

187 

73 

85 

117 

156 

135 

122 

155 

129 

145 

175 

74 

77 

105 

141) 

121 

107 

144 

119 

135 

162 

75 

69 

94 

125 

108 

93 

134 

109 

125 

148 

626 
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Ages 

Lond. 

Stock 

lolin 

Viennsi 

Berlin 

Nor- 

N-orth- 

Chester     ij 

AJales 

l-'fin. 

wich 

nmpt. 

Mules 

Fern.! 

76 

«8 

8 

23 

27 

32 

62 

65 

64 

U^ 

77 

25 

6 

19 

24 

29 

46 

58 

58 

lC6 

78 

22 

5 

16 

21 

26 

40 

52 

52 

96 

79 

19 

4 

13 

18 

23 

35 

46 

47 

86 

80 

17 

3 

10 

16 

20 

31 

40 

4.1 

76 

81 

14 

2 

8 

14 

18 

27 

35 

36 

66 

82 

12 

2 

6 

12 

16 

24 

30 

31 

57 

83 

10 

1 

4 

10 

14 

20 

25 

26 

47 

84 

8 

1 

3 

8 

12 

17 

.20 

22 

37 

85 

7 

1 

2 

7 

10 

14 

16 

19 

29 

86 

6 

0 

1 

6 

8 

12 

12 

15 

23 

87 

5 

•0 

1 

5 

7 

9 

9 

13 

19 

88 

4 

0 

0 

4 

6 

8 

7 

11 

16 

89 

3 

0 

0 

3 

r5 

.6 

5 

9 

14 

90 

2 

0 

0 

2 

•4 

4 

4 

7 

13 

91 

1 

0 

0 

1 

3 

2 

3 

6 

11 

92 

0 

0 

0 

0 

:2 

1 

,2 

.4 

9 

93 

0 

0 

0 

0 

1 

0 

1 

2  ■ 

7 

94 

0 

0 

0 

0 

0 

0 

1 

1 

5 

95 

0 

0 

0 

0 

0 

0 

0 

0 

.3 

96 

0 

0 

0 

0 

0  . 

0 

0 

0 

2 

97 

0 

0 

0 

0 

0 

0 

0 

0 

1 

627 
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Ajc» 

Brr*. 

l>*«<i«ru 

io 

Holy 
OruM 

Vaod 

Aiiiiu. 

in 

H..I. 

1  Uulk. 

in 

Main 

Kcm. 

Both 

76 

61 

84 

Ill 

96 

80 

124 

98 

114 

134 

77 

63 

74 

98 

84 

68 

115 

85 

103 

120 

78 

45 

65 

86 

75 

59 

1«!6 

71 

98 

106 

79 

38 

66 

75 

65 

51 

96 

58 

82 

94 

80 

St 

48 

05 

56 

44 

87 

46 

72 

81 

81 

tt 

41 

55 

47 

38 

78 

36 

62 

70 

82 

tB 

34 

46 

38 

32 

69 

29 

53 

59 

83 

18 

27 

38 

31 

25 

61 

24 

45 

49 

84 

15 

21 

30 

24 

21 

53 

20 

38 

40 

85 

IS 

16 

22 

19 

15 

44 

17 

31 

33 

86 

9 

12 

17 

14 

11 

36 

14 

25 

26 

87 

6 

9 

13 

11 

8 

29 

11 

19 

21 

88 

4 

7 

10 

8 

6 

23 

9 

14 

16 

89 

2 

5 

8 

6 

4 

18 

7 

10 

12 

9U 

1 

4 

6 

5 

3 

13 

5 

7 

8 

91 

0 

3 

4 

3 

2 

10 

4 

6 

5 

92 

0 

2 

3 

2 

1 

8 

3 

4 

3 

93 

0 

1 

2 

1 

0 

6 

2 

2 

1 

94 

0 

0 

1 

0 

0 

4 

1 

1 

1 

95 

0 

0 

1 

0 

0 

2 

0 

0 

0 

96 

0 

0 

0 

0 

0 

1 

0 

0 

0 

97 

0 

0 

0 

0 

0 

0 

0 

0 

0 

528 

TABLE  II. 

Showing  the  E.rpectatiorLof  Life,  at  the 


Ages 

Lond. 

Stopkholm 

Vienna 

Berlin 

Nor- 
wich 

North- 
ampt. 

Chester 

Mules. 

Fein. 

Males.  J?' em. 

Birth 

17-90 

14-25  18-10 

16-37 

17-85 

23-16 

2518 

28-13  33-27 

5 

35-28 

31-05 

37-12 

36-54  28-67 

40-22 

40-84 

43-20  47-44 

10 

34-91 

30-00  36-89 

37-02  37-15 

40-26 

3978 

41-92  45-17 

15 

32-32 

26-74  33-43 

34-11 

33-65 

37-50 

3651 

38-05  41-36 

20 

29-37 

23-85  30-01 

31-39  30-34 

34-37 

33-43 

34-86  38-10 

25 

26-66 

21-40  26-80 

28-32 

27-47 

31-56 

30-85 

32-00  34-78 

30 

24-11 

19-42  23-98 

25-62 

25-25 

28-93 

28-27 

29-25  32-27 

35 

21-76 

17-58  21-62 

22-66 

22-76 

26-06 

25-68 

25-97  29-26 

40 

19-50 

15-61  19-25 

20-49 

20-91 

23-18 

2308 

22-92  26-37 

45 

17-63 

13-78  17-17 

17-82 

18-85 

20-30 

20'52 

20-20  23-50 

50 

15.84 

11-95  15-12 

15-88 

16-40 

17-55 

17-99 

17-64  20-62 

55 

13-91 

10-30  12-89 

13-50 

14-14 

14-88 

15-58 

15-14  17-52 

60 

11-69 

-8-69  10-45 

11-65 

12-49 

12-36 

1321 

12-36  14-20 

65 

9-69 

7-39 

8-39 

9-51 

10-48 

10.06 

1088 

10-79  11  •9'! 

70 

800 

5-81 

616 

8^30 

8-69 

812 

860 

8-05    8-81 

75 

6-27 

4-09 

4-39 

6-37 

7-08 

644 

654 

7-00    7-14 

80 

4-86 

3-20 

309 

5-50 

6-07 

515 

475 

5-43    5.20 

85 

3-04 

1-78 

2-02 

3-33 

4-50 

3'50 

3'37 

4.25    4-81 

90 

-00 

-00 

-00 

1-50 

2-83 

1*50 

241 

2-50    3-46 

95 

•00 

-00 

•00 

•00 

-00 

•00 

'75 

•00    1-21 

529 
TABLE  II. 

several  Ages,  and  Places  therein  mentioned. 


Ajr» 

law. 

S«tc<i<n 

I'liriaii 
in 

Holy 
Crosn 

VaucI 

Anuu. 

ia 
llol. 

Tonu. 

in 
Prunee 

Mmif 

Fi'in. 

Ball 

dim 

26*00  33-20 

35-70 

34-42 

32-51 

33-93 

37-56  31-47 

34.79 

i 

41-47  45-62  4800 

46-79 

45-08  46-30 

47-11  4445 

4810 

10 

40-40  43-94 

16-25 

45-07 

44-93 

46-00 

4506  42-71 

46-76 

15 

37-40  40-50 

42-76  4l-(i4 

42-10  4  2-25 

42-17  39  55 

4346 

SO 

34*15  36-95  30-15  38-02  38*76  38*66  3853  3631 

40-08 

25 

30-89  33-63 

35-58 

34-58 

35-56 

35-58 

34-84  33  27 

3701 

SO 

27-81  30-34 

3217 

31-21 

31-66  3-2-66 

31-33  3092 

33  96 

95 

24-92  2709 

29-03 

28 -O.J 

28-17 

29-43 

27-61  28  36 

30  73 

40 

22-10  23-75 

25-21 

24-66 

24-95 

26-40 

24-24  2549 

27  30 

45 

19*56  20-71 

22-57 

21-61 

21-33 

2i-3d 

20-6-2  22  34 

23  77 

50 

17-07  17-72 

19-20 

18*46 

17-98 

20-40 

17-49  1941 

20  24 

55 

14-77  14-98 

16-15 

15-33 

14-83 

17-47 

14-14   16  72 

1688 

60 

12*31   12*24 

18-08 

12-63 

12-09 

14-86 

11-84   14  10 

13  86 

65 

9*86    9*78 

10-49 

10-10 

9-57 

12-30 

9-26  11  56 

1107 

70 

7-45     7-60 

7-91 

7-72 

7-01 

10-00 

7-52     9  15 

834 

75 

5*51     5*89 

6*08 

5*91 

5*53 

7-87 

5*?56     6  81 

5-79 

80 

4-07     4-27 

4-47 

4*28 

4-27 

5-75 

4-24     505 

473 

85 

2*37     3-16 

3-40 

3-2.1 

2-83 

3-90 

3-21     338 

345 

90 

-00     2-02 

2-55 

205 

1-50 

2-89 

-00     2-47 

1-79 

95 

-00       -00 

1-07 

1-00 

-00 

1-00 

-00        00 

•8;j 

530 

TABLE    III. 

Showing  the  Number  of  Persons  living  and  dying  at 
every  age,  according  to  the  observations  of  M. 
De  ParcieiLV. 


Age 

1 

1' 

LlVjDg 

Dying 

AS= 

Living 

A 

T  2  I 

Dying 

Dying 

1     1 

Lrvmg 

3 

1000 

30 

34 

702 

8 

65 

395 

15 

4 

970 

22 

35 

694 

8 

66 

380 

16 

5 

948 

18 

36 

686 

8 

67 

36  4 

17 

6 

930 

15 

37 

678 

7 

68 

347 

18 

7 

915 

13 

38 

671 

7 

69 

329 

19 

8 

902 

12 

39 

664 

7 

70 

310 

19 

9 

890 

10 

40 

657 

7 

71 

291 

20 

10 

880 

8 

41 

650 

7 

72 

271 

20 

11 

872 

6 

42 

643 

7 

73 

251 

20 

12 

866 

6 

43 

636 

7  . 

74 

231 

20 

13 

860 

6 

44 

629 

7 

75 

211 

19 

14 

854 

6 

45 

622 

7 

76 

192 

19 

15 

848 

6 

46 

615 

8 

77 

173 

19 

16 

842 

7 

47 

607 

8 

78 

154 

18 

17 

835 

7 

48 

599 

9 

79 

136 

18 

18 

828 

7 

49 

590 

9 

80 

118 

17 

19 

921 

7 

50 

581 

10 

81 

101 

16 

30 

814 

8 

51 

571 

11 

82 

85 

14 

^1  . 

.806 

8 

52 

560 

11 

83 

71 

12 

32 
23^" 

798^ 
~^90  - 

8 
8 

549 

11 

84 

59 

ir 

10 

54 

538 

12 

85 

48 

24 

782 

8 

55 

526 

12 

86 

08 

9 

25 

7'.  t 

8 

5^ 

514 

12 

87 

29 

7 

26 

706 

8 

57 

502 

13 

88 

22 

6 

27 

758 

8 

58 

439 

13 

89 

16 

5 

28 

750 

8 

59 

476 

13 

90 

11 

4 

29 

742 

8 

60 

463 

13 

91 

7 

3 

30 

734 

8 

61 

450 

13 

92 

4 

2 

31 

726 

8 

62 

437 

14 

93 

2 

1 

32 

718 

8 

63 

423 

14 

94 

1 

^1 

33 

710 

8 

64 

409 

14 

95 

0 

fo 

531 

TABLE,  I.V. 

Showiu  '  the  Expectation  of  Life,  accyoixiing  to  the 
observations  of  M.  De  Parcietw. 


Agt». 

Exp«^uiioa 

^,e 

Exptctntion 

Age 

Rxpectattoo 

3 

47-71 

34 

31  52 

65 

11-26 

4 

4817 

35 

30-88 

66 

10.69 

5 

48-27 

36 

30-23 

67 

10  14 

6 

48-20 

37 

2968 

68 

9-61 

7 

47-98 

88 

28-89 

69 

9  11 

•     8 

47-66 

39 

28-18 

70 

8-64 

9 

47-30 

40 

27-48 

71 

8-17 

10 

46-83 

41 

26-77 

72 

7-73 

11 

4626' 

42r 

2606 

73 

7  31 

IS 

455S' 

•    43 

2534 

74 

6-90 

13 

44-89^ 

44 

2462 

75 

6-50 

14 

44-20 

45 

23-89 

76 

6-10 

15 

43  ol 

46 

23-15 

77 

5-71 

16 

42-82 

47 

22-45 

78 

5-36 

n 

4217 

48 

21  74 

79 

6-()0 

18 

41-52 

49 

2107 

80 

4-69 

19 

40-87 

60 

20-38 

81 

4-39 

20 

40-22 

51 

1973 

89 

4-01 

21 

39-62 

52 

1911 

83 

3-84 

82 

3900 

53 

18-48 

84 

352 

23 

38-40 

54 

17-85 

86 

321 

24 

37-78 

55 

17-25 

86 

8-92 

25 

3717 

56 

16-64 

87 

8-67 

26 

36-55 

57 

1602 

88 

2  36 

27 

35-93 

58 

1544 

89 

2-06 

28 

35-30 

59 

14-84 

90 

1-77 

29 

34-69 

60 

14  25 

91 

1-50 

SO 

34-06 

61 

13-65 

98 

1  2ft 

31 

3S-29 

68 

13-04 

93 

I  00 

92' < 

9t-80 

63 

12  43 

94 

-(H) 

38 

32-16 

64 

11  86 

532 


TABLE    V. 


Showing  the  value  of  an  annuity  on  a  Single  Life, 
deduced  from  the  observations  of  M.  Dt  Parc'ieux. 


Ages 

S 

per  Cent 

3| 
per  Cent 

4 

per  Cent 

4^ 
per  Cent 

6 

per  Cent 

6 

.per  Cent 

3 

2^028 

19  980 

18  242 

16  756 

15  475 

13  391 

4 

22  390 

20  319 

18  559 

17  052 

15  752 

13  633 

5 

22  597 

20  518 

18  749 

17  233 

15  923 

13  787 

6 

22  726 

20  647 

18  877 

17357 

16043 

13  897 

7 

22  791 

20  720 

18  953 

17435 

16  121 

13  972 

8 

22  813 

20  754 

18  996 

17482 

16  171 

14  024 

9 

22  815 

20  770 

19  022 

17  515 

16  209 

14  066 

10 

22  766 

20  742 

19  008 

17512 

16213 

14  079 

11 

22  664 

20  665 

18  949 

17  468 

16  179 

14061 

12 

22  506 

20  536 

18  844 

17  380 

16  106 

14  007 

13 

22  343 

20  403 

18  734 

17  289 

16  029 

13  951 

14 

22  175 

20  266 

18  620 

17  194 

15  949 

13  892 

15 

22  002 

20  123 

18  502 

17  095 

15  865 

13  830 

'  16 

21  823 

19  976 

18  380 

16  991 

15  777 

13  765 

17 

21  6n6 

19  849 

18  275 

16  905 

15  705 

13  713 

18 

21  505 

19  717 

18  167 

16815 

15  629 

13  658 

19 

21  339 

19  581 

18  054 

16  721 

15  551 

13  601 

20 

21  168 

19  441 

17  938 

16  624 

15  469 

13  541 

21 

21  020 

19  321 

17  841 

16  544 

15  403 

13  496 

22 

20  867 

19  197 

17  740 

16  462 

15  336 

13  450 

23 

20  711 

19  071 

17  637 

16377 

15  265 

13  401 

24 

20  550 

18  940 

17  530 

16  289 

15  193 

13  350 

25 

20  386 

18  805 

17  420 

16  198 

15  117 

13  298 

'  26 

20  217 

18  667 

17  306 

16  104 

15  039 

13  243 

;  27 

20  043 

18  524 

17  188 

16  006 

14  957 

13  185 

1  28 

19  864 

18  377 

17  066 

15  905 

14  873 

13  126 

;  29 

19  681 

18  225 

16  940 

15  800 

14  785 

1 3  063 

30 

19  492 

18  069 

16  810 

15  691 

14  093 

12  993 

31 

19  298 

17  907 

16  675 

15  578 

14  598 

12  930 

32 

19  099 

17741 

16  535 

15  460 

14  499 

12  858 

33 

18  893 

17  568 

16  390 

15  338 

14  395 

12  783 

34 

18  682 

17  390 

16  240 

15  211 

14  287 

12  704 

35 

18  464 

17  207 

16  084 

15  078 

14  175 

12  622  1 

533 

TABLE  V    Continued. 


3 

«4 

4 

4k 

A 

6 

Agc» 

per  Com 

per  Cent 

per  Cent 

per  Cent 

p«r  Cent 

per  Cent 

ie 

18S40 

17017 

16-9'i2 

14-941 

14057 

12-535 

37 

18009 

18-820 

15-755 

14-797 

13-934 

12-444 

38 

17-712 

10-590 

15*550 

14-624 

13-783 

12-329 

3» 

17-467 

10-352 

15-349 

14-444 

13-625 

12-206 

40 

17-183 

10-105 

15-133 

14-254 

13-459 

1*2-076 

41 

lG-889 

15-848 

14-007 

14056 

13-284 

ll-9;J9 

42 

16-:.85 

15-.')  8 1 

14-073 

13-849 

l.'MOO 

11-793 

43 

16-27 1 

15.;J01 

11-427 

13-631 

12-906 

11 -6:' 8 

44 

15-946 

15-016 

14-171 

13-403 

12-702 

11-473 

45 

15-ii09 

14-716 

13-904 

l;{-104 

12-487 

11-299 

40 

15-200 

14-405 

13-025 

12-913 

12-261 

11-113 

47 

14-925 

14-105 

13-.J57 

12-672 

12-044 

10-935 

48 

14-578 

13-794 

13-076 

l-J-419 

11-815 

10*746 

49 

14-244 

13-494 

12-807 

12-176 

ll-r)95 

10-564 

50 

13-S99 

13-183 

12-526 

11-921 

11-363 

10-372 

51 

13-567 

12-883 

12.255 

11-675 

11-140 

10-187 

52 

n-248 

12-596 

11-995 

11-440 

10-9-27 

10-010 

53 

12-919 

12-298 

11-725 

11-195 

10-703 

9-823 

54 

12-579 

li-989 

11-443 

10-938 

10-40S 

9-025 

55 

12-2  J  2 

11-692 

11-173 

10-691 

10-242 

9-436 

56 

11-914 

11-383 

10-891 

10-433 

10-006 

9-235 

57 

11-505 

11-003 

10-597 

10-103 

9-757 

9-024 

58 

11-228 

10-755 

10-314 

9-902 

9-517 

8-819 

59 

10-881 

10-436 

10-020 

9-631 

9-266 

8-604 

60 

10-522 

10-104 

9-713 

9-346 

9-003 

8-376 

61 

10-151 

9-760 

9-393 

9-049 

8-720 

8-135 

62 

9-766 

9-402 

9-060 

8-738 

8-435 

7-880 

63 

,i.  ...., 

9-053 

8-734 

8-433 

8-150 

7-629 

64 

<i'>  i>  1  . 

8-691 

8-394 

8-114 

7-850 

7-363 

65 

8-604 

8-314 

8-039 

7-780 

7-535 

7082 

66 

8-212 

7-944 

7-691 

7-451 

7-224 

6-803 

67 

7-830 

7-584 

7-350 

7- 129 

6-918 

6-528 

C8 

7-460 

7-234 

7-019 

6-814 

6-620 

6-259 

69 

7-104 

6-896 

6-699 

6-511 

6-331 

5*997 

70 

6-766 

6-575 

6-394 

6-221 

6-055 

5*747 

71 

6-424 

6-250 

6-084 

5-925 

5-773 

5-489 

72 

6- 105 

5-946 

5-794 

5-648 

5-505 

5-248 

73 

5-789 

5-644 

5-506 

5-373 

5-246 

5006 

74 

5-179 

5-348 

5-222 

5101 

4-985 

4-766 

75 

5178 

5-060 

4-945 

4-830 

4-730 

4531 

534 
TABLE  V     Continued. 


Ages 

3 

per  Cent 

31 
per  Cent 

4 
per  Cent 

per  Cent 

5 
per  Cent 

6 

per  Cent 

76 

4-862 

4-755 

4-652 

4-553 

4-458 

4^278 

77 

4-557 

4-462 

4-370 

4-281 

4195 

4-033 

78 

4-273 

4-188 

4-105 

4-025 

3-948 

3-802 

79 

3-984 

3-908 

3834 

3-763 

3-694 

3-563 

80 

3-730 

3-662 

3-596 

3-533 

3-471 

3-353 

81 

3-448 

3-428 

3-370 

3^313 

3-258 

3-153 

82 

3-269 

3-216 

3-164 

3114 

3  •(■65 

2971 

83 

S-031 

2-984 

2-939 

2-895 

2-853 

2-770 

84 

2-757 

2-717 

2-679 

2-641 

2-604 

2-534 

85 

2-490 

2-457 

2-424 

2-392 

2-361 

2-301 

86 

2-240 

2-212 

2-185 

2-158 

2-132 

2-081 

87 

2-023 

2-000 

1-977 

1-955 

1^933 

1891 

88 

1-747 

1  -728 

1-711 

1-693 

1^675 

1^642 

89 

1  -474 

1-460 

1-446 

1-433 

1418 

1394 

90 

1-208 

1-198 

1187 

1-178 

M66 

1149 

91 

•955 

•948 

-941 

-934 

•924 

•913 

92 

•721 

-716 

•712 

•707 

•703 

-694 

93 

-485 

•483 

•481 

-478 

•476 

•472 

94 

•000 

•000 

•000 

•000 

•000 

•000  1 

5^0 
TABLE 


VI. 


Showing  the  value  of  an  annuity  on  Two  Joint 
Lives,  deduced  from  llie  observations  ol'  Al.  De 
Farckux.     Ditterence  of  age  0  years. 


Com- 

H 

<4 

Qmt- 

H 

*h 

CiJtjt- 

n 

<4 

raon 
Age 

per  viMM 

p«r  Cuut 

inun 

,>L-r  CcDt 

per  Ceiii 

iiion 
Ace 

ytr  Ccni 

p«r  Ctni 

36 

1S-8S9 

12-408 

\   71 

S-968 

3817 

3 

15-785   13-571 

37 
38 

13-663 
13-438 

12-274 

72 

3-735 

3-599 
3-384 

12U9o 

.   73 

3-507 

4 

I6-3G4   14-072 

39 

13-208 

1 1  -907 

74 

3-285 

3-176 

5 

16  732  14  396 

40 

12-958 

11-711 

1   76 

3-075 

2-977 

6 

16-994  14-632 

41 

12-702 

11-502   76 

2-844 

2-768 

7 

17171    14-796 

42 

12-434 

11  282    77 

2-625 

2-549 

8 

17-287  14-910 

43 

12-154 

11-051 

78 

2-429 

2-362 

9 

17-378  15U04 

44 

11-861 

10-807   79 

2-224 

2165 

10 

17-398  15  038 

46 

11-654 

10-549   80 

2-057 

2-005 

11 

17-338  15-004 

46 

11-232 

10-27e 

;  81 

1  -906 

1-860 

12 

17195  14-897 

47 

10-934 

10-023   82 

1-786 

1-745 

13 

17-046  14-786 

48 

10-621 

9-756   83 

1-649 

1-614 

14 

16-891   14-669 

49 

10-331 

9-508   84 

1-472 

1-442 

15 

16-731    14-547 

50 

10026 

9-246   85 

1-301 

1-276 

16 

16-564  14-419 

51 

9-743 

9-004   86 

1-149 

1-128 

17 

16-432  14  321 

52 

9-485 

8-76^ 

I   87 

1-042 

1024 

18 

16-296  14-220 

53 

9-2H 

8-549   88 

-873 

•860 

19 

16  155  14-114 

54 

8-93(. 

1     8-303   89 

-709 

•699 

20 

16-010.14-004 

55 

8-66S 

8-077   90 

•552 

•545 

21 

16-901   13-926 

56 

8-391 

'     7-839   91 

-410 

•405 

22 

15-789  13-846 

57 

8-111 

7588   92 

•300 

•296 

23 

15-674  13-764 

58 

7-847 

'     7-357   93 

•242 

-239 

24 

15-556  18-679 

59 

7-672 

,     7114   94 

•000 

•000 

25 

15-436  13-591 

60 

7-28;3 

\     6-857 

2G 

15  311   13  501 

61 

6-97£ 

►     6-585 

27 

15183  13-408 

62 

6-66( 

»     6-297 

)  - 

^1    18-312 

63 

6357 

6-024 

^     ' 

1        i6   13-213 

64 

6-037 

'     5-783 

i30 

1 

14776  13110 

65 

5-701 

>     5-42- 

> 

31 

14-632  13004 

66 

5-374 

\     5123 

32 

14  484  12-893 

67 

5-062 

\     4-835 

33 

14-331   12-779 

68 

476^ 

►     4-560 

34 

14  172  12-660 

69 

4-486 

!     4-300 

35 

14-008  12  536 

70 

4-23C 

1     4-062 

536 

TABLE    VII. 

Showing  the  value  of  an  annuity  on  Two  Joint 
Lives,  deduced  from  the  observations  of  M,  De 
Parcieiuv.     Difference  of  age  5  years. 


"       per  Cent  per  Cent      "per  Cent  per  Ceni 


Ages  /I     .        V-, 

°       per  Cent',  per  Ci 


3-  8  16  510  14  219 

4-  9  16  854  14  525 
5-10  17  052  14  708 


6-11 
7-12 
8-13 
9-14 
10-15 

11-16 
12-17 
13-18 
14-19 
15-20 

16-21 
17-22 
18-23 
19-24 
20-25 


17155 
17  172 
17  154 
17  121 
17  048 


14811 
14  840 
14  841 
14  828 
14  783 


16  934  14  701 

16  796  14  598 

16  653  14  491 

16  505  14  380 

16  351  14  264 


31-36  14  199  12  680  61-66  6  065  5  757 
32-37  14035  12  556  62-67  5  749  5  467 
33-38  13  843  12  408  63-68  5  448  5  191 
34-39  13  644  12  252  64-69  5  151  4  917 
35-40   13  436  12  089  65-70  4  858  4  647 

36-41  13  220  11918  66-71  4  568  4  377 
37-42  12  995  11  739  67-72  4  300  4  128 
38-43  12  740  11  531  68-73  4  040  3  885 
39-44  12  473  11  313  69-74  3  792  3  653 
40-45    12  194  11082  70-75  3  561  3  4u6 

41-46  11  902  10  839  71-76  3  314  3  203 

42-47  11617  10  601  72-77  3  088  2  989 

43-48  11  318  10  349  73-78  2  877  2  78b 

44-49  11  025  10  102  74-79  2  663  2  585 

45-50  10  718    9  841  75-80  2  478  2  409 


16213 
16  091 
15  965 
15  835 
15  701 


14  161  46-51 
14  071  47-52 
13  979  48-53 
13  884  49-54 
13  784  50-55 


21-26  15  583  13  699   51-56 

22-27  15  462   13  612   52-57 

23-28  15  338   13  522   53-58 

24-20  15  210  13  429   54-59 

25-30  15  079  13  333   55-60 

26-31  14  943  13  233   56-61 

27-32  14  804  13  131   57-62 

28-33  14  660   13  024  58-63 

29-34  14  511    12  914   59-64 

30-35  14  358   12  799  60-65 


10416 

10  137 

9  845 

9  557 

9  274 

8  994 
8  719 
8  449 
8  168 
7889 

7  597 
7  291 
7  003 
6  701 
6  383 


9  583  76-81  2  293  2  232 
9  345  77-82  2  130  2  076 


9  095  78-83 
8  846  79-84 
8  602  80-85 


1964 
1770 
1  596 


8  360  81-86  1  437 
8  120  82-87  1  316 
7  886  83-88  1  150 
7  639  84-89  969 
7  394  85-90      793 


1917 
1730 
1562 

1408 

1292 

1  130 

454 

782 


7  136  86-91 
6  862  87-92 
6  605  88-93 
6  333  89-94 
6  045 


630  621 

495  489 

351  348 

000  000 


637 

TABLE    Vlll. 

Showing  the  value  of  an  annuity  on  Two  Joint 
Lives,  deduced  from  the  observations  of  Al.  De 
Parckuv.     Diiferencc  of  age  10  years. 


Agt« 

per  Ccot 

per  Cent 

1 
Ages    ^ 

>or  Cent  per  C'cni 

As« 

3i 
»cr  Cenl 

pcrCt. 

81-41 

13-500 

12133  61-71 

5-054 

4-828 

32-42 

13-282 

11-960  62-72 

4-784 

4-578 

3-13 

16-366 

13-535  33-43 

13  055 

11-778  63-73 

4-523 

4-337 

4-14 

1 6-586 

14-345  34-44 

12-818 

11-587  64-74 

4-261 

4093 

5-15 

16-689 

14-446  35-45 

12-571 

11-385  65-75 

3-999 

3-848 

6-16 

16-733 

14-498  36-16 

12-312 

11-174  66-76 

3-728 

3-594 

7-17 

16-750 

14-528  37-47 

12063 

10-970  67-77 

3-471 

3-351 

8-18 

16-734 

14-531  38-48 

11-784 

10-738  68-78 

3-233 

3- 126 

9-19 

10-703 

U-521  39-49 

11-513 

10-512  69-79 

2-996 

2-902 

10-20 

16-635 

14-479  40-50 

11-230 

10-274  70-80 

2-793  2-709| 

11-21 

16-547 

14-421  41-51 

10-954 

10-042  71-81 

2-598 

2-524 

12-22 

16-418 

14-326  42-52 

10-686 

9-817  72-82 

2-431 

2-365 

13-23 

16-285 

14-228  43-53 

10-406 

9-579  73-83 

2-253 

2-195 

14-24 

16147 

14-126  4-1-54 

10112 

9-:i29  74-84 

2-049 

1-999 

15-25 

16-004 

14-020  45-55 

9-825 

9083  75-85 

1-853 

1-811 

16-26 

15-856 

13-909  46-56 

9-525 

8-824  76-86 

1-663 

1-627 

17-27 

15-724 

13-811  47-57 

9-227 

8-566  77-87 

1-503 

1-473 

18-28 

15-58G 

13-710  48-58 

8-935 

8-312  78-88 

1-303 

1-279 

19-29 

15-445 

13-605  49-59 

8-64^ 

8-060  79-89 

1-100 

1082 

20-30 

15-299 

13-496  50-60 

8-342 

7-793  80-90 

•909 

-895 

21-31 

15168 

13-4X)0  51-61 

8-039 

7-526  81-91 

-727 

•717 

22-32 

15032 

13-301  52-62 

7-736 

7-257  82-92 

-566 

•559 

23-33 

14-893 

13- 199  53-63 

7-437 

6-992  83-93 

-401 

•398 

21-34 

14-750 

13-092  54-64 

7-124 

6-711  84-94 

-000 

-000 

25-35 

14-601 

12-982  55-65 

6-809 

6-428 

20  06 

14-448 

12-868  56-66 

6-496 

6-145 

27-37 

14-290 

12-749  57-67 

6-187 

5-864 

28-38 

14104 

12-606  58-68 

5-895 

5-598 

29-39 

13-911 

12-455  5969 

5-611 

5-«39 

30-40 

13-710 

12-298  60-70 

5-337 

5-088 

538 


TABLE    IX. 

Showing  the  value  of  an  annuity  on  Two  Joint 
Lives,  deduced  from  the  observations  of  M.  De 
Parcieu.r.     Difference  of  age  20  years. 


Ages 


^ 

per  cent 

44 

oer  cent 

Ages 

per  cent 

percent     ^S«« 

^ 

per  cent 

44 

per  cent 


31-51  11-398  10-407  61-81 

32-52  11-163  10212  62-82 

3-23  15-560  13-566  33-53  10-918  10008  63-83 

4-24  15-773  13*765  34-54  10-663    9794  64-84 

5-25  15-876  13*870  35-55  10*418    9"589  65-85 


3-039 
2*849 
2-647 
2-409 
2-173 


6-26  15-925  13*929  36-56  10-163  9-374 

7-27  15-929  13-951  37-57    9-897  9-148 

8-28  15-903  13-946  38-58    9-625  8*916 

9-29  15-861  13-929  39-59    9-342  8673 

10-30  15-784  13*882  40-60    9*046  8'417 

11-3115.668  13*80141-61    8737  8*147 

12-32  15*51113*684  42-62    8413  7-862 

13-33  15-348  13-562  43-63    8  095  7582 

14-34  15-179  13-434  44-64    7762  7*285 

15-35  15-004  13*301  45-65    7-412  6*972 

16-36  14-822  13-162  46-66    7  065  6.659 

17-37  14-652  13-033  47-67    6  734  6-360 

18-38  14*452  12*878  48-68    6409  6065 

19-39  14*245  12*716  49-69    6-103  5787 

20-40  14*028  12*545  50-70    5*807  5*517 

21-41  13-821  12-382  51-71    5-515  5-250 

22-42  13*606  12*211  52-72    5-250  5-007 

23-43  13*381  12*082  53-73    4984  4762 

24-44  13-147  11*843  54-74    4720  4*518 

25-45  12-902  11-645  55-75    4*470  4*286 

26-46  12-647  11*436  56-76    4203  4  037 

27-47  12-402  11-236  57-77    3  943  3-794 

28-48  12-146  11-025  58-78    3706  3573 

,29-49  11-90110-823  59-79    3*463  3*343 

130-50  11-645  10*61160-80    3*246  3140 


66- 
67- 
68- 
69- 


86 
•87 
88 
89 


2*944 
2*764 
2.573 
2-346 
2l2o 


70-90 

71-91 
72-92 
73-93 
74-94 


1*954 

1*909 

1*766 

1729 

1-528 

1.498 

1-293 

1-270 

1-066 

1-049 

•846  -834 

•646  -638 

•445  '440 

•000  '000 


539 

TABLE    X. 

Showing  the   value   of  an  annuity  on   Two  Joint 
Lives,  deduced  from  the  observations  of  M.  De 


Parcieur. 

Difference  of  age  30  years. 

Agtt 

per  C«nt 

per  Cent 

Ages 

3i 
per  Cent 

per  Cent 

3-83 

14-605 

12-893 

36-66 

7-857 

6-920 

4-34 

14-761 

13-048 

87-67 

7-048 

6-639 

5-35 

14-813 

13-112 

38-68 

6-726 

6-353 

39-69 

6-420 

6-076 

6-36 

14-810 

13130 

40-70 

6127 

3-811 

7-37 

14-764 

13-111 

8-38 

14-662 

13043 

41-71 

5-828 

5-588 

^39 

14-542 

12-960 

42-72 

5-548 

5-282 

10-40 

14-384 

12-843 

43-73 

5-26S 

3  025 

44-74 

4-990 

4-770 

11-41 

14-186 

12-690 

45-75 

4-718 

4*518 

12-42 

13-946 

12-498 

13-48 

13-694 

12-296 

46-76 

4-427 

4-248 

14-44 

13-432 

1-2-084 

47-77 

4- 152 

3-991 

15-45 

13-158 

11-860 

48-78 

3-892 

3-748 

49-79 

8-632 

3-503 

16-46 

12-872 

11-624 

50-80 

3-399 

3-284 

17-47 

12-611 

11-410 

18-48 

12-339 

11-185 

51-81 

3-182 

3-080 

19-49 

12076 

10-968 

52-82 

2-991 

2-899 

20-50 

11-801 

10-739 

53-83 

2-780 

2-700 

54-84 

2-533 

2-464 

21-51 

11-551 

10-532 

55-85 

2-296 

2-238 

22-52 

11-313 

10-335 

• 

23-53 

11-064 

10-128 

56-86 

2-072 

2-023 

24-54 

10-805 

9-911 

57-87 

1-877 

1-836 

25-55 

10-557 

9-702 

58-88 

1-629 

1-596 

59-89 

1-381 

1-356 

26-56 

10-298 

9-484 

60-90 

1-138 

1-119 

27-57 

10-029 

9-255 

28-58 

9-769 

9-034 

61-91 

-904 

•891 

29-59 

9-499 

8-803 

62-92 

•686 

-677 

30-60 

9-218 

8-561 

68-93 

•467 

•463 

64-94 

-000 

-000 

81-61 

8-924 

8-306 

32-62 

8-617 

8-038 

83-63 

8-318 

7-775 

34-64 

8005 

7-499 

35-65 

7-678 

7-207 

540 

TABLE    XI. 

Showing  the  value  of  an  annuity  on  Two  Joint  Lives, 

deduced  from  the  observations  of  M.  De  Parciem\ 

Difference  of  age  40  years. 


Asc 


3^ 
per  Cent 


per  Cent 


=  per  Cent      ptrCent 


3-43  12  996 
4-44  12  031 
5-45     12  944 


6-46 
7-47 
8-48 
9-49 
10-50 

11-51 
12-52 
1.3-53 
14-54 
15-55 

16-56 
17-57 

18-58 
19-59 
20-60 

21-61 
22-62 
2:3-63 
24-64 
25-65 

26-66 
27-67 

28-68 
29-69 
30-70 


12  812 
12  656 
12  465 
12  275 

12  048 

11  804 
1154:3 
11272 
10  989 
10715 

10  4.30 

10  145 

9  871 

9  585 

9  287 

8  987 
8  675 
8  369 
8  050 
7717 

7389 
7  068 
6  755 
6  454 
6166 


11  665 
11  706 
11658 

11568 
11440 
11289 
11138 
10  958 

10  754 
10  538 
10311 
10  073 
9  843 

9  601 
9359 
9  125 

8  879 
8  621 

8  362 
8  088 
7  820 
7  538 
7  241 

6  948 
6  659 
6  378 
6  105 
5  845 


31-71 

5-874 

32-72 

5-601 

33-73 

5-;329 

34-74 

5-062 

35-75 

4-802 

36-76 

4-525 

37-77 

4-259 

;38-78 

4-004 

39-79 

3-742 

40-80 

3-511 

41-81 

3-292 

42-82 

3-092 

43-83 

2-874 

41-84 

2-619 

45-85 

2-370 

46-86 
47-87 
48-88 
49-89 
50-90 

51-91 
52-92 
5:3-93 
54-94 


2-133 


•931 
-670 
-413 
•160 

-919 
-698 
♦473 

-000 


6-578 
5-329 
5-081 
4-835 
4.595 

4-338 
4-091 
3-852 
3-607 
3-390 

3184 
2-996 
2-790 
2-547 
2-30£l 

2-082 
1-888 
1-636 
1-387 
M41 

•906 
•689 
•469 
•000 


541 

TABLE    MI. 

Showing  the  value  of  an  annuity  on  Two  Joint  Lives, 
deduced  from  the  observations  of  AI.   Dc  Parckus, 


Difference  of 

age  t>0 

years. 

AgM 

3i 

4J 

Agct 

^ 

•i 

3-53 

10-680 

9  770 

26-76 

4  529 

4  342 

4-54 

10-629 

9  741 

27-77 

4  258 

4  089 

5-55 

10-513 

9  653 

28-78 

4  003 

3  851 

6-56 
7-57 

10-351 

10149 

9  522 
9  356 

29-79 
30-80 

3  742 
3  513 

3  607 
3391 

8-58 

9-939 

9  181 

31-81 

3  294 

3  186 

9-59 

9-710 

8  989 

32-82 

3  097 

3  000 

10-60 

9-449 

8  767 

;i3-63 

2  880 

2  796 

11-61 

9-155 

8  513 

34-84 

2  628 

2  556 

12-62 

8-825 

8  224 

35-«5 

2  382 

2  320 

1.V63 

8-502 

7  941 

36-86 

2  150 

2  099 

14-64 

8164 

7  643 

37-87 

1951 

1908 

15-65 

7-812 

7  32$ 

38-88 

1689 

1655 

16-66 

7-464 

7017 

39-89 

1430 

1  403 

17-67 

7132 

6719 

40-90 

1  175 

1  156 

18-68 

6-809 

8  423 

41-91 

932 

918 

19-69 

6-496 

6  145 

42-92 

706 

697 

20-70 

6-197 

5  873^ 

43-93 

478 

473 

21-71 

5-901 

5  603 

44-94 

000 

000 

22-72 

5-624 

5  351 

23-73 

6-348 

6  098 

24-74 

5-076 

4843 

25-75 

4-811 

4.604 

"-^■^ — r^ 

_7»<>  ■ 

542 

TABLE    XIII. 

Showing  the  value  of  an  annuity  on  Two  Joint  Lives, 
deduced  from  the  observations  of  M.  De  Parcieux. 
Difference  of  age  CO  years. 


Ages 

H 

t* 

per  Cent. 

per  Cent. 

3-63 

8-049 

7^520"~ 

4-64 

7-883 

7-370 

5-65 

7-644 

7^169 

6-66 

7-383 

6-938 

7-67 

7-108 

6693 

8-68 

6-828 

6  443 

9-69 

6-554 

6197 

10-70 

6-281 

5-951 

11-71 

5-989 

5-685 

12-72 

5-702 

5-424 

13-73 

5-417 

5-162 

14-74 

5134 

4-903 

15-75 

4-859 

4-649 

16-76 

4-566 

4377 

17-77 

4-289 

4-119 

18-78 

4-029 

3-876 

19-79 

3-762 

3-625 

20-80 

3-526 

3-404 

21-81 

3-306 

3-197 

22-82 

3-107 

3-010 

23-83 

2-889 

2-804 

24-84 

2-635 

2-562 

25-85 

2-386 

2-325 

26-86 

2152 

2-100 

27-87 

1-950 

1-907 

28-88 

1-689 

1  654 

29-89 

1-429 

1-403 

30-90 

1-175 

1155 

31-91 

•931 

-918 

32-92 

-706 

-697 

33-93 

•478 

•473 

34-94 

•000 

-000 

543 


TABLE     XIV. 


Showing  the  Number  of  Persons  living  and  dying  at 
every  age,  according  to  the  observations  made  in 
Sweden, 


Ages 

Males 

Fvniales 

Live*  in  G 

>encr»l 

Living  1 

Dying 

Livinir  1 

l>yi»8 

Living  1 

Dyio  g 

0 

10000 

23Q0 

10000 

2090 

10000 

2195 

1 

7700 

500 

7910 

618 

7805 

509 

3 

7200 

337 

7392 

350 

7296 

344 

3 

6863 

240 

7042 

250 

6952 

245 

4 

6623 

150 

6792 

135 

6707 

143 

5 

6473 

125 

6657 

120 

6564 

122 

6 

6348 

105 

6537 

104 

6442 

105 

7 

6243 

90 

6432 

85 

6337 

87 

8 

6r53 

75 

6347 

70 

6250 

73 

9 

6078 

65 

6277 

60 

6177 

62 

10 

6013 

65 

6217 

52 

6115 

54 

11 

5958 

45 

6165 

46 

6061 

45 

13 

5913 

45 

6119 

40 

6016 

42 

13 

5868 

40 

6079 

35 

5974 

38 

14 

5828 

40 

6044 

35 

5936 

37 

15 

5788 

39 

6U09 

35 

5899 

37 

16 

5749 

39 

5974 

40 

5862 

40 

17 

5710 

39 

5934 

40 

5822 

40 

18 

5671 

44 

5894 

43 

5782 

42 

19 

5627 

44 

5852 

43 

5742 

43 

20 

5583 

50 

5809 

43 

5697 

47 

21 

5533 

50 

5766 

43 

5650 

47 

22 

5483 

50 

5723 

43 

5603 

48 

23 

5433 

55 

5680 

44 

5555 

48 

24 

5378 

55 

5636 

45 

5507 

50 

25 

5323 

55 

5591 

45 

5457 

50 

26 

5268 

55 

5546 

50 

540? 

52 

27 

5213 

55 

5499 

52 

5.355 

54 

28 

5158 

55 

5444 

55 

5301 

55 

29 

5103 

56 

5389 

55 

5246 

55 

30 

5049 

59 

5334 

60 

5191 

59 

544 


TABTJ^.    XIV 

Continued. 

Ages 

Ma 

les 

Fem 

tiles 

Lives  in 

general 

Livin^' 

Dying 

Livina:  1 

D3'iriTf 

i  Livin? 

Dyinij 

31 

4988 

60 

5274 

60 

5132 

60 

32 

4928 

60 

5214 

65 

5o72 

62 

33 

4868 

60 

5142 

65 

5010 

63 

34 

4808 

60 

5084 

65 

4947 

63 

35 

4748 

60 

5019 

60 

4884 

59 

36 

4688 

60 

4959 

56 

4825 

58 

37 

4628 
4568 

60 
60 

4903 
4847 

56 
56 

4767 
4709 

58 
58 

38 

39 

4508 

60 

4791 

58 

4651 

60 

4o 

4448 

65 

4733 

65 

4591 

65 

41 

4383 

72 

4668 

75 

4526 

73 

42 

4311 

80 

4593 

76 

4453 

78 

43 

4231 

80 

4517 

76 

4375 

78 

44 

4151 

80 

4441 

75 

4297 

78 

45 

4071 

80 

4366 

72 

4219 

76 

46 

3991 

80 

4294 

67 

4143 

74 

47 

3911 

80 

4227 

65 

406:) 

72 

43 

3831  . 

80 

4162 

65 

3997 

73 

49 

3751 

85 

4097 

70 

3924 

78 

50 

3666 

95 

4027 

75 

3846 

85 

51 

3571 

95 

3952 

80 

3761 

87 

52 

3476 

95 

3872 

85 

5674 

90 

53 

3381 

95 

3787 

85 

3584 

90 

54 

3286 

95 

3702 

85 

3491 

91 

55 

3191 

95 

3617 

85 

3403 

91 

5G 

3096 

95 

3532 

85 

3312 

92 

57 

3001 

100 

3447 

90 

3220 

95 

58 

2901 

100 

3357 

90 

3125 

95 

59 

2801 

100 

3267 

100 

3030 

100 

60 

2701 

105 

3167 

liO 

2930 

108 

61 

2596 

110 

3057 

118 

2822 

114 

62 

2486 

115 

2939 

120 

2708 

118 

63 

2371 

115 

2819 

120 

2590 

118 

64 

2256 

115 

2699 

120 

2472 

118 

65 

2141 

115 

2579 

120 

2354 

118 

66 

2026 

115 

2458 

120 

2236 

118 

67 

1911 

120 

2339 

120 

2118 

121 

68 

1791 

125 

2219 

120 

1997 

124 

69 

1666 

125 

2099 

120 

1873 

124 

70 

1541 

125 

1979 

130 

1749 

127 

645 


TABLE    XIV.     Continued. 


A  .^» 

Males 

Fetna 

es 

Lives  in  0 

eneral 

Ages 

Living  1 

Dying 

Living  1 

Dying 

Living  1 

Dying 

71 

1416 

125 

1849 

140 

1622 

133 

72 

1291 

120 
120 

1709 
1559 

150 
160 

1489 

135 

73 

1171 

1354 

140 

74 

lOftl 

110 

1399 

150 

1214 

130 

75 

941 

105 

1249 

140 

1084 

121 

76 

836 

100 

1109 

130 

963 

115 

77 

736 

90 

979 

120 

848 

105 

78 

646 

85 

859 

110 

743 

95 

79 

561 

80 

749 

100 

648 

90 

80 

481 

75 

619 

95 

55S 

90 

81 

406 

70 

554 

90 

468 

84 

82 

336 

65 

464 

85 

384 

75 

83 

271 

60 

379 

80 

309 

65 

84 

211 

50 

299 

75 

244 

55 

85 

161 

40 

224 

55 

189 

45 

86 

121 

30 

1(59 

40 

144 

35 

87 

91 

22 

129 

30 

109 

27 

88 

69 

17 

99 

23 

82 

20 

89 

52 

14 

76 

18 

62 

15 

90 

38 

12 

58 

15 

47 

14 

91 

26 

9 

43 

12 

33 

12 

92 

17 

7 

31 

10 

21 

10 

93 

10 

6 

21 

8 

11 

6 

94 

4 

3 

13 

6 

5 

3 

95 

1 

1 

7 

4 

2 

1 

96 

0 

0 

3 

2 

1 

1 

97 

0 

0 

1 

1 

0 

0 

:n 


.546 


TABLE   XV. 


Shewing  the  Expectation  of  Life ^  deduced  from  the 
observations  made  in  Sweden. 


Ages 

Males 

Females 

Lives  in 
general 

Ages 

Males  Femalei 

1 

Lives  in 
general 

1 

4245 

44-00 

42-95 

31 

29-69 

31-54 

30-57 

2 

43-83 

46-05 

44-92 

32 

29-04 

30-91 

29-94 

3 

44-96 

47-31 

46-11 

33 

28-39 

30  28 

29-30 

4 

45-57 

48-04 

46-78 

34 

27-74 

29-66 

28-67 

^'6 

45-62 

48-00 

46-79 

35 

27-09 

2903 

28-03 

6 

45-50 

47-87 

46-66 

36 

26-43 

28-26 

27-31 

7 

45-26 

47-64 

46-43 

37 

25-76 

27-50 

26-68 

8 

44-91 

47-28 

46-07 

38 

25-09 

26  74 

26-01 

9 

44-46 

46-80 

45-61 

39 

24-42 

25-97 

25-33 

10 

43-94 

46-25 

45-07 

40 

23-75 

25-21 

24-66 

11 

43-26 

45-55 

44-38 

41 

23-15 

24-68 

24-05 

12 

42-58 

44-85 

43-70 

42 

22-54 

24-75 

23-44 

13 

41-91 

44-15 

43-01 

43 

21-93 

23-62 

22-83 

14 

41-24 

43-,46 

42-33 

44 

21-32 

23-10 

22-22 

15 

40-56 

42-76 

41-64 

45 

20-71 

22-57 

21-61 

16 

39-83 

42-04 

40-92 

46 

20-12 

21-91 

20-98 

17 

39-11 

41-31 

40-19 

47 

19-52 

21-24 

20-35 

18 

38-39 

40-59 

39-47 

48 

18-92 

20-58 

19-72 

19 

37-67 

39-87 

38-74 

49 

18-32 

19-92 

19-09 

20 

36-95 

39-15 

38-02 

50 

17-72 

19-26 

18-46 

21 

36-28 

38-43 

37-33 

51 

17-17 

18-64 

17-87 

22 

35-62 

37-72 

36-64 

52 

16-63 

18-01 

17-29 

23 

34-96 

37-01 

35-96 

53 

16-08 

17-39 

16-70 

24 

34-30 

36-29 

35-27 

54 

15-53 

16-77 

16-12 

)25 

33-63 

35-58 

34-58 

55 

14-98 

16-15 

15-53 

26 

32-98 

34-90 

33-91 

56 

14-43 

15-53 

14-95 

27 

32-32 

34-21 

33-23 

57 

13-87 

14-92 

14-37 

28 

31-66 

33-53 

32-56 

58 

13-33 

14-31 

13-79 

29 

31-00 

32-85 

31-88 

59 

12-79 

13-69 

13-21 

30 

30-34 

32-17 

31-21 

60 

12-24 

13-08 

12-63 

647 


TABLE  XV     Conlinued. 


i.    i.'ti 

r;i.      ,,t 

: ; . . 

iu  ti. 

1..1    :y. 

->    t 

Agn 

Males 

Fvmnles 

LWet  in 

general 

1 

Age* 

Male*  1 

?emalt8 

Li»«t  in 

general 

61 

11-72 

12-56 

12-12 

bl 

396 

413 

4  01 

62 

63 

11-21 
10-73 

12-04 
11-52 

11-62 
11-11 

82 
83 

3-69 

3.84 

3  80 
3-57 

3-46 

3-59 

64 

10-26 

llOl 

10-61 

84 

330 

3-42 

3-39 

65 

9-78 

10-49 

10-10 

85 

316 

3-40 

323 

66 

9-30 

9-97 

9-62 

86 

304 

3.34 

309 

67 

8-84 

9-46 

9-15 

87 

i2-88 

3  22 

292 

68 

8-40 

8-94 

867 

88 

264 

slos 

271 

69 

7-99 

8-42 

8  20 

89 

2-34 

2.82 

2*43 

70 

7-60 

7  91 

7-72 

90 

202 

255 

205 

71 

7-22 

7-54 

732 

91 

1-73 

227 

1-71 

72 

6-87 

7  16 

6  89 

92 

1-38 

195 

1-40 

73 

6  53 

6-78 

6  53 

93 

100 

1-64 

123 

74 

6-22 

6  40 

6-23 

94 

•75 

1.35 

110 

75 

5-89 

6  03 

5-91 

95 

•00 

1.07 

1.00 

76 

5  56 

5-73 

5-59 

96 

-00 

•83 

.00 

77 

5  25 

0-43 

5-28 

97 

•00 

.00 

.00 

78 

4  92 

511 

4-96 

79 

4-59 

4  79 

4-61 

80 

4-27 

4-47 

4-28 

548 


TABLE     XVI. 


Showing  the  value  of  an  annuity  on  a  Single  Life 
at  every  age,  (Male  or  Female),  deduced  from  the 
observations  made  in  Sweden, 


kzci 


Males 


4 
per  Cent 


I        5 
per  Cent 


Females 


4 
per  Cent 


5 

per  Cent 


1 
2 
3 
4 
5 

6 

7 

8 

9 

10 

11 
12 
13 
14 
15 

16 
17 
18 
19 
20 

21 
22 
23 
24 
25 

26 
27 
28 
29 
30 


10-508 
17-355 
17-935 
18-328 
18-503 

18-022 
18-693 
18-725 
18-715 
18-674 

18-600 
18-491 
18-378 
18-240 
18-105 

17-958 
17-803 
17-643 
17-492 
17-335 

17-192 
17-042 
16-887 
16-742 
16-592 

16-436 
16-274 
16-105 
15-930 
15-751 


14-051 
14-778 
15-279 
15-024 
15-786 

15-901 
15-977 
16-021 
16-030 
16-014 

15-970 
15-896 
15-819 
15-724 
15-624 

15-517 
15-404 
15-285 
15-175 
15-059 

14-955 
14-846 
14-732 
14-027 
14-517 

14-402 
14-282 
14-150 
14-024 
13-889 


10-820 
17-719 
18-344 
18-780 
18-927 

19-045 
19-131 
19-162 
19-151 
19-109 

19-041 
18-952 
18-840 
18-707 
18-568 

18-424 
18-290 
18-151 
18-013 
17-872 

17-7-25 
17-573 
17-414 
17-252 
17-087 

10-915 
10-751 
16-588 
16-427 
16-261 


14-271 
15-034 
15-571 
15-951 
16-088 

16-203 
16-291 
10-335 


16-325 

16-286 

16-229 

16-153 

1 6-059 

15-960 

15-856 

15-761 

15-602 

15-563 

15-462 

15-356 

15-245 

15-129 

15-009 

14-886 

14-757 
14-636 
14-515 
14-396 
14-272 


549 


TABLE    XVI     Continued. 


Age. 


Mutea 


JKcmnlra 


pel 


4 

C;nt 


5  4 

per  Cent  I  rer  Cent 


5 
per  Cent 


31 
32 
33 
34 
35 

3G 
37 
38 
39 

40 

41 
42 
43 
44 
45 

46 

"47 
48 
49 
50 

51 
52 
53 
54 
55 

56 
57 
58 
59 
60 

61 
62 
63 
64 
65 


15-576 

15-395 
15-iU8 
15-014 
14-812 

14-601 
14-382 
14154 
13-916 
13-668 

13-426 
13196 
12-984 
12-763 
12-535 

12-297 
12051 
11 -7^5 
11-528 
11-267 

n-031 
10-785 
10-531 
10-269 
9-998 

9-717 
9-425 
9-440 
8-845 
8-540 


13-756 
13-619 
13477 
12327 
13-170 

13  006 
12-833 
12-652 
12-462 
12-261 

12  065 
1 1  -880 
11-710 
11-532 
11-347 

11-153 
10-951 
10-738 
10-516 
10298 

10-100 
9-895 
9-682 
9-460 
9-229 

8-988 
8-736 
8-489 
8-232 
7-963 


16104 
15941 
15-787 
15-629 
15-465 


15-278 
15-070 
14-854 
14-629 
14-401 

14- 185 
13994 
13-798 
13-596 
13-383 

13-151 
12-894 
12-620 
12-333 
12049 

11-769 
11-492 
11-220 
10-937 
10-642 


14-156 
14  035 
13923 
13-806 
15-684 

13-542 
13-382 
13-213 
13-036 
12-856 

12-687 
12-538 
12-387 
12-229 
12-061 

11-876 
11-668 
11-443 
11-205 

10-970 

10-737 
10-507 
10-280 
10042 
9-792 


8-241 
7-950 
7-669 
7-388 
7-090 


7-700 
7442 
7193 
6-938 
6-676 


10-334 

10-012 

9-692 

9-358 

9039 

8-739 
8-453 
8166 
7-870 
7-566 


9-529 
9-253 
8-976 
8-684 
8-406 

8-144 
7-895 
7-643 
7-382 
7-111 


550 


TABLE    XVI    Continued. 


Agea 

Males 

I'einales              | 

4 

5 

*     1 

per  Cent  / 

6 

per  Cent 

per  Ce°* 

per  Cent 

66 

6-792 

6-408 

7-252 

6-831 

67 

0.6-489 

6134 

6-930 

6-541 

68 

6-201 

5^872 

6-596 

6-239 

69 

5-933 

5-628 

6-253 

5-926 

70 

5-670 

5-389 

5-897 

5-599 

71 

5-418 

5-158 

5-564 

5-293 

72 

5-180 

4-940 

5-261 

5013 

73 

4-940 

4-719 

4-998 

4-770 

74 

4-724 

4-521 

4-792 

4-581 

75 

4-487 

4-302 

4-582 

4-388 

76 

4-253 

4-084 

4-367 

4-189 

77 

4-024 

3-871 

4^145 

3-983 

78. 

.3-7^8 

8  631 

3-913 

3767 

7r 

.3-5ia 

3-390. 

3  668 

3536 

80 

3^260 

31 52 

3-402 

3-285 

81 

3-017 

2-921 

3-145 

3-041 

83 

.   2-792 

2-706 

2-905 

2-812 

83^ 

:  2-600 

2-523 

2-699 

2.615 

84 

2-473 

2-403 

2-559 

2-480 

85 

2-371 

2-306 

2-552 

2-476 

86 

2-281 

2-222 

2-518 

2  446 

87 

2-154 

2-103 

2 -43^1 

2  365 

88 

1-955 

1-912 

2-29.4 

2  236 

89 

1-698 

1-664 

2-108 

2  059 

90 

1-417 

1-392 

1-873 

1833 

91 

1154 

1-136 

lr628 

1  596 

92 

-835 

•824 

1-349 

1325 

93 

•477 

•471 

1-071 

1  064 

94 

•240 

•238 

-799 

788 

95 

•000 

•000 

•544 

537 

96 

•000 

•000 

•320 

317 

551 


TABLE,,X,yy,. 

Showing  the  value  of  an  annuity  on  Two  Joint  Lives, 
deduced  from  the  observations  (among  Males  and 
Females  collectively)  made  in  Sweden. 
Difference  of  age  0  years. 


Com* 

4 

Com| 

4 

Cwui- 

4 

jCuiii- 

4 

mun 

Dion 

inon 

(  mon 

A«e  1 

l»er  cent 

Kgf 

p«r  Cent 

Asel 

por  cent 

I  *«e 

prr  c«»nf 

1 

12  262 

26 

13  671 

51 

8  469 

76 

2  490 

2 

Id5ti3 

27 

J  3  495 

52 

8  230 

.  77 

2  340 

3 

14  5)8 

28 

13  323 

53 

7  994 

,7a 

2  170 

4 

15  267 

29 

13  148 

54 

7  748 

'79 

1967 

S 

15  577 

30 

12  905 

55 

7  495 

80 

1758 

6 

1^5  820 

31 

12  795 

56 

7  229 

81 

1600 

16  003 

32 

12  624 

57 

6  954 

82 

1472 

16  109 

33 

12  456 

58 

6>J78 

83 

1364 

9 

16  152 

34 

12  286 

59 

6  388 

84 

1276 

10 

16  141 

35 

12  109 

60 

6  104 

:  85 

1212 

11 

16  087 

36 

11  904 

61 

5  844' 

86 

1172 

12 

15  982 

37 

11683 

62 

5  600 

87 

1127 

13 

15  855 

38 

11452 

63 

5  30T 

'  88 

1071 

14 

15  701 

39 

11  209 

64 

5  128' 

'  89 

949 

?^ 

15^5 

.40 

10  964 

65 

4  881 

90 

718 

1^' 

15  Ml 

41 

10  732 

66 

4  626 

91 

516 

It 

15  196 

42 

10  331 

67 

4  862 

92 

826 

w 

15  023 

43 

10  346 

68 

4  103 

93 

236 

l^i 

14  854 

44 

10  154 

69 

3  851 

94 

190 

2p 

^4  682 

45 

9  954 

70 

3  593 

95 

024 

21 

14  525 

46 

9  736 

71 

3  345 

96 

000 

9» 

14  360 

47 

9  497 

72 

3  128 

2». 

14  194 

48 

9  236 

73 

:, 

34. 

14  020 

49 

8  966 

71 

,  • , 

25 

13  849 

50 

8  707 

75 

2G48 

:  V 

'  ■• 

•  •  -1 

1 

r  t  r 

552 


TABLE    XVIII. 

Showing  the  value  of  an  annuity  on  Two  Joint  Lives, 
deduced  from  the  observations  (among  Males  and 
Females  collectively)  made  in  Sweden. 
Difference  of  age  6  years. 


Aiics 


per  Cent 


Ao;es 


4 
per  Cent 


Ages 


4 
per  Cent 


1-  7 

2-  8 

3-  9 
4-10 
5-11 

6-12 
7-13 
8-14 
9-15 
10-16 

11-17 
12-18 
13-19 
14-20 
15-21 

19-22 
17-23 

18-24 
19-25 
20-26 

21-27 
22-28 
23-29 
24-30 
25-31 

26-32 
27-33 
28-34 
29-35 
80-36 


3  989 

4  780 

5  323 
5  685 
5  817 

5  887 
5  914 
5  888 
5  824 
5  729 


31-37 

32-38 
33-39 
34-40 
35-41 

36-42 
37-43 
38-44 
39-45 
40-46 


5  617  41-47 

5  477  42-48 
5  327  43-49 
5 164  44-50 
5  001  45-51 

4  832  46-52 
4  665  47-53 
4  491  48-54 
4  320  49-55 
4  144  50-56 


3  976 
3  807 
3  635 
3  455 

3  284 

3  108 
2  935 
2  763 
2  586 
2  390 


51-57 

52-58 
5^-59 
54-60 
55-61 

56-62 
57-63 
58-64 
59-65 
60-66 


12  292 
11  938 
11779 
11568 
11361 

11  156 

10  953 
10  741 
10519 

10  286 

10  049 
9813 
9  581 
9  351 
9  129 

8  897 
8  658 
8  402 
8  139 

7  874 

7613 
7  351 
7  083 
6814 
6  555 

6  299 
6  045 
5  788 
5519 
5  249 


61-67 
62-68 
63-69 
64-70 
65-71 

66-7^ 
67-73 
68-74 
69-75 
70-76 

VI  77 
72-78 
73-79 
74-80 
75-81 

76-82 
77-83 
78-84 
79-85 
80-86 

81-87 
82-88 
83-89 
84-90 
85-91 

86-92 
87-93 
88-94 
89-95 
90-96 


4  984 
4  729 
4  482 
4  231 
3  982 

3  750 
3  527 
3  340 
3  147 
2  946 

2  752 

2  558 
2  355 
2  172 

2  017 

1  877 
1  756 
1  639 
1  524 
1  416 

1  320 

1  225 

1  094 

902 

725 

556 
459 
396 
364 
000 


£53 


TABLE    XIX. 

Showing  the  value  of  an  annuity  on  Two  Joint  Lives, 
deduced  from  the  observations  (among  Males  and 
Females  collectively)  made  in  Sweden. 
Difference  of  age  '2  years. 


1 

Aget 

4 
per  Cent 

Ages 

4 
per  Cent 

I 
Ages 

4 
per  Cent 

1-13 

13  894 

31-43 

11359 

61-73 

3  927 

2-14 

14  557 

32-44 

11  170 

62-74 

3  747 

S-15 

14  988 

33-45 

10  978 

63-75 

3  563 

4-16 

15  259 

34-46 

10  775 

64-76 

3  370 

5-17 

15  326 

35-47 

10  557 

65-77 

3  180 

6-18 

15  354 

36-48 

10314 

66-78 

2  974 

7-19 

15  351 

37-49 

10  059 

67-79 

2  743 

8-20 

15  310 

38-50 

9  805 

68-80 

2  514 

9-21 

15  244 

39-51 

9  558 

69-81 

2  324 

10-22 

15  149 

40-52 

9  308 

70-82 

2  155 

11-23 

15  033 

41-53 

9  066 

71   83 

2  004 

12-24 

14  889 

42-54 

8  830 

72-84 

1  875 

13-25 

11736 

43-55 

8  597 

73-85 

1  768 

14-26 

14  566 

44-56 

8  354 

74-86 

1  692 

15-27 

14  392 

45-57 

8101 

75-87 

1  605 

16-28 

14  216 

46-58 

7  841 

76-88 

1  497 

17-29 

14  042 

47-59 

7  563 

77-89 

1  339 

18-30 

13  860 

48-60 

7281 

78-90 

1097 

19-31 

13  687 

49-61 

7008 

79-91 

863 

20-32 

13  512 

50-62 

6  749 

80-92 

638 

21-33 

13  345 

51-63 

6  505 

81-93 

511 

22-34 

13  173 

52-64 

6  256 

82-94 

427 

23-35 

12  997 

53-65 

6  004 

83-95 

379 

24-36 

12  801 

54-65 

5  743 

84-96 

000 

25-37 

12  599 

55-67 

5  474 

26-38 

12  387 

56-68 

5  204 

27-39 

12  170 

57-69 

4  936 

28-40 

11  953 

58-70 

4  664 

; 

29-41 

11  742 

59-71 

4  995 

30-42 

11  543 

60-72 

4  149 

if 

554 

TABLE    XX. 

Showing  the  value  of  an  annuity  on  Two  Joint  Lives, 
deduced  from  the  observations  (among  Males  and 
Females  collectively)  made  in  Sweden. 
Difference  of  age  18  years. 


Ages 


4 
per  Cent 


Ages 


4 
per  Cent 


Ages 


4 
per  Cent 


1-19 

2-20 
3-21 
4-22 
6-23 

6-24 
7-25 
8-26 
9-27 
10-28 

11-29 
12-30 
13-31 
14-32 
15-33 

16-34 
17-35 
18-36 
19-37 

20-38 

21-39 
32-40 
23-41 
24-42 
25-43 

26-44 
27-45 
28-46 
29-47 
30-48 


13-389 
14-008 
14-417 
14-671 
14-725 

14-740 
14-727 
14-673 
14-590 
14-484 

14-357 

14-202 
14-045 
13-874 
13-700 

13-520 
13-340 
13-141 
12-934 

12-720 


31-49 
32-50 
33-51 
34-52 
36-53 

36-54 
37-55 
38-56 
39-57 
40-58 

41-59 
42-60 
43-61 
44-62 
45-63 

46-64 
47-65 
48-66 
49-67 
50-68 


10-365 

10128 

9  905 

9-679 

9-452 


61-79 

62-80 
63-81 
64-82 
65-83 


2-974 
2-744 
2-557 
2-396 
2-252 


9-207  66-84  2-123 

8-951  67-85  2-010 

8-683  68-86  1-910 

8-404  69-87  1-798 

8-124  70-88  1-661 


7-839 
7-569 
7-318 
7-075 
6-836 


71-89 
72-90 
73-91 
74-92 
75-93 


6-586  76-94 
6-323  77-95 
6-048  78-96 
5-764 

5-487 


1-464 

1189 

•937 

-708 

-575 

•481 
•421 
•000 


12-505 

51-69 

6-221 

12-286 

52-70 

4-953 

12-073 

53-71 

4-694 

11-873 

54-72 

4-455 

11-683 

55-73 

4-231 

11  485 

56^74 

4043 

11-284 

57-75 

3-844 

11-072 

58-76 

3-637 

10-847 

59-77 

3-430 

10-606 

60-78 

3-210 

566 

TABLE    XXI. 

Showing  the  value  of  an  annuity  on  Two  Joint  Lives, 
deduced  from  the  observations  (among  Males  and 
Females  collectively)  made  in  Sweden. 
Difference  of  age  24  years. 


4 

4 

4 

Aget 

p«r  Cent 

Age« 

per  Cent 

Agei 

per  Cent 

1-25 

12-832 

26-50 

10-364 

61-75 

4008 

2-26 

13-409 

27-51 

10-130 

62-76 

3-803 

3-27 

13-778 

28-52 

9-894 

53-77 

3-605 

4-28 

14  003 

29-53 

9-659 

64-78 

3-389 

5-29 

14-037 

30-54 

9-413 

55-79 

3  150 

6-50 

14033 

31-55 

9-167 

66-80 

2-909 

7-51 

14-006 

32-56 

8-912 

67-81 

2-710 

8-52 

13-944 

33-57 

8-651 

58-82 

2-539 

9-53 

13-855 

34-58 

8-389 

69-83 

2-386 

10-34 

13-741 

35-59 

8-114 

60-84 

2-248 

11-35 

13-604 

36-60 

7-833 

61-85 

2-136 

ia-36 

13-428 

37-61 

7-561 

62-86 

2-037 

15-37 

13234 

38-62 

7-296 

63-87 

1-926 

14-38 

13-023 

39-63 

7-033 

64-88 

1-790 

15-39 

12-798 

40-64 

6-763 

65-89 

1-585 

16-40 

12-570 

41-65 

6-492 

66-90 

1-290 

17-41 

12-351 

42-66 

6-225 

67-91 

1-017 

18-42 

12146 

43-67 

5-957 

68-92 

-764 

19-43 

11-951 

44-.68 

5-689 

69-93 

•617 

20-44 

11-751 

45-69 

5-426 

70-94 

-514 

21-45 

11-550 

46-70 

5-153 

71-95 

•441 

22-46 

11  335 

47-71 

4-884 

72-96 

-000 

«3-47 

11-107 

48-72 

4-633 

24-48 

10-862 

49-73 

4-398 

25-49 

10-612 

50-74 

4-205 

&56 

TABLE     XXII. 

Showing  the  values  of  an  annuity  on  Two  Joint  Lives, 
r    deduced  from  the  observations  (among  Males  and 

Females  collectively)  made  in  Sweden. 

Difference  of  age  30  years. 


Ages 

4 

per  Cent 

Ages 

P^ 

4 
r  Cent 

Ages 

4 
per  Cent 

1-31 

12196 

26-56 

9-080 

51-81 

2-792 

2-32 

12-730 

27-57 

8-807 

52-82 

2-623 

3-33 

13-066 

28-58 

8-534 

53-83 

2-475 

4-34 

13-264 

29-59 

8-250 

54-84 

2-344 

5-35 

13-277 

30-60 

7-967 

55-8S 

2-232 

6-36 

13-242 

31   61 

7-702 

56-86 

2130 

7-37 

13-170 

Z,.  -62 

7-446 

57-87 

2-010 

8-38 

13-059 

33-63 

7-196 

58-88 

1-864 

9-39 

12-913 

34-64 

6-942 

59-89 

1-644 

10-40 

12-743 

35-65 

6-679 

60-90 

1-333 

11-41 

12-563 

06-66 

6-402 

61-91 

1-050 

12-42 

12-379 

37-67 

6115 

62-92 

-789 

13643 

12196 

38-68 

5-828 

63-93 

•639 

14-44 

11-99'/ 

'    39-69 

5-543 

64-94 

•533 

15-45 

ll-78'3 

'    40-70 

5-254 

65-95 

-456 

16-46 

11-562 

5     41-71 

4-977 

66-96 

-000 

17-47 

11-328 

5     42-72 

4-730 

18-48 

11 -076 

I     43-73 

4-507 

19-49 

10-8H 

)     44-74 

4-322 

20-50 

10-56' 

r     45-75 

4-128 

21-51 

10-33$ 

I    46^76 

3-921 

22-52 

10-09! 

I    47-77 

3-715 

23-53 

9-85 

2    48-78 

3-489 

24-54 

9-60 

2    49-79 

3-238 

25-55 

934 

7    50-80 

2-990 

557 

TABLE    XXIII. 

Showing  the  value  of  an  annuity  on  Two  Joint  Livet« 
deduced  from  the  observations  (among  Males  and 
Females  collectively)  made  in  Sweden, 
Difference  of  age  36  years. 


Ages 

4 
per  Cent 

Ages 

4 
per  Cent 

1-37 

11-465 

31-67 

6  197 

2-38 

11-913 

32-08 

5917 

3-39 

12-164 

33-G9 

6  642 

4-40 

12-284 

34-70 

6  364 

6-41 

12  242 

35-71 

5u93 

6-42 

12185 

36-72 

4  840 

7-43 

12112 

37-73 

4  603 

8-44 

12-004 

38-74 

4  405 

9-45 

11-865 

39-75 

4  195 

10-46 

11-694 

40-76 

3975 

11-47 

11-493 

41-77 

3  762 

12-48 

11-259 

42-78 

3  639 

13-49 

11-011 

4.'-79 

3295 

14-50 

10-769 

44-80 

3C52 

15-51 

10-514 

45-81 

2  854 

16-52 

10-264 

46-82 

2G84 

17-53 

10-018 

47-8  { 

2  5:« 

18-54 

fJ-761 

48-84 

2396 

19-55 

9-500 

'  49-85 

2  277 

20-56 

9-228 

50-86 

2  171 

21-57 

8-963 

51-87 

2  050 

22-o8 

8-675 

52-88 

1901 

23-59 

8-385 

53-89 

1681 

24-60 

8-097 

64-90 

1366 

25-61 

7-823 

55-91 

1078 

26-62 

7-557 

56-92 

810 

27-63 

7-297 

57-93 

655 

28-64 

7-032 

58-94 

646 

29-65 

»      6-761 

59-95 

464 

30-6fl 

6-481 

60-96 

000 

558 

TABLE    XXIV. 

Showing  ihe  value  of  an  annuity  on  Two  Joint  Lives, 
deduced  from  the  observations  (among  Males  and 
Females  collectively)  made  in  Sweden, 
Difference  of  age  42  years. 


Ages 

4 

Ages 

4 

per  Cent 

per  Cent 

1-43 

10  546     31-73 

4  646 

2-44 

10  946      32-74 

4  453 

3-45 

11168      33-75 

4251 

4-46 

11260     34-76 

4  040 

5-47 

111  83      35-77 

3  833 

6-48 

11 064     36-78 

3  605 

7-49 

10  915     37-79 

3  352 

8-50 

10  743     38-80 

3  098 

9-51 

10  560     39-81 

2  889 

10-53 

10  357     40-82 

2  710 

11-53 

10140     41-83 

2  563 

12-54 

9  898     42-84 

2  418 

13-55 

9  644     43-85 

2  305 

14-56 

9  371      44-86 

2  203 

15-57 

9  087     45-87 

2  083 

16-58 

8  799     46-88 

1933 

17-59 

8  503     47-89 

1708 

18-60 

8  208.    48-90 

1385 

19-61 

7928     49-91 

1090 

20-62 

7  658     50-92 

818 

21-63 

7  396     61-93 

662 

22-64 

7127     52-94 

551 

23-65 

6  851      63-95 

468 

24-66 

6  666     64-96 

000 

25-67 

6  275 

26-68 

6  986 

27-69 

6  702 

28-70 

5415 

29-71 

6136 

30-72 

4  881 

•I 

I 


559 

TABLE     XXV. 

Showing  the  number  of  persons  living  and  dj/ing  at 
every  age,  according  to  the  observations  made  at 
Northampton. 


Ag* 

Living 

Dying 

Age 

Li  ring 

Dying 

Age 

Living 

Dying 

0 

11650 

1340 

1 

8650 

1367 

36 

3935 

75 

71 

1152 

80 

2 

7283 

502 

37 

8860 

75 

72 

1072 

80 

3 

6781 

335 

38 

8785 

75 

73 

992 

80 

4 

6446 

197 

39 

S710 

75 

74 

912 

80 

5 

6249 

184 

40 

3635 

76 

75 

832 

80 

6 

6065 

140 

41 

S559 

77 

76 

752 

77 

7 

5925 

110 

42 

3482 

78 

77 

675 

73 

8 

5S15 

80 

43 

8404 

78 

78 

602 

68 

9 

5735 

60 

44 

3326 

78 

79 

534 

65 

10 

5675 

52 

45 

3248 

78 

80 

469 

63 

11 

5623 

50 

46 

3170 

78 

81 

406 

60 

12 

5573 

50 

47 

3092 

78 

82 

346 

57 

13 

5523 

50 

48 

3014 

78 

83 

289 

55 

14 

5473 

50 

49 

2936 

79 

84 

234 

48 

15 

5423 

50 

50 

2857 

81 

85 

186 

41 

16 

5373 

53 

51 

2776 

82 

86 

145 

34 

17 

5320 

58 

52 

2694 

82 

87 

111 

28 

18 

5262 

63 

53 

2612 

82 

88 

83 

21 

19 

5199 

67 

54 

2530 

82 

89 

62 

16 

20 

5132 

72 

55 

2448 

82 

90 

46 

12 

21 

5060 

75 

56 

2366 

82 

91 

34 

10 

22 

4985 

75 

57 

2284 

82 

92 

24 

8 

23 

4910 

75 

58 

2202 

82 

93 

16 

7 

24 

4835 

75 

59 

2120 

82 

94 

9 

5 

25 

4760 

75 

*60 

2038 

82 

95 

4 

3 

26 
27 

4685 

75 

61 
62 

1956 
1874 

82 
81 

96 
97 

1 
0 

1 
0 

4610 

75 

28 

4535 

75 

63 

1793 

81 

29 

4460 

75 

64 

1712 

80 

SO 

4385 

75 

65 

1632 

80 

SI 

4310 

75 

66 

1552 

80 

S2 

42S5 

75 

67 

1472 

'  80 

SS 

4160 

75 

68 

1392 

80 

34 

4085 

75 

69 

1312 

80 

S2 

4010 

75 

70 

1232 

80 

560 

TABLE    XXVI. 

Showing  the  Erpectations  of  Life  at  every  age,  de- 
duced from  the  observations  made  at  Northampton. 


Ages 

Expectat. 

Ages 

Expeetnt. 

Ages 

Expectat. 

1 
Ages 

Expectat 

1 

32-74 

26 

30-33 

51 

6-18 

17-50 

76 

2 

37-79 

27 

29-82 

52 

17-02 

77 

5-83 

3 

39-55 

28 

29-30 

53 

16-54 

78 

5-48 

4 

40-58 

29 

28-79 

54 

16-06 

79 

5-11 

5 

40-84 

30 

28-27 

55 

15-58 

80 

4-75 

6 

41-07 

31 

27-76 

56 

15-10 

81 

4-41 

7 

41-03 

32 

27-24 

57 

14-63 

82 

4-09 

8 

40-79 

33 

26-72 

58 

14-15 

83 

3-80 

9 

40-36 

34 

26-20 

59 

13-68 

84 

3-58 

10 

39-78 

35 

25-68 

60 

13-21 

85 

3-37 

11 

39-14 

36 

25-16 

61 

12-75 

86 

3-19 

12 

38-49 

37 

24-64 

62 

12-28 

87 

3-01 

13 

37-83 

38 

24-12 

63 

11-81 

88 

2-86 

14 

37-17 

39 

23-60 

64 

11-35 

89 

2-66 

15 

36-51 

40 

23-08 

65 

10-88 

90 

2-41 

16 

35-85 

41 

22-56 

66 

10-42 

91 

2-09 

17 

35-20 

42 

22-04 

67 

9-96 

92 

1-75 

18 

34-58      ^ 

43 

21-54 

68 

9-50 

93 

1-37 

19 

33-99 

44 

21-03 

69 

9-05 

94 

1-05 

20 

33-43 

45 

20-52 

70 

8-60 

95 

-75 

21 

32-90 

46 

20-02 

71 

8-17 

96 

•50 

22 

32-30 

47 

19-51 

72 

7-74 

97 

•00 

23 

31-88 

48 

19-00 

73 

7-33 

24 

31-36 

49 

18-49 

74 

6-92 

25 

30-85 

60 

17-99 

75 

6-54 

561 

TABLE    XXVII. 

Showing  the  value  of  an  annuity  on  a  Single  Life,  at 
every  age,  deduced  from  the  observa^ons  made  at 
Northampton, 


\^tt 

3 

4 

5 

6 

7 

8 

par  Cent 

per  Cent 

p«r  Cent 

ptrCeot 

per  Cent 

percent 

1 

16  021 

13-465 

11-563 

10-107 

8903 

8-046 

2 

18599 

16-633 

13  420 

11-724 

10-391 

9-321 

3 

10675 

16-462 

14135 

12  348 

10-941 

9-812 

4 

20210 

17-010 

14-613 

12-769 

11-315 

10-147 

5 

20-473 

17-248 

14-827 

12i962 

11-489 

10-304 

6 

20-727 

17-482 

15041 

13156 

11-666 

10'460 

7 

20*853 

17-611 

15-166 

13-275 

11-777 

10  670 

8 

20-885 

17-«)-2 

15  226 

13-337 

11-840 

10-631 

9 

20-812 

17625 

15-210 

13-335 

11-846 

10-641 

10 

20-663 

17-523 

15*  130 

13'285 

11-809 

10-614 

11 

20480 

17-393 

15-043 

13-212 

11-752 

10-569 

12 

20283 

17'25l 

14  937 

13130 

11-687 

10-617 

13 

20-081 

17103 

14  8-20 

13-044 

11618 

10-461 

14 

19-872 

16  950 

14  710 

12953 

11-545 

10-401 

15 

19-657 

16-791 

14-588 

12857 

11-467 

10-337 

16 

19-435 

16-625 

14-460 

12-755 

11-384 

10-268 

17 

19-218 

16-402 

14334 

12-6,55 

11-302 

10-200 

18 

19013 

16-309 

14-217 

12-562 

11-226 

10-137 

19 

18-820 

10.167 

14-108 

12-477 

11167 

10-081 

20 

18-638 

16033 

14007 

12-398 

11-094 

10K)30 

21 

18-470 

15-912 

13-917 

12-329 

11-042 

e-986 

22 

18-311 

15  797 

13  833 

12-265 

10  993 

9-947 

23 

18148 

1568<J 

13-740 

12200 

10*942 

9-907 

24 

17-983 

15-660 

1,3058 

12-132 

10-890 

9-805 

25 

17-814 

15-438 

13-567 

12-063 

10836 

9-813 

26 

17  642 

15-312 

13-473 

11-992 

lOTdO 

9-778 

27 

17-467 

15-184 

13.J77 

11-917 

10-723 

9-733 

28 

17-289 

15  06.) 

13  278 

11-841 

10663 

0685 

29 

17107 

14918 

13177 

11-763 

10-602 

9*635 

30 

10922 

14-781 

13-072 

11-682 

10-639 

9-584 

662 


TABLE    XXVII    Continued. 


Ages 

3 

4 

5 

6 

7 

8 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

per  Ce  nt 

31 

16732 

14-639 

12-965 

11-598 

10  473 

9-631 

32 

16  540 

14-495 

12-854 

11-512 

10  404 

9-476 

33 

16-343 

14-347 

12-740 

11-423 

10  333 

9418 

34 

16142 

14-195 

12  623 

11-331 

10  260 

9-359 

35 

15-938 

14-039 

12-502 

11-236 

10  183 

9-296 

36 

15-729 

13-880 

12377 

11137 

10104 

9-231 

37 

15515 

13-716 

12-249 

11-035 

10  021 

9164 

38 

15-298 

13-548 

12-116 

10-929 

9  935 

9-093 

39 

15075 

13-375 

11-979 

10-819 

9  845 

9019 

40 

14-848 

13197 

11-837 

10-705 

9  762 

8-941 

-41 

14-620 

13-018 

11-695 

10-589 

9  667 

8-863 

42 

14-391 

12-838 

11-551 

10-473 

9  562 

8-783 

43 

14-162 

12  657 

11-407 

10-366 

9  466 

8-703 

44 

13-929 

12-472 

11-268 

10-235 

9  366 

8-6-20 

45 

13-692 

12-283 

11-105 

10110 

9  262 

8633 

46 

13-450 

12-089 

10-947 

9-980 

9  154 

8-443 

47 

13-203 

11-890 

10-784 

9-846 

9  042 

8348 

48 

12-951 

11-685 

10-616 

9-707 

8  925 

8-249 

49 

12-693 

11-475 

10-443 

9-663 

8  804 

8146 

50 

12-436 

11-264 

10-269 

9-417 

8681 

8041 

51 

12-183 

11-057 

10-097 

9273 

8  559 

7-937 

62 

11-930 

10849 

9-926 

9129 

8  437 

7-833 

53 

11-674 

10-637 

9-748 

8  980 

8311 

7726 

54 

11-414 

10-421 

9-667 

8  827 

8]SI 

7-614 

55 

11150 

10-201 

9-382 

8670 

8  047 

7-499 

56 

10882 

9977 

9193 

8-509 

7  909 

7-379 

57 

10611 

9-749 

8-999 

8  343 

7  766 

7*266 

58 

10-337 

9516 

8801 

8*173 

7  619 

7-128 

59 

10058 

9-280 

8-599 

7-999 

7  468 

6996 

60 

^% 
61 

9-777 

9-039 

8392 

7'820 

7  312 

6-860 

9-493 

8-795 

8181 

7  637 

7152 

6-719 

62 

9-205 

8-547 

7-966 

7  449 

6  988 

6474 

63 

8910 

8-291 

7-742 

7263 

6  815 

6-421 

64 

8-611 

8-030 

7514 

7  052 

6  637 

6262 

65 

8-304 

7-761 

7-276 

6  841 

6  449 

6096 

£63 


TABLE 

XXVII 

Continued. 

1 

- 

3 

4 

5 

6 

7 

B 

Age. 

per  Cent 

percent 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

OG 

7-994 

7-488 

r034 

6*6-25 

0-266 

6-923 

07 

7-683 

7.311 

0787 

6.405 

6.068 

5.743 

68 

7-367 

»9ao 

0-638 

6179 

6856 

66» 

69 

7061 

6647 

0281 

6-9(9 

6640 

6-370 

70 

6-734 

6  361 

00-23 

6  716 

5434 

6-170 

71 

6-418 

6-076 

5*704 

6-479 

*318 

4-978 

n 

6103 

6-790 

6504 

6-241 

rjono 

4-778 

73 

6794 

6607 

6216 

6  001 

ITsl 

4-576 

74 

6491 

6330 

4990 

4  769 

4  iVa 

4-375 

76 

6196 

4.003 

4-744 

4-542 

4-354 

4-180 

76 

4-926 

4-710 

4  5U 

4326 

4- 154 

3*994 

77 

4-663 

4467 

4-277 

4-109 

3-952 

3-806 

78 

4-372 

4197 

4  035 

3-884 

3-742 

3-609 

79 

4-077 

3-921 

3-770 

3-041 

3514 

3-394 

80 

3-781 

3643 

3-615 

3-394 

3-281 

3-174 

81 

3-499 

3-377 

3"2fl3 

3- 159 

3  05.5 

2900 

83 

3*3-29 

3- 122 

3-020 

2926 

2-836 

2751 

83 

2-983 

2-887 

2797 

2-713 

3*633 

2557 

84 

3-793 

2-708 

2-027 

2.551 

3-479 

2-410 

85 

2-630 

2-643 

3471 

2402 

2337 

3275 

80 

2-462 

2393 

2328 

'  2-266 

2*207 

2.151 

87 

3-313 

2-251 

2  193 

2-138 

2'0a5 

2*0.35 

88 

3-186 

2131 

2080 

2031 

1*984 

1*939 

89 

3^13 

1-907 

1-924 

1-882 

P842 

1*803 

90 

1*794 

1-758 

1*723 

1*689 

1-656 

1-625 

91 

1-601 

1-474 

1*447 

1-422 

1*398 

1-374 

92 

1-190 

1171 

1*153 

1*138 

1-118 

1102 

93 

'839 

•827 

•810 

'806 

•795 

*786 

94 

•636 

•630 

•624 

*618 

•512 

•607 

96 

•343 

•340 

•238 

*230 

•234 

•232 

96 

•000 

•000 

*000 

•000 

•000 

•000 

564 


TABLE    XXVIII. 

Showing  the  value  of  an  annuity  on  Two  Joint 
Lives,  deduced  from  the  observations  made  at 
Northampton, 

Difference  of  age  0  years. 


Com- 

3 

4 

5' 

6 

mon 
Age 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

1 

9-491 

8-252 

7-287 

6-515 

2 

12-789 

11  107 

9-793 

8-741 

3 

14196 

12-325 

10-862 

9-689 

4 

15181 

13  185 

11-621 

10-365 

5 

15638 

13591 

11-984 

10-691 

6 

16-099 

14005 

12358 

11-031 

7 

16-375 

14'224 

12  596 

11-251 

8 

16  510 

14-399 

12-731 

11382 

9 

16-483 

14-396 

12-744 

11-404 

10 

16-339 

14  277 

12-665 

11-345 

11 

16-142 

14-133 

12-546 

11-249 

12 

15-926 

13-966 

12-411 

11-139 

13 

15-702 

13789 

12-268 

11-023 

14 

15470 

13  604 

12-118 

10-899 

16 

15-220 

13-411 

11-964 

10-767 

16 

14-979 

13-212 

11-793 

10-626 

17 

14  737 

13019 

11630 

10489 

18 

14*516 

12-841 

11-483 

10-365 

19 

14-316 

12-679 

11351 

10-255 

20 

14-133 

12.535 

11232 

10156 

21 

13  974 

12-409 

11-131 

10-074 

22 

13-830 

12-293 

11 '042 

10-002 

23 

13-683 

12179 

10951 

9  928 

24 

13-534 

12.062 

10858 

9-853 

35 

13-383 

12944 

10764 

9776 

26 

13-230 

11.822 

10667 

9-697 

27 

13-074 

11-699 

10-567 

9-616 

28 

12-915 

11-573 

10-466 

9  533 

29 

12-754 

11*445 

10-362 

9-448 

30 

12-589 

11-313 

10255 

9-360 

TABLE    XXVIII    Continued. 


Com- 

3 

4 

5 

G 

mon 

per  Ctnt 

per  Cent 

per  Cent 

per  Cent 

3l 

12*422 

11179 

10-146 

9270 

W 

12202 

11-042 

10-034 

9-178 

33 

12-(m> 

10902 

9-019 

»082 

34 

11-902 

10-759 

0^801 

8084 

35 

11-722 

10-612 

0680 

8-883 

36 

.ii-aao 

10-462 

9-665 

8778 

37 

11-361 

10-307 

9-427 

8670 

38 

IMOU 

10-149 

91294 

8-558 

39 

10164 

9i)86 

9-158 

8-442 

40 

10-764 

9-820 

9-016 

8-322 

41 

10-666 

9654 

8-876 

8-202 

42 

10-369 

9-491 

8737 

8-083 

43 

10175 

9-326 

8-609 

7-065 

44 

9-978 

9-160 

8-457 

7843 

45 

9-776 

8-990 

8-312 

7-718 

46 

a67i 

8-815 

8-162 

7-689 

47 

•-362 

»637 

8-008 

7-453 

48 

0-149 

8-463 

7-849 

7316 

49 

8-931 

8-266 

7-686 

7  173 

50 

8714 

8-081 

7-522 

7-030 

61 

8-507 

7-900 

7'3m 

6-893 

62 

8-304 

7-724 

7-213 

6-758 

63 

8099 

7544 

7-056 

6^629 

64 

7.891 

7362 

6-897 

6-480 

66 

7-681 

7-179 

6-735 

6336 

66 

7-470 

6-993 

6-571 

6190 

67 

T-266 

6-805 

6-404 

6  041 

68 

y-041 

6614 

6-234 

5  890 

60 

6^24 

6-421 

9-062 

5-735 

60 

61 

•W6 

6-226 

6*888 

5579 

6-387 

6-030 

5-712 

5-420 

62 

6-168 

5-831 

6-533 

5-259 

63 

6038 

6-626 

6-347 

6089 

64 

6-709 

5-417 

5-158 

4-917 

66 

6-471 

5.201 

4960 

4-736 

566 


TABLE 

XXVIII     Continued. 

Com- 

mon 

3 

4 

5 

6 

Age 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

66 
67 

5-231 
4-990 

4.982 
4-760 

4-759 

4-551 
4-362 

4-555 

68 

4-747 

4537 

4-3J8 

4171 

69 

4-604 

4-312 

4140 

3-977 

70 

4-261 

4-087 

3-930 

3  781 

71 

4020 

3-862 

3  719 

3584 

72 

3-781 

3-636 

3-510 

3387 

73 

3-548 

3-421 

3  304 

3M93 

74 

3-324 

3-211 

3- 105 

3*005 

75 

3  114 

3-015 

2-917 

2-827 

76 

2-926 

2833 

2750 

2-668 

77 

2-741 

2656 

2  583 

2-511 

78 

2-550 

2470 

2  410 

2346 

79 

2338 

2-271 

2  217 

2-161 

80 

2122 

2-068 

2018 

1-969 

81 

1-917 

1-869 

1-827 

1*786 

82 

/1-7I9 

1-681 

1-642 

1-606 

83 

1-538 

1-510 

1^472 

1*441 

84 

1-416 

1-387 

1*357 

1-330 

85 

1-309 

1-339 

1256 

1-232 

86 

1-218 

1195 

1-171 

1-149 

87 

1*141 

11 24 

1-098 

1-078 

88 

1-103 

1-030 

1063 

1-104 

89 

1-036 

1-015 

1001 

-984 

90 

•938 

•922 

'909 

•895 

91 

•769 

756 

-748 

•737 

92 

-691 

•683 

•676 

•569 

93 

•369 

•365 

•361 

•357 

94 

•203 

•201 

•199 

•197 

95 

-060 

•060 

•059 

•058 

96 

•000 

.000 

•000 

•000 

667 

TABLE    XXIX. 

Showing  the  value  of  an  annuity  on  Two  Joint 
Lives,  deduced  from  the  observations  made  at 
Northampton. 

Difference  of  age  5  years. 


Ages 

3 

4 

5 

6 

1 

per  Cent  , 

percent 

per  cent 

per  cent 

1-  6 

12-347 

10-741 

9-479 

8-467 

2-  7 

14-461 

12-581 

U-lOX) 

9-911 

8-  8 

15-300 

13-319 

ll-7;')5 

10-498 

4-  9 

15-809 

13-775 

12-165 

10-869 

5-10 

15-974 

13-933 

12-315 

11-010 

6-11 

16110 

14-068 

12*447 

11-136 

7-12 

16137 

14-111 

12*498 

11-192 

8-13 

16089 

14-089 

12*492 

11-197 

9-14 

15-957 

18-992 

12-421 

11-144 

10-15 

15-762 

13-841 

12*302 

11-048 

11-16 

15*538 

13-664 

12-158 

10-929 

12^-17 

15-308 

13-480 

12-009 

10-805 

13-18 

15-086 

13-303 

11-864 

10-685 

14-19 

14-870 

13-130 

11-723 

10-568 

15-20 

14-660 

12-961 

11-585 

10-453 

16-21 

14-457 

12-799 

11*452 

10*342 

17-22 

14-265 

12-646 

11-327 

10*239 

18-23 

14082 

12-500 

11-209 

10*140 

19-24 

18-908 

12-361 

11-096 

10*048 

20-25 

13-741 

12*229 

10-989 

9*960 

21-26 

13-584 

12-105 

10-890 

9*879 

22-27 

13-433 

11-987 

10-796 

9*803 

28-28 

13-280 

11-866 

10-699 

9*724 

24-29 

13-124 

11-743 

10-600 

9-648 

25-30 

12-966 

11-618 

10-499 

9-561 

26-81 

12-805 

11-189 

10-396 

9-476 

27-32 

12-641 

11-359 

10-289 

9-389 

28-38 

12-474 

11-225 

10181 

9-299 

29-34 

12-304 

11  088 

10-069 

9-207 

30-35 

12-131 

10-948 

9-954 

9-112 

568 
TABLE  XXIX     Continued. 


Ages 

3 

4 

5 

1      6 

1 

per  Cent 

per  Cent 

1  per  Cent 

1  per  Cent 

31-36 

11-955 

10-805 

9-837 

9-014 

32-37 

11-775 

10-659 

9-716 

8-913 

33-38 

11-592 

10-508 

9-591 

8-808 

34-39 

11-404 

10-354 

9-463 

8-701 

35-40 

11-213 

10-196 

9-331 

8-589 

36-41 

11-021 

10-037 

9-198 

8-476 

37-42 

10-828 

9-877 

9-062 

8-362 

38-43 

10-635 

9-716 

8-927 

8-246 

39-44 

10-437 

9-550 

8-787 

8-127 

40-45 

10-236 

9-381 

8-643 

8-003 

41-46 

10-033 

9-210 

8-497 

7-878 

42-47 

9-829 

9-037 

8-350 

7-751 

43-48 

9-624 

8-862 

8-200 

7-621 

44-49 

9-414 

8-683 

8-046 

7-488 

45-50 

9-204 

8-503 

7-891 

7-353 

46-51 

8-997 

8-326 

7-737 

7-219 

47-52 

8-790 

8-147 

7-582 

7-084 

48-53 

8-579 

7-965 

7-424 

6-945 

49-54 

8-366 

7-780 

7-262 

6-802 

50-55 

8-152 

7-593 

7-098 

6-658 

51-56 

7-941 

7-409 

6-936 

6-515 

52-57 

7-730 

7-225 

6-774 

6-371 

53-58 

7-518 

7-039 

6-609 

6-225 

54-59 

7-304 

6-850 

6-442 

6-076 

55-60 

7-088 

6-659 

6-272 

5-924 

56-61 

6-870 

6-465 

6-100 

5-770 

57-62 

6-651 

6-270 

5-925 

5-613 

58-63 

6-427 

6-070 

5-744 

5-450 

59-64 

6-201 

5-867 

5-461 

5-284 

60-65 

5-970 

5-658 

5-372 

5-112 

61-66 

5-737 

5-447 

5-180 

4-938 

62-67 

5-503 

5-285 

4-986 

4-760 

63-68 

5-265 

5-017 

4-786 

4-576 

64-69 

5-025 

4-798 

4-585 

4-390 

65-70 

4-783 

4-573 

4-378 

4-199 

669 


TABLE    XXIX    Continued. 


Ages 


3 

per  Cent 


4  6 

per  Contjp«r^Cent 


6 

per  Cent 


66-71 
67-72 
68-73 
69-74 
70-75 

71-76 
72-77 
73-78 
74-79 
75-80 

76-81 
77-82 
78-83 
79-84 
80-85 


4*540 
4-298 
4  059 
3*825 
3-599 

3-386 
3176 
2-9C3 
2*743 
2-526 

2-325 
2-131 
1-947 
1-793 
1-645 


4-349 
4*124 
3-901 
3-683 
3-471 

3-270 
3070 
2-869 
2-659 
2-448 

2*258 
2-077 
1-899 
1-761 
1-608 


4*160 
3*960 
3*752 
3-547 
3-347 

8*159 
2-971 
2-780 
2-580 
2-381 

2-195 

2*013 
1-838 
1*750 
1*573 


4  005 
3  811 
8  616i 
3  423! 
8  236  j 

8  059 
2  882 
2  701 
2511 
2  323 

2  147 
1  975 
1  810 
1  672 
1  539 


81-86 

1*511 

1*478 

r447 

1  417 

82-87 

1*385 

1*356 

1-329 

1  303 

83-88 

1*284 

1*239 

1-235 

1  212 

84-89 

1-188 

1*164 

1-145 

1  124 

8&-90 

1-074 

1-054 

1-038 

1  021 

86-91 

•921 

•902 

•892 

879 

87-92 

-756 

•738 

•734 

725 

88-93 

*562 

•554 

•547 

541 

89-94 

•377 

•373 

•869 

365 

90-95 

*179 

•177 

•175 

174 

91-96 

•000 

•000 

•000 

000 

570 

TABLE    XXX. 

Showing  the  value  of  an  annuity  on  Two  Joint 
Lives,  deduced  from  the  observations  made  a^ 
Northamptoji. 

Difference  of  age  10  years. 


Ages 

3 

4 

5 

6 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

1-11 

12  346 

10  782 

9  544 

8  547 

2-12 

14  239 

12  438 

11010 

9  857 

3-13 

14  895 

13  019 

11528 

10  324 

4-14 

15  287 

13  374 

11850 

10  647 

5-15 

15  391 

13  479 

11954 

10  716 

6-16 

15  486 

13  578 

12  052 

10  812 

7-17 

15  490 

13  599 

12  083 

10  849 

8-18 

15  436 

13  569 

12  070 

10  847 

9-19 

15  316 

13  482 

12  006 

10  799 

10-20 

15151 

13  355 

11906 

10  719 

11-21 

14  974 

13  217 

11797 

10  631 

12-22 

14  795 

13  078 

11686 

10  541 

13-23 

14612 

12  934 

11570 

10  446 

14-24 

14  424 

12  784 

11450 

10  348 

15-25 

14  230 

12  630 

11324 

10  244 

16-26 

14  030 

12  470 

11193 

10  135 

17-27 

13  832 

12311 

11063 

10  027 

18-28 

13  642 

12  158 

10  £^9 

9  924 

19-29 

13  461 

12013 

10  820 

9  825 

20-30 

13  286 

11873 

10  707 

9  732 

21-31 

13  121 

11742 

10  600 

9  644 

22-32 

12961 

11615 

10  498 

9  561 

23-33 

12  798 

11485 

10  393 

9  474 

24-34 

12  632 

11352 

10  285 

9  386 

25-35 

12  463 

11217 

10  175 

9  295 

26-86 

12  291 

11078 

10  062 

9  201 

27-37 

12116 

10  936 

9  946 

9  105 

28-38 

11937 

10  791 

9  826 

9  005 

29-39 

11755 

10  642 

9  703 

9  902 

/  30-40 

11568 

10  490 

9  576 

6  795 

571 


TABLE  XXX    Continued. 


Agt. 

3 

4 

5 

6 

per  Cent 

per  cent 

per  oeat 

per  cent 

31-41 

11-382 

10-336 

9-448 

8-688 

32-42 

11195 

10-182 

9-320 

8-580 

83-43 

11-207 

10-027 

9-190 

8-471 

34-44 

10-817 

9-869 

9-058 

8-358 

35-45 

10-6-22 

9-706 

8-921 

8-242 

36-46 

10-424 

9-540 

8-781 

8-122 

37-47 

10-221 

9-370 

8-636 

7-998 

38-48 

10-014 

9-195 

8-487 

7-870 

39-49 

9-803 

9-015 

8-333 

7-737 

40-50 

9-590 

8-834 

8-177 

7-602 

41-51 

9-383 

8-658 

8-025 

7-470 

42-52 

9-179 

8-483 

7-875 

7-340 

43-53 

8-975 

8-308 

7-724 

7-208 

44-54 

8-767 

8-130 

7-569 

7-073 

45-55 

8-557 

7-948 

7-411 

6-935 

46-56 

8-344 

7-763 

7-249 

6-793 

47-57 

8-127 

7-574 

7-084 

6-648 

48-58 

7-907 

7-382 

6-915 

6-498 

49-59 

7-684 

7-186 

6-742 

6-344 

50-60 

7-461 

6-989 

6-568 

6-189 

51-61 

7-240 

6-795 

6-395 

6-035 

52-62 

7021 

6-600 

6-222 

5-880 

53-63 

6-795 

6-899 

6-042 

5-719 

54-64 

6-568 

6196 

5-860 

5-555 

55-65 

6-334 

5-986 

5-671 

5-384 

56-66 

6-098 

5-774 

5-479 

5-209 

57-67 

5-860 

5-559 

5-283 

5-031 

58-68 

5-621 

5-341 

5-084 

4-849 

59-69 

5-380 

5-121 

4-883 

4-665 

60-70 

5-139 

4-900 

4*580 

4-478 

61-71 

4-898 

4-679 

4-476 

4-289 

62-72 

4-659 

4-458 

4-272 

4-099 

63-73 

4-420 

4-236 

4-066 

3-908 

64-74 

4-186 

4-019 

3-864 

3-719 

65-75 

4-958 

3-806 

3-665 

3-533 

572 
TABLE    XXX    Continued. 


Ages 

3 

4 

5 

6 

per  Cent 

per  Cent 

per  Cent 

per  Cen^ 

66-76 

3-743 

3-606 

3-477 

3-357 

67-77 

3-529 

3-405 

3-289 

3-180 

68-78 

3-310 

3-199 

3-095 

2-996 

69-79 

3-077 

2-979 

3-887 

2-799 

70-80 

2-843 

2-757 

2-675 

2-598 

71-81 

2-618 

2-542 

2-470 

2-402 

72-82 

2-401 

2-334 

2-271 

2-211 

V3-83 

2-199 

2-141 

2-085 

2-032 

74-84 

2-043 

1-991 

1-941 

1-894 

75-85 

1-903 

1-856 

1-811 

1-769 

76-86 

;     1-781 

1-739 

1-699 

1-661 

77-8^ 

'     1-670 

1-633 

1-597 

1-562 

78-88     1-580 

1-546 

1-514 

1-483 

79-89     1-456 

1-427 

1-400 

1-373 

80-90     1-302 

1-278 

1-255 

1-234 

81-91      1-096 

1-078 

1-061 

1-044 

82-92       -877 

•864 

-852 

-840 

83-93       -622 

•614 

-606 

•599 

84-94       '4.0S 

•403 

•398 

-394 

a5-96     • -189 

•187 

-185 

-183 

86-96       -000 

,  •ooo 

•000 

•000 

.073 


I 


TABLE    XXXI. 

Showing  the  value  of  an  annuity  on  Two  Joint 
Lives,  deduced  from  the  observations  made  at 
Northampton. 

Difierence  of  age  15  years. 


Agft 

3 

per  Cent 

4 

per  Cent 

5 
per  Cent 

0 

per  Cent 

1-16 

11*864 

10-406 

9243 

8-301 

2-17 

13-659 

11981 

10-643 

9566 

3-18 

14-277 

12531 

11-134 

9998 

4-)0 

14  657 

12  870 

11-447 

10*284 

5-30 

14-776 

12  993 

11-561 

10391 

6-21 

14004 

13121 

11-685 

10^510 

7-22 

14-060 

13-178 

11-748 

10  576 

8-23 

14-929 

13178 

11761 

10  597 

0-24 

14-834 

13113 

11715 

10-566 

10-25 

14-683 

12998 

11027 

10-497 

11-28 

14-608 

12861 

11-519 

10-410 

12-27 

14-323 

12716 

11-402   . 

10314 

13-28 

14-132 

126ft4 

11-280 

10  215 

14-29 

13  936 

12-408 

11-163 

10110 

15-30 

13-734 

12-246 

11021 

10  001 

10-31 

13-527 

12078 

10-883 

9886 

17-83 

13-310 

11-911 

10  746 

9-771 

18-33 

131-21 

11-750 

10613 

9-660 

10-34 

12-930 

11-595 

10-488 

9554 

20-36 

12-744 

11-446 

10^383 

9-461 

31-36 

12567 

11-302 

10-246 

9354 

22-37 

12394 

11-163 

10-132 

9-360 

23-3« 

12  218 

11-020 

10015 

9163 

24-3e 

12-038 

10  874 

9895 

9063 

26-40 

►      11-854 

10726 

9771 

8900 

26-«l 

11-670 

10-574 

9-647 

8-866 

27-43 

*,      11-486 

10-4'i3 

9-522 

8761 

28-4C 

\      1 1-302 

10-272 

9-390 

8-846 

20-4H 

I      11-114 

10-117 

9287 

8-636 

30-4( 

i      10-923 

9950 

9-ia5 

8-424 

574 
TABLE    XXXI. 


Ages 

3 

per  Cent 

4 

per  Cent 

5 

per  Cent 

6 

per  Cent 

31-46 

10728 

9-797 

8"998 

8-309 

32-47 

10-530 

9-631 

8858 

8  189 

33-48 

10-327 

9461 

8-714 

8066 

34-49 

10120 

9-286 

8566 

7-938 

35-60 

9  912 

9110 

8-415 

7-809 

36-51 

9-707 

8-937 

8-267 

7-681 

37-52 

9-503 

8-763 

8-119 

7553 

38-53 

9-296 

8-586 

7-966 

7-421 

39-54 

9-085 

8-406 

7-810 

7-286 

40-65 

9  870 

8-221 

7-651 

7-146 

41-56 

8-655 

8035 

7-489 

7005 

42-57 

8-439 

7-848 

7-326 

6862 

43-58 

8-222 

7-660 

7-162 

6-718 

44-59 

8003 

7-469 

6-994 

6-570 

45-60 

7-781 

7-274 

6822 

6'418 

46-61 

7.556 

7-076 

6648 

6  263 

47-62 

7-328 

6-875 

6-469 

6104 

48-63 

7-093 

6-667 

6283 

6-937 

49-64 

6-854 

6454 

6093 

5767 

50-65 

6-611 

6-236 

5-897 

5590 

51-66 

6-369 

6019 

5-701 

5-412 

52-67 

6127 

5  801 

5-504 

5-233 

53-68 

5-884 

5-580 

5-303 

5-050 

54-69 

6-638 

5-357 

5-100 

4'864 

55-70 

5-391 

5-132 

4-893 

4-674 

56-71 

5-145 

4  905 

4685 

4-482 

57-72 

4-899 

4-679 

4-477 

4-289 

58-73 

4-656 

4-456 

4-269 

4-096 

59-74 

4-418 

4  234 

4-064 

3-906 

60-75 

4-189 

4-021 

3-866 

3-721 

61-76 

3-974 

3-821 

3-679 

3-546 

62-77 

3-760 

3-621 

3-492 

3371 

63-78 

3-538 

3-414 

3297 

3-188 

04-79 

3-303 

3-192 

3-088 

2-990 

65-80 

3-063 

2985 

2-873 

2-786 

575 


TABLE    XXXI    Continued. 


Anf 

3 

per  Cent 

4 

pel  CcDl 

5 

per  Cent 

6 

per  Cent 

66-81 

3-833 

3-746 

3-664 

3-687 

67-83 

3610 

2533 

2461 

3-fl03 

68-83 

2-403 

2336 

2272 

2  211 

6984 

3-244 

2-183 

2-126 

2071 

70-86 

2097 

2-043 

1991 

1941 

71-86 

1-063 

1-014 

1-867 

1-823 

7«-87 

1-838 

1-794 

1-763 

1-713 

73-88 

1-736 

1-697 

1-660 

1-636 

74-89 

1-603 

1-670 

1-638 

1608 

76-90 

1-440 

1^413 

1-387 

1-361 

76  91 

1-221 

1200 

1180 

1-160 

77-9-2 

•085 

•970 

•966 

•942 

78  03 

•706 

•697 

•688 

-679 

79-94 

•468 

•463 

-448 

•443 

80-05 

•210 

•308 

•206 

-294 

81-90 



•000 

•000 

•000 

•000 

676 

TABLE    XXXII. 

Showing  the  value  of  an  annuity  on  Two  Joint  Lives, 
deduced  from  the  observations  made  at  North- 
ampton, 

Difference  of  age  20  years. 


AgtS 

3 

4 

5 

6 

per  -Cent 

per  Cent 

per  Cent 

per  Cent 

l-2i 

11413 

10053 

8-961 

8070 

222 

13172 

11-605 

10*344 

9-313 

3-23 

13-794 

12161 

10-843 

9-764 

4  24 

14178 

12-511 

11-163 

10*057 

5-26 

14-301 

12-633 

11-281 

10-170 

6-26 

14-420 

12-754 

11-400 

10  285 

7  27 

14'451 

12-798 

11-452 

10-341 

8-28 

14-417 

12-786 

11-455 

10-354 

9  29 

14-310 

12710 

11*401 

10*315 

10-30 

14-150 

1*2-586 

11-304 

10-239 

11-31 

13-965 

12-441 

11-188 

10-144 

12-32 

13  770 

12-286 

11062 

10042 

13-33      1 

13  670 

12- 125    ' 

10-932 

9-934 

14-34      ] 

13-363 

11-959 

10-796 

9822 

16-35      J 

3151 

11-787 

10-656 

9-703 

16-36      1 

12-932 

11*609 

10-507 

9-579 

1737      ^ 

12-714 

11-430 

10-358 

9-454 

18-38      ] 

12-502 

11-257 

10-214 

9-333 

19-39      ] 

12-297 

11089 

10-074 

9-215 

20-40      ] 

L2-096 

10  924 

9-937 

9100 

21-41       1 

11-906 

10*768 

9809 

8*992 

22-42      1 

L 1-723 

10619 

9-685 

8-889 

23-43      ] 

11-540 

10-470 

9-562 

8-785 

24-44      1 

1*354 

10-317 

9-435 

8*670  • 

25-45      1 

1164 

10-160 

9304 

8-569 

26-46      1 

0-970 

10000 

9-170 

8455 

27-47      1 

0-773 

9-836 

9032 

8-338 

28-48      1 

0-572 

9667 

8-890 

8217 

29-49      1 

0-366 

9-495 

8-744     • 

8-092 

30-60      1 

0*160 

9321 

8-696 

7-966 

31  61 

9-957 

9161 

8-451 

7-841 

32-52 

9-756 

8  980 

8-306 

7-716 

33-53 

9-550 

8-806 

8-157 

7-688 

34  64 

9-342 

8-629 

8-006 

7-467 

35-65 

9131 

8-448 

7*849 

7-322 

677 
TABLE    XXXII    Continued 


AgM 

3 

p«r  Cent 

4 
per  Ceni 

6 

per  Cent 

0 

per  Cens 

36-50 

8-916 

8264 

7-690 

7-183 

37-67 

8-609 

8076 

T&'H 

7041 

3H&8 

8-477 

7-884 

7-360 

6-894 

SO-dO 

8-263 

7-680 

7-180 

6-744 

40-60 

8-025 

7-490 

7-015 

6-560 

41  61 

7796 

7«390 

6-838 

6-434 

43-63 

7667 

7-088 

6-660 

6  276 

43  63 

7-333 

6-881 

6-477 

6-113 

44  64 

7095 

6071 

6-289 

5-944 

45-65 

6-860 

6-453 

6094 

6-769 

46-66 

6-602 

6-230 

6-894 

6-688 

47-67 

6-351 

6004 

5600 

6403 

48-68 

6-096 

6-774* 

5-481 

5  213 

40-69 

6-839 

6-641 

5268 

5  019 

60-70 

6*583 

6300 

5054 

48-22 

51-71 

6-338 

6074 

4-841 

4-626 

52  73 

6-077 

4-845 

4-630 

4-430 

63-73 

4829 

4-fJ14 

4417 

4234 

5474 

4586 

4-380 

4-208 

4040 

65-75 

4-350 

4171 

4C06 

3862 

66-76 

4120 

3-966 

3815 

3674 

67-77 

3-908 

3-761 

3  623 

3-494 

68-78 

3-682 

3549 

3-424 

3308 

60-79 

3-440 

3-»33 

3  210 

3105 

60-80 

3-197 

3-092 

2W2 

2899 

61-81 

2-9M 

3-870 

3-782 

2699 

63-82 

2-739 

2666 

3678 

2604 

63-83 

2530 

2457 

2-387 

2  321 

64  84 

2-371 

2-306 

2-242 

2182 

65-85 

2-223 

2-163 

2-107 

2063 

66-86 

2H)89 

2035 

1-984 

1936 

67-87 

1-963 

1-915 

1-870 

1-826 

68^ 

1*860 

1-817 

1-777 

1-737 

e»^ 

1-722 

1-685 
I-5lf 

1-650 

1-610 

70-90 

1-545 

1-486 

1-459 

71-91 

1-303 

1-280 

1-250 

1338 

73  93 

1-044 

1-028 

1-013 

•907 

73  93 

•743 

•733 

-723 

•714 

7404 

•480 

•474 

•469 

-464 

76-95 

•310 

•217 

•215 

313 

578 

TABLE    XXXIII. 

Showing  the  value  of  an  annuity  on  Two  Joint  Lives, 
deduced  from  the  observations  made  at  North- 
ampton. 

Difference  of  age  25  years. 


Ages 

3 

per  Cent 

4 

per  Cent 

5    1 

per  Cent 

6 

per  Ceni 

1  26 

11037 

9-770 

8-742 

7-897 

2-27 

12-722 

11 '264 

10-080 

9-104 

328 

13  307 

11-790 

10-555 

9-537 

4-29 

13-661 

12  116 

10-855 

9813 

6-30 

13762 

12-220 

10-959 

9913 

6-31 

13-859 

12-322 

11  062 

10-016 

7-32 

13-871 

12-350 

11-100 

10-C60 

833 

13  820 

12-323 

11  090 

10-061 

9-34 

13-698 

12-234 

11-0-24 

10-012 

10-35 

13-525 

12098 

10-916 

9-925 

11-36 

13-328 

11-941 

10-788 

9-820 

12-37 

13-120 

11-773 

10-651 

9.7U7 

13-38 

12906 

11-600 

10-509 

9-588 

14-39 

12  686 

11420 

10-360 

9-464 

16-40 

12459 

11-234 

10-205 

9-333 

16-41 

12-229 

11-044 

10046 

9-198 

17  42 

12-002 

10-856 

9-889 

9-0G5 

18-43 

11*785 

10-677 

9-739 

8-938 

19-44 

11-574 

10-502 

9-592 

8-814 

20-45 

11-367 

10-330 

9-448 

8-692 

21-46 

11-167 

10'165 

9-310 

8-574 

22-47 

10-969 

10001 

9- 173 

8-468 

23-48 

10-768 

9-833 

9  031 

8-^38 

2449 

10562 

9-661 

8-886 

8-1^14 

26-60 

10-35a 

9-488 

8-739 

b'0b9 

2661 

10-154 

9-318 

8-595 

7-9C6 

27-52 

9952 

9-148 

8-451 

7-842 

28-63 

9-748 

8-975 

8-304 

7-716 

29-64 

9-540 

8-799 

8-153 

7-586 

30-66 

9-329 

8-619 

7-999 

7-463 

TABLE 
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Ajcs 


3 

n-r  Cvit 


4 

fitrCeat 


5 

p«r  Cent 


6 

per C«Dt 


91-5(1 
3-2  57 
33-58 

34  50 

35  oa 

36-61 
37  03 
3t)63 

39  64 

40  65 


61-^ 

68lM 

64  89 

65  M) 

66-91 

07  !>i 

C-i  'J  t 

70-93 
71-96 


9-lt5 
8^97 


bs^7 

7-.»..> 
7'0'Jj 
7-&1 
7UJ0 


2- '62 
a- •36 


1  351 

I  o».-i 

770 
.497 
•227 

•000 


S4J6 

-  -;!) 
.  .J 
7  009 

7-469 
7-265 

7-O.VJ 

C(il4 


7-811 
7680 
7-515 
7346 
7-174 

6^98 
6*819 
6*631 
6  4tU 
6-240 


2  105 
1  l>so 
1  6U6 
1  761 
1675 

1-3  0 

1  (!(;7 

•7(>J 
•491 
'%tA 

•000 


2051 
1-9.J7 
1-843 
1-714 
1-644 

1307 

1-06J 

•750 

*485 

•222 

•000 


7-316 
7-175 
7-031 
6*884 
6-732 

6*577 
6-418 
6.253 
6-081 
6901 


41-66 

r,-776 

6-388 

6-037 

6-718 

42  67 

(J  622 

6-159 

6-831 

6-532 

43-68 

6- .406 

5-9-29 

6-622 

6-343 

44-69 

6-0U8 

6-696 

6-411 

5-150 

46-70 

6.749 

6460 

6196 

4-953 

46  71 

5*488 

6^22 

4978 

4763 

47  72 

5  228 

418) 

4-75  i 

4-551 

48  73 

4  970 

4;  43 

4-63J 

4-348 

40  74 

4716 

4 .'.  1 1 

4-322 

4-146 

6075 

4472 

4 -.83 

4112 

3-961 

51  76 

4  215 

4  074 

3916 

3.768 

52  77 

4019 

5-{i64 

3-720 

3-688 

53  78 

378 

:i-o48 

3-618 

3393 

54  79 

.'i  640 

6-116 

329J 

3-18J 

55  80 

3-291 

3-180 

307J 

.  2  978 

56-81 

3.051 

2  9>3 

2-861 

2774 

57  82 

2-s'20 

•2-7.13 

•2-651 

2-674 

58  83 

**•  ,08 

2  5.-i0 

2-467 

2388 

69  84 

•-.•H6 

2  3/6 

2-310 

2-247 

60-85 

2-297 

2  2i4 

2-174 

2118 

2000 
1-601 
l-b02 
1-678 
1-616 

1-285 

1-036 

•74) 

•48) 

*i2J 

'000 


$uo 


TABLE    XXXIV. 

Showing  the  value  of  an  annuity  on  Two  Joint  Lives, 
deduced  from  the  observations  made  at  North- 
amp  ton. 

Difference  of  age  30  years. 


Ages 


3 

per  Cent 


4 

per  Cent 


5      \      6 
per  Cent  per  Cent 


1-31 
2-32 
3-33 
4-34 
6-36 

6-36 
7-37 
8-38 
939 
10-40 

11-41 
12  42 
13-43 
14-44 
16-46 


10G06 
12-203 
12-743 
13  061 
13136 

13-207 
13195 
13-122 
12981 
12791 

12'580 
12  363 
12- 144 
11-918 
11-687 


9-438 
10-866 
11-365 
11651 
11-732 

11-812 
11-819 
11-772 
11-665 
11-513 

11-342 
11-165 
10985 
10799 
10-607 


8-483 

9  767 

10-213 

10-488 

10-672 

10  666 
10  676 
10648 
10565 
10-442 

10-302 

10166 

10007 

9-852 

9690 


7-691 
8-855 
9263 
9518 
9602 

9687 
9716 
9.701 
9  637 
9637 

9-420 
9  298 
9-173 
9  042 
8  906 


16-46 

11448 

10-408 

9  622 

8-762 

17-47 

11-210 

10-208 

9  353 

8-617 

18-48 

10975 

10-011 

9- 186 

8473 

19-49 

10-746 

9-818 

9  021 

8  332 

■20  60 

10-523 

9630 

8-861 

8195 

21-61 

10-313 

9-454 

8-712 

8067 

•22-52 

10111 

9  284 

8-668 

7  944 

•23  63 

9-905 

9-111 

8-421 

7-818 

•24  64 

9-696 

8  934 

8-270 

7-688 

26  66 

9-484 

8-754 

8116 

7-556 

•26  66 

9-269 

8-670 

7-958 

7-419 

•27-67 

9  051 

8-383 

7-797 

7-279 

28  58 

8-830 

8-193 

7-632 

7- 135 

29  69 

8-606 

7-999 

7-464 

6-988 

^JO-60 

8-378 

7-802 

7-292 

6-837 

TABLE     XXXIV     Continued. 


Ages 

3 

|»cr  C<ni 

4 

per  Cent 

5 

per  Cent 

6 

1  tr  Ccni 

31-61 

8147 

7-601 

7^116 

6-682 

33-<n 

7914 

7-397 

6-937 

9'fi24 

3a-«3 

7  673 

7-186 

6-750 

6359 

34-«4 

7-429 

6  971 

6-660 

6-189 

36-66 

7  177 

6747 

6-360 

6010 

36-66 

6*922 

6620 

6  166 

6-827 

37-07 

6663 

6-288 

5  948 

5-639 

38  68 

6-401 

6052 

6-735 

5446 

39-69 

t-137 

2-813 

6-518 

5249 

40-70 

6-871 

5-571 

6-298 

6047 

41-71 

6-605 

5320 

6  076 

4-844 

42-72 

6-341 

5-087 

4  854 

4640 

43-73 

6-l'81 

4-848 

4  634 

4  436 

44  74 

4'826 

4613 

4417 

4-235 

46-76 

4-680 

4  386 

4-200 

4-i;40 

46  76 

4-348 

4-171 

4-006 

3-853 

47-77 

4-116 

3  954 

3-806 

3  066 

4878 

3-875 

3  731 

35'J6 

3-169 

49-79 

3-619 

3-490 

3369 

3-256 

60-80 

3-362 

3-247 

3-140 

3-039 

61  81 

3-117 

3015 

2-920 

2.829 

62  82 

2-882 

2792 

2-7(>7 

2  6-27 

63  83 

2666 

2-686 

2  610 

i-438 

64-84 

2-601 

2-4-28 

2360 

2'iy5 

66  86 

2  349 

2  284 

2-222 

i-164 

66  86 

2-211 

2-153 

2-097 

r.'V14 

67-87 

2082 

2-033 

1-980 

1.932 

68-88 

1975 

1-92S 

l-bb3 

1-841 

69- H9 

1-828 

I-78-J 

1-750 

1713 

60-90 

1-641 

1-608 

1-577 

1-547 

6101 

1-382 

1-368 

1-334 

1311 

62  92 

1105 

1088 

1071 

1055 

63-93 

•785 

•774 

•764 

-754 

64-94 

*606 

•600 

-494 

•489 

66-96 

•230 

•228 

•226 

•i24 

66  06 

•000 

•000 

•COO 

-000 

582 

T  A  B  L  E  35. 

Showing  the  value  of  an  annuity  on  Two  Joint 
Lives,  deduced  from  the  observations  made  at 
Northajnpton. 

Difference  of  as^e  35  rears. 


3 

4 

6 

6 

Age* 

per  Cen 

ner  C  -tif 

per  Cen 

per  Cent 

l-3t) 

10-104 

1^04  7 

8-173 

7-442 

2-37 

11-600 

10-392 

9-390 

8-551 

3-38 

12087 

10-838 

9-800 

8-928 

4-39 

12-362 

11-097  10-043 

9157 

5-40 

12-405 

11-150  10-102 

9-219 

6-41 

12-446 

11-203  10-163 

9-283 

7-42 

12-412 

11-190  10-165 

9-296 

8-43 

12-325 

11-130  10-124 

9-270 

9-44 

1-2-174 

11-012 

10-031 

9-197 

10-45 

11-976 

10-851 

9-900 

9-088 

11-46 

11-756 

10-697 

9-774 

8-962 

12-47 

11-525 

10-481 

9-59-2 

8-8-27 

13-48 

11-288 

10-284 

9-425 

8-6s6 

14-49 

11-045 

10-080 

9-252 

8-538 

15-50 

10-799 

9-872 

9-076 

8*386 

16-51 

10-554 

9-665 

8-899 

8-234 

17-52 

10-3  i  3 

9'461 

8-721 

8-083 

18-53 

10-076 

9-280 

8-552 

7-934 

19-5.4 

9-845 

9-063 

8-383 

7-788 

•20-55 

9-617 

8-869 

8-216 

7-643 

21-56 

9-394 

8-679 

8-(>53 

7-502 

22-57 

9-174 

8-491 

7-891 

7-302 

23-58 

8-951 

8-299 

7-725 

7-218 

24-59 

8-725 

8-104 

7-556 

7-070 

25-60 

8-495 

7-906 

7-383 

6-919 

26-61 

8-263 

7-704 

7-207 

6-764 

27-62 

8-02S 

7-499 

7-027 

6-605 

28-63 

7-785 

7-286 

6-839 

6-439 

29-64 

7-539 

7-069 

6-648 

6-268 

30-65 

7-286 

6-844 

6-447 

6-089 ' 

I 
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TABLE    XXXV    Continued. 


3 

4 

6 

6 

AfM 

prr  C«'n« 

per  Oni 

per  Cffii 

pff  Cent 

51 -tie 

7-02M 

«*ai5 

6*243 

5*905 

32-67 

6-768 

6*382 

6*038 

5-717 

SS-6» 

6-504 

6-146 

5*820 

5-524 

31-69 

6-239 

5-906 

5-603 

5-326 

35-70 

6*971 

5-663 

5«382 

5-125 

8(J-71 

5-703 

5.419 

5-159 

4*920 

37-72 

5-435 

5-174 

4*934 

4*714 

38-73 

5169 

4*930 

4-710 

4*507 

89-74 

4-008 

4-690 

4*488 

4-301 

40-75 

4*656 

4-457 

4-272 

4*101 

41-76 

4*420 

4*238 

4-069 

3*912 

42-77 

4*1«4 

4019 

3-865 

8*722 

43-78 

8*94  2 

3*794 

3*655 

3*525 

44-7y 

3*685 

3*552 

3*428 

3*313 

45-80 

8*4*26 

3*308 

3197 

3-093 

46-81 

3*176 

8072 

2*973 

2-881 

47-fc2 

2*936 

2-843 

2-756 

2-073 

48-K3 

2*714 

2  632 

2-554 

2-481 

49-84 

2544 

2-470 

2*400 

2-334 

jO-85 

2-388 

2-322 

2-258 

2-19h 

il-86 

2  248 

2-188 

2-181 

2077 

2-87 

2-117 

2-0(i3 

2-012 

l-'j6a 

j3-88 

2*003 

1*960 

1*914 

1-870 

4-89 

1-858 

1*817 

1-778 

1*7^0 

-|5-90 

1*666 

1*033 

1*601 

1*576 

.6-91 

1*402 

1*377 

1*353 

1*330 

.-.7-i*2 

1*120 

1*102 

1183 

1*069 

J3-93 

'7U\ 

-784 

•773 

.76£ 

^9-94 

-511 

•505 

•499 

494 

60-95 

•233 

*230 

*228 

•226 

61-96 

•000 

•ooo 

*000 

•000 

584 

TABLE    XXXVI. 

Showing  the  value  of  an  annuity  on  Two  Joint 
Lives,  deduced  from  the  observations  made  at 
Northampton. 

Difference  of  age  40  years. 


Ages 


1-41 
2  42 
3-43 
444 
5  45 

6-46 
7  47 
8-48 
9-49 

10  50 

11  51 
J  2  52 
13  53 
1454 
15  55 

1656 

17  57 

18  58 
10-59 
20-60 

21-61 
22-62 
23  63 
■24-64 
'.25  65 
I 

26  66 

27  67 

28  68 
29-69 
JO-70 


3 

per  Cen  t 


4 

per  Cent 


5 

per  Cent 


6 

per  Ceni 


9  523 
10-907 
1 1  343 
11-578 
11  597 

11-610 
11 '550 
1 1-435 
11-260 
11044 

10816 
10-582 
10344 
10  100 
9-851 

9-595 
9-340 
9089 
8.841 
8-597 


7-110 
6-847 
6-581 
6-313 
6043 


8.585 

y-8-d9 

10  242 
10-468 
10  600 

10-528 
10-491 
10-404 
10-263 
10.085 

9  894 
9698 
9-497 
9-290 
9077 

8858 
8^639 
8-422 
8-207 
7-995 


8-357 

7-787 

8119 

7-580 

7-874 

7-365 

7626 

7-147 

7-370 

6920 

6689 
6-454 
6215 
6-973 
5-729 


7-8  00 
8-9  42 
9-3  15 
9-5  31 
9-571 

9-609 
9  589 
9  5-24 
9  400 
9260 

8  100 
8  934 
8  763 
8  586 
8403 

8214 
8024 
7-835 
7-648 
7-463 

7-281 
7-100 
6-910 
6717 
6515 

6*309 
6-098 
5'883 
6-664 
5-442 


7  135 

8-182 
8'528 
8'733 

8'778 

8-823 
8'815 
8-767 
8-673 
8-548 

8*411 
8-270 
8-123 
7-970 
7-812 

7  648 
7  481 
7  316 
7  153 
6  990 

6-830 
6.670 
6503 
6,331 
6-151 

5  966 
5776 
6-581 
6-383 
6*180, 


oato 


TABLE    XXX  VI     Contiuued. 


Ages 

3 

iper  Ccni 

4 
|>er  Cent 

5 
per  Cent 

6 
per  Cent 

31  71 

6-773 

6-483 

5-318 

4-074 

32-72 

6-602 

6-236 

4-993 

4-767 

a3-73 

6-236 

4-901 

4-766 

4.669 

3474 

4-973 

4-740 

4-643 

4363 

35-76 

4-7-20 

4-616 

4-327 

4-163 

3«-76 

4-481 

4-296 

4-133 

3-963 

37-77 

4243 

4*073 

3-916 

3-770 

38-78 

3-906 

3-844 

3-702 

3-570 

31>-79 

3-784 

3*508 

3-471 

3-a'»3 

40-aO 

3-469 

3-340 

3-336 

3130 

41-81 

3-216 

3-109 

3-000 

3-914 

42-82 

3973 

2-878 

3-780 

3-705 

43-83 

2-760 

2-000 

3-587 

3-511 

44.84 

2-661 

2*606 

3-433 

3-366 

46-85 

2-434 

2-366 

2-291 

2-230 

46-m 

2-282 

2-331 

3.IG3 

2-107 

47  87 

2-148 

3-003 

2-041 

1-991 

48-88 

2-036 

1-987 

1-941 

1-895 

49-89 

1-883 

1-840 

1800 

1-761 

60-90 

1-686 

1-661 

1-619 

1-690 

61-91 

1-417 

1-391 

1-367 

1-343 

62  92 

1130 

1-113 

1-095 

1079 

63-93 

•801 

-790 

•780 

-770 

64-94 

616  . 

•609 

•503 

•498 

66-95 

•t234 

-332 

•230 

-22« 

6r>-06 

•000 

-000 

•000 

000 

686 


TABLE    XXXVII 

Showing  the  value  of  an  annuity  on  Two  Joint  Lives, 
deduced  from  the  observations  made  at  North- 
ampton. 

Difference  of  age  45  years. 


Ages 

3 

per  Cent 

4          5          6 

per  Centjper  Cent  per  Cent 

1-46 

8-888 

8-071 

7-379 

6-787 

2-47 

10-147 

9-221 

8-435 

7-760 

3-48 

10-615 

9-666 

8  769 

8063 

4-49 

10-697 

9-744 

8-932 

8-230 

6-50 

10-679 

9-742 

8-941 

8  248 

6-61 

10-664 

9-746 

8-966 

8-271 

7-62 

10586 

9-690 

8-919 

8-248 

8-63 

10-458 

9-591 

8-841 

8-188 

9-64 

10-276 

9442 

8718 

8-085 

10-65 

10-066 

9-256 

8-560 

7-961 

1166 

9-814 

9-05-^ 

8-386 

7-801 

12-67 

9-666 

8-839 

8-203 

7-643 

1368 

9-312 

8-622 

8-016 

7-479 

14-6S 

►       9053 

8-399 

7-821 

7-810 

16  6C 

>       8-790 

8-170 

7-622 

7-135 

16-6] 

L       8-521 

7-935 

7-416 

6-963 

17-65 

2       8-252 

7-700 

7-208 

6-770 

18-6. 

}       7-981 

7-462 

6-998 

6683 

196- 

i       7-714 

7-226 

6789 

6396 

20-6 

5       7-444 

6-986 

6576 

6-205 

21  6 

6       7177 

6-749 

6-364 

6-015 

22-6 

7       6-911 

6-512 

t-16l 

5-8-24 

23.6 

8       6-643 

6-271 

6-934 

5-628 

24-6 

9       6-372 

6-027 

5-713 

6-427 

25-7 

0       6099 

6-780 

6-489 

6-223 

26-7 

1       6-826 

6-532 

5263 

6-016 

27-'J 

'2       5-564 

6-283 

6-035 

4-807 

28-'! 

?3       5-284 

6-036 

4-808 

4- 597 

129-' 

?4       6-019 

4-792 

4  683 

4-390 

30-' 

75       4-764 

4'657 

4-366 

4-188 

587 
TABLE    XXXVII     Continued. 


A^ct 

3 

per  Cen 

4 

percent 

5 

per  Cent 

6 

per  Ceni 

31-76 

4*533 

4-335 

4-160 

3-907 

33-77 

4-382 

4-111 

3*963 

3-804 

33  78 

4035 

3-881 

3*737 

3-602 

34-79 

3-771 

3-633 

3-505 

3-384 

35-80 

3-506 

3-383 

3-368 

3-160 

3681 

3^1 

3-143 

3-040 

7944 

37  82 

3*005 

3-900 

3-818 

3.7a3 

38-83 

3-770 

3*694 

3*813 

3-537 

30-84 

3-607 

3-530 

3*457 

3-388 

40-85 

3-448 

2-379 

3*313 

3-351 

41-86 

8-304 

3-241 

2-183 

3-136 

43-87 

3*168 

3-113 

3-060 

3-000 

43-88 

3-055 

3-006 

1-ooe 

1-914 

44-80 

1-901 

1-850 

1*818 

1-779 

45  90 

i-Toa 

1-688 

1*635 

1-604 

4691 

1-431 

1-405 

1*380 

1-356 

47-92 

1-140 

1*183 
•797 

1-105 

1.080 

48-93 

.808 

•786 

•776 

49  94 

-519 

•518 

-607 

•501 

50-95 

•335 

•333 

•331 

•329 

51-96 

•000 

•000 

•000 

•000 

588 

TABLE    XXXVIII. 

Showing  the  value  of  an  annuity  on  Two  Joint 
Lives,  deduced  from  the  observations  made  at 
Northampton, 

Difference  of  age  50  years. 


3 

4 

5 

6 

Ag€8 

per  Cent 

per  Cent 

per  Cent 

per  Cent 

1-51 

8-171 

7-479 

6-885 

6-370" 

2-52 

9-300 

8-520 

7-848 

7  264 

3-53 

9-611 

8-815 

8-128 

7-629 

4-54 

9-751 

8-957 

8-269 

7-668 

5-55 

9-707 

8-931: 

8-256 

7-665 

6-56 

9-659 

8-902 

8-241 

7-662 

7-57 

9-549 

8-817 

8-176 

7-612 

8-58 

9-395 

8-691 

8-073 

7-527 

9-59 

9-191 

8-519 

7-927 

7-403 

10-60 

8-952 

8-314 

7-750 

7-250 

11-61 

8-696 

8-Q92 

75-57 

7-081 

12-62 

8-433 

7-863 

7-357 

6-905 

13-63 

8-161 

7-625 

7-147 

6-719 

14-64 

7-884 

7-381 

6-931 

6-527 

15-65 

7-597 

7-127 

6.705 

6-3-25 

16-66 
17-67 

7-304 
7-012 

6-866 

6-472 

6-115 
5-903 

6-604 

6-236 

18-68 

6.721 

6-343 

6-001 

5-689 

19-69 

6-431 

6-084 

5-766 

5-476 

20-70 

6-149 

5-826 

5-532 

5-262 

21-71 

6-870 

6-572 

5-300 

5-050 

22-72 

5-595 

5.321 

5.078 

4-840 

23-73 

5-323 

5-072 

4-841 

4-628 

24-74 

6-056 

4-827 

4-615 

4-419 

25-75 

4-799 

4-589 

4-396 

4-216 

26-76 

4-556 

4-365 

4-188 

4-024 

27-77 

4-313 

4-140 

3-979 

3-829 

28-78 

4-064 

3-908 

3-762 

3-626 

29-79 

3-798 

3-659 

3-528 

3-406 

30-80 

3-530 

3-406 

3.290 

3-181 

I 


580 
TABLE    XXXVIII     Continued. 


Afw 


3 

per  CcDt 


4 

per  Cent 


5 

per  CeDt 


G 

per  Cent 


31-81 
33-88 
33-88 

34-84 
86-66 

36-86 
37-87 
38-88 
38-88 
40  90 

41-81 

42  03 

43  03 


46-06 
46^85 


3-274 
3-027 
2-800 
2-627 

ft  4iu\ 

2-398 

2-187 
2-072 
1016 
1-713 

1-439 

1146 

-811 

•621 

•236 

-000 


3-164 
2-029 
V718 
2-649 

2-260 

2-130 
2022 
1-872 
1-670 

1-413 

1128 

■800 

•515 

•234 

•000 


3-060 
2-838 
3.632 
2-478 

8-aot 

2-200 
2077 
1-074 
1-832 
1-646 

1-388 

1111 

•790 

•509 

-230 

-000 


2-063 
2-751 
2*565 
2-406 
9  M9 

2-143 
2028 
1029 
l-70> 
1014 

1-364 

1094 

•779 

•503 

.230 

-000 


590 

TABLE    XXXVII. 

Showing  the  value  of  an  annuity  on  two  Joint  Lives, 
deduced  from  the  observations  made  at  North- 
ampton, 

Difference  of  age  55  years. 


Ages 

3 

per  Cent 

4 

per  Cent 

5 

per  Cent 

6 

per  Cent 

1-56 

7-412 

6-843 

6-346 

5-911 

2-57 

8-392 

7-756 

7-199 

6-709 

3-68 

8-630 

7-986 

7-421 

6-9-22 

4-59 

8-712    • 

8075 

7-514 

7-017 

6-60 

8-629 

8011 

7-466 

6-982 

6-61 

8-542 

7-944 

7-416 

6-945 

7-62 

8-400 

7-828 

7-319 

6-865 

8-63 

8-214 

7-669 

7-184 

6-750 

9  64 

7-984 

7-470 

7-010 

6-598 

10-65 

7-718 

7-236 
6-987 

6-803 
6-581 

6-414 
6-215 

11-66 

7-437 

12-67 

7-149 

6-730 

6-351 

6-009 

13-68 

6-857 

6-468 

6-116 

5-796 

14-69 

6-562 

6-202 

6-876 

5-578 

16-70 

6-264 

6-933 

6-631 

5-355 

1671 

5-964 

6-660 

6-382 

5127 

17-72 

6-667 

5-389 

6-133 

4-899 

18-73 

6-378 

6-123 

4-889 

4-673 

19-74 

6098 

4-866 

4-651 

4-453 

20-75 

4.831 

4-619 

4-424 

4-242 

21-76 

4-583 

4-391 

4-212 

4-046 

22-77 

4-339 

4-164 

4-001 

3-850 

23-78 

4-087 

3-930 

3-783 

3-646 

24-79 

3-820 

3-679 

3-648 

3-424 

26-80 

3-550 

3-425 

3-308 

3-198 

26-81 

3-293 

3181 

3-077 

2-979 

27-82 

3043 

2-946 

2-853 

2-765 

28-83 

2-815 

2-728 

2-646 

2-568 

29-84 

2.641 

2-563 

2-489 

2-418 

30-85 

2-481 

2-411 

2-344 

2-280 

6fl 


TABLE    XXXIX    Continued. 


I 


3 

4 

5 

6 

Agt» 

p«r  Cent 

per  Ccni 

per  Ceiii 

per  Ceol 

31-86 

2-336 

2-272 

2-213 

3-164 

38-87 

2.198 

2143 

2-088 

3-OM 

33-88 

3^163 

3-033 

1-986 

1-939 

34-89 

1-985 

1-883 

1-841 

1-803 

35  00 

1-723 

1-688 

1-664 

1-632 

36-91 

1-446 

1420 

1-306 

1-371 

37-93 

1125 

1134 

1116 

1-099 

ng-23 

•816 

-804 

•793 

•783 

39  94 

•623 

.617 

•511 

•506 

40-96 

•237 

•236 

•2J3 

•231 

41-96 

•000 

•000 

-000 

•000 

192 


TABLE    XL. 

Showing  the  value  of  an  annuity  on  Two  Joint 
Lives,  deduced  from  the  observations  made  at 
Northampton. 

Difference  of  age  60  years. 


Ages 

3 

per  Cen 

4 

per  Cent 

5 

per  Cent 

6 

per  Cent 

1-61 

6-671 

6123 

6-725 

5-372 

2  62 

7-391 

6-894 

6-462 

6-059 

363 

7-545 

7^048 

6-605 

6-209 

4-64 

7-662 

7-076 

6-641 

6-261 

565 

7-429 

6-963 

6-546 

6-171 

666 

7-290 

6-846 

6-447 

6-087 

7-67 

7-104 

6-684 

6-306 

5-963 

8-68 

6-884 

6-490 

6-134 

5-811 

9-69 

6-628 

6-262 

6-929 

5-626 

10-70 

6-347 

6-008 

5-700 

5^41 8 

11-71 

6-066 

6-744 

5-460 

6-199 

12-72 

6-763 

6-478 

5-216 

4-976 

13-73 

6-473 

5-212 

4-972 

4-751 

14-74 

5-188 

4-950 

4-731 

4-528 

16-75 

4-911 

4-695 

4-496 

4-310 

16-76 

4-649 

4-452 

4-270 

4-101 

17-77 

4-388 

4-210 

4-045 

3-892 

18-78 

4123 

3-964 

3-815 

3-677 

19-79 

3-846" 

3704 

3-671 

3-447 

20-80 

3-669 

3443 

3-326 

3-214 

21-81 

3-307 

3196 

3-091 

2-992 

22-82 

3-067 

2-968 

2-866 

2-777 

23-83 

2-828 

2-740 

2-657 

2-679 

24-84 

2-663 

2-674 

2-499 

2-429 

26-85 

2-492 

2421 

2-354 

2-290 

26-86 

2-346 

2-282 

2-221 

2163 

27-87 

2-208 

2-151 

2-096 

2044 

28-88 

2-091 

2041 

)-992 

1-946 

29-89 

1-933 

1-889 

1-848 

1-808 

30-90 

1-729 

1-694 

1-660 

1-628 

31-91 

1-451 

1-425 

1-400 

1-376 

32.92 

1-155 

M37 

1119 

1102 

33-93 

•817 

•806 

-795 

•785 

34-94 

•624 

•518 

•612 

•606 

36-96 

•238 

•235 

•233 

•231 

6U3 


TABLE    XLI. 

Showing  the  value  of  an  annuity  on  Two  Joint  Lives, 
deduced  from  the  observations  made  at  North- 
ampton. 

Difference  of  age  65  years. 


A  get 

3 

•er  Cent 

4 

;>cr  Ceni 

6 

r>er  C*iii 

6 

»cr  Ceni 

1-66 

6633 

6n85 

4*9<I6 

4*728 

867 

6*266 

6-806 

5-660 

6-276 

368 

9330 

6-965 

6-641 

6-362 

469 

6  277 

6.924 

6-311 

6-332 

6  70 

C-102 

6-768 

6-472 

5-209 

6-71 

6-026 

5^10 

6-331 

6-081 

772 

6-714 

5-418 

6-157 

4-929 

8  7a 

6480 

6-204 

4-931 

4-;62 

0  74 

6226 

4-960 

4-747 

4'65e 

1075 

4062 

4-725 

4-5'22 

4-360 

n-76 

4-707 

4-487 

4-301 

4-148 

12-77 

4-449 

4-368 

i-196 

3-943 

1378 

4-186 

4  022 

3-871 

3-729 

14  79 

3-91)4 

3-769 

3  624 

3-497 

16-80 

3-621 

3-492 

3-372 

3-269 

16-81 

3-348 

3-236 

3128 

3-028 

17-82 

3  087 

2i)87 

2  893 

2-80  i 

1883 

2-810 

2760 

2-677 

2-698 

19-84 

2-668 

2689 

2  613 

2442 

20  86 

2503 

2-431 

2-361 

2  299 

21-80 

2-354 

2*290 

2-229 

2-171 

22  87 

2-216 

3-168 

2  104 

2  061 

23  88 

2-000 

2-048 

1-999 

1963 

24  80 

1-030 

1-896 

1-864 

1-814 

26  00 

1-734 

1-600 

1-665 

1-633 

2801 

1-455 

1420 

1404 

1379 

27  92 

1168 

1-14J 

1*122 

1106 

28-93 

-810 

•808 

•797 

•786 

29M 

•525 

•510 

-613 

-507 

30-06 

•238 

•236 

•234 

•231 

91-06 

•000 

•000 

•000 

•000 

594 

TABLE    XLII. 

Showing  the  value  of  an  annuity  on  Two  Joint  Lives, 
deduced  from  the  observations  made  at  North- 
amptofi. 

Difference  of  age  70  years. 


Ages 

3 

4 

5 

6 

per  Cent 

ner  Cent 

per  Cent 

per  Cent 

1-71 

4  611 

4  380 

4-169 

3976 

272 

5  061 

4814 

4o88 

4  380 

3  73 

5  051 

4-811 

4-591 

4  389 

4-74 

4-953 

4-7-26 

4-516 

4-323 

6-76 

4-768 

4557 

4-362 

4-181 

6  76 

4-599 

4*403 

4-221 

4053 

7-77 

4-402 

4-222 

4055 

3-899 

8-78 

4*180 

4106 

3-864 

3722 

979 

3921 

3-775 

3  638 

3-510 

10-80 

3647 

3517 

3  395 

3281 

11-81 

3-380 

3*264 

3*156 

3-054 

12-82 

3-122 

3  020 

2924 

2-833 

13-83 

2-884 

2-794 

2  709 

2-628 

14-84 

2-703 

2622 

2-545 

2«472 

15-85 

2535 

2-462 

2-393 

2-327 

1686 

2-380 

2-315 

2-253 

2-194 

17  87 

2-236 

2177 

2-121 

2^069 

18-88 

2-112 

2-(161 

2012 

1-965 

1989 

1-948 

1-904 

1-862 

1-822 

2090 

1-739 

1-704 

1-670 

1-638 

21-91 

V459 

1'432 

1-407 

1-382 

22  92 

1-160 

1-142 

1-124 

1-107 

23  93 

•820 

-809 

•798 

-788 

24-94 

•626 

•520 

•614 

'608 

25-95 

•238 

*236 

.234 

•232 

26  96 

•COO 

•000 

•000 

•COO 
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TABLE    XLiri. 

Showing  the  value  of  an  anuuity  on  Three  equaU o\nt 
Lives,  deduced  from  the  observations  made  at 
Northampton. 


mon 


lOuui 
moD 


4        1^™*/       A         P*^\        A 


a  8il6l  37  8-309 

8  9'«32  38  8166 

4  10-601  3©  8-0l» 

6  11170  40  7866 


6  11-707 

7  12-068 

8  12-266 
0  12*208 

10  12-200 

11  12-043 

12  11-866 

13  11(578 
M  11-481 
16  11274 

16  11-056 

17  10-845 

18  10-656 
1»  10-490 

20  10-342 

21  10-222 

22  10-118 

23  10-012 

24  9-J05 

25  8-796 


jl  7714 

«  7567 

4J  7-423 

44  7-276 

46  7.120 


46 
47 
48 
49 
60 

61 
62 
63 


6-972 
6-813 
6-650 
C-482 
6-817 

6  161 
6011 
6-860 


72 
73 
74 
76 

76 
77 
78 
79 
80 

81 
82 
83 
84 
86 

86 
87 
88 


if  6-706   -^ 
°*  6-660   90 


^  6-393 

^'  6-236 

68  6-076 

S  4-916 

^  4-766 


91 
92 
93 
94 
96 


2810 
2627 
2-448 
2277 
2110 

1-986 
1*865 
1-720 
1*663 
1*400 

1-246 

1-002 

-040 

-860 

•782 

-710 
-662 
•646 
-614 
•663 

452 

337 
•186 
•086 
•016 


596 

TABLE    XLIV. 

Showing  the  value  of  an  annuity  on  Three  iomi  Lives, 
whose  differences  of  age  are  10  and  20  years,  de- 
duced from  the  observations  made  at  Northampton. 


Ages 


4 

per  Cent 


Acres 


4 

per  Cem 


1-11--21 
2-12-22 
3-13-23 
4-14-24 
5-15-25 

6-16-26 
7-17-27 
8-18-28 
9-19-23 
10-20-30 

11-21-31 
12-22-32 
lf}-23-33 
14-24-34 
15-25-35 

16-26-36 
17-27-37 
18-28-38 
19-29-39 
20-30-40 

21-31^41 
22-32-42 
23-33-43 
24-34-44 
25-35-45 

26-36-46 
27-37-47 
28-38-48 
29-39-49 
30-40-50 

31-41-51 
32-42-52 
83^43-53 
34-44-54 
35-45-55 

36-46-56 
37-47-57 
88-48-58 
39-49-59 
40-50-60 


8-627 

9-914 

10-344 

10-598 

10-655 

10.708 
10.700 
10.054 
10-502 
10-438 

10-305 

10-170 

10-031 

9-887 

9-738 

9-584 
9.4.29 
9-278 
9-131 

8-986 

8-850 
8-718 
8-586 
8-451 
8-313 

8-171 
8-027 
7-878 
7.725 
7-57 1 

7-420 
7-272 
7-123 
6-971 
6-816 

6-658 
6-497 
6-332 
6-164 
5-994 


41-51-61 
42-52-62 
43-53-63 
44-54-64 
45-55-65 

46-56-66 
47-57-67 
48-58-68 
49-59-69 
50-60-70 

51-61-71 
52-62-72 
53-63-73 
54-64-74 
£5-65-75 

56-66-76 
57-67-77 
58-68-78 
59-69-79 
60-70-80 

61-71-81 
62-72-82 
63-73-83 
64-74-84 
65-75-85 

66-76-86 
67-77-87 
68-78-88 
69-79-89 
70-80-90 

71-81-91 
72-82-92 
73-83-93 
74-84-94 
75-85-95 


58-27 
5-662 
5-494 
5-322 
5.145 

4-965 
4-782 
4-597 
4-408 
4-219 

4052 
3-847 
3-660 
3-477 

3-298 

3-128 
2-959 
2-785 
2-598 
3-408 

2  224 
2-044 
1-875 
1-743 
1-623 

1-51!) 
1-425 
1-350 
1-248 
1.122 

-951 
•767 
•548 
•362 
•119 


597 

TABLE    XLV, 

Showing  the  number  of  persons  living  and  dt/ing  at 
every  age»  according  tu  the  observations  made  in 
Lofidofi. 


Awe 

(<ivin{t 

Dying 

Ai{c 

1  ivii)^ 

Dyini: 

Arc 

Living 

l>yin|t 

0 

1000 

320 

1 

ebo 

133 

31 

294 

7 

61 

97 

6 

3 

547 

51 

32 

287 

7 

62 

93 

6 

3 

4i«6 

27 

33 

280 

7 

63 

87 

6 

4 

469 

17 

34 

273 

7 

64 

82 

6 

5 

453 

13 

35 

266 

7 

65 

77 

6 

6 

440 

10 

36 

259 

7 

G6 

72 

5 

7 

430 

8 

37 

252 

7 

«7 

G7 

6 

8 

422 

7 

38 

245 

8 

«H 

02 

4 

9 

415 

6 

39 

237 

8 

C9 

68 

4 

10 

4IU 

5 

40 

229 

7 

70 

54 

4 

11 

405 

6 

41 

222 

8 

71 

60 

'  4 

12 

4m 

6 

4-2 

214 

8 

72 

46 

4 

13 

395 

5 

43 

206 

7 

73 

42 

3 

14 

390 

6 

44 

199 

7 

74 

.39 

3 

15 

3b5 

5 

45 

192 

7 

75 

36 

3 

16 

380 

5 
5 
6 
5 
5 

46 

185 

7 

76 

33 

3 

17 

375 

47 

178 

7 

77 

30 

3 

18 

370 

48 

171 

6 

78 

27 

2 

19 

365 

49 

165 

6 

79 

25 

20 

360 

50 

159 

6 

21 

355 

6 

51 

153 

6 

22 

350 

5 

52 

147 

6 

23 

345 

6 

6;) 

HI 

6 

24 

339 

6 

54 

135 

6 

25 

333 

6 

55 

129 

6 

26 

327 

6 

66 

123 

6 

27 

321 

6 

57 

117 

6 

28 

315 

7 

58 

112 

6 

29 

3(i8 

7 

60 

107 

5 

30 

301 

7 

60 

102 

5 
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TABLE     XLVI. 

Showing  the  Expectation  of  Life,  deduced  from  the 
observations  made  in  London. 


Age 

Expectation 

Age 

Expectation 

Age 

Expectation 

^ 

192 

1 

270 

31 

231 

61 

12-0 

2 

320 

32 

22-7 

62 

11-6 

3 

340 

33 

22  U 

63 

11-2 

4 

356 

34 

219 

64 

10-8 

6 

360 

35 

215 

65 

105 

6 

36  0 

36 

2M 

66 

101 

7 

358 

37 

20  7 

67 

9-8 

8 

35-6 

3S 

20  3 

68 

94 

9 

35  2 

39 

199 

69 

9  1 

10 

34-8 

40 

19  6 

70 

8-8 

11 

34-3 

41 

192 

71 

84 

12 

33  7 

42 

188 

72 

81 

13 

331 

43 

185 

73 

7'8 

14 

32  5 

44 

181 

74 

75 

15 

31-9 

45 

17  8 

75 

7'2 

16 

31-3 

46 

17  4 

76 

68 

17 

307 

47 

170 

77 

64 

18 

30-1 

48 

16  7 

78 

60 

19 

29-5 

49 

163 

79 

55 

20 

289 

50 

160 

80 

60 

21 

28-3 

51 

156 

22 

27-7 

52 

15-2 

23 

27-2 

53 

14-9 

24 

28-6 

54 

145 

25 

26-1 

55 

14-2 

26 

25-6 

56 

138 

27 

251 

57 

13-4 

28 

24-6 

58 

131 

29 

241 

59 

127 

30 

23-6 

60 

12-4 

599 
TABLE     XLVII. 

ShowiDg  thd  value  of  an  annuity  on  a  Single  Life,  at 
every  age,  deduced  from  the  observations  made 
in  London, 


3 

4 

5 

3 

4 

5 

3 

4 

6 

Arc 

per 
CVm 

per 
Cent 

per 
Cent 

H^ 

IKjr 
Cent 

per 
Cent 

per 
Cent 

Age 

per 

Ocir 

per 
Ccn: 

z. 

6 

7 

8 

0 

10 

U 
12 
13 
14 
15 

10 
17 
18 
10 
20 

21 
22 
23 
24 
25 

26 

27 
28 
211 
30 


188 
18  9 

lyo 

190 
19-0 

190 
18  9 
187 
185 
18  3 

18  1 
179 
17  6 
174 
17  2 


16-2 
16-3 
16-4 
10-4 
16-4 

16-4 
16-3 
16-2 
160 
15'8 

150 
154 
15-2 
150 
14-8 


141 
142 
14-3 
14-3 
143 

143 
14-2 
14- 1 
140 
13-9 

13.7 
13  5 
134 
13  2 
130 


170  14-7  12-9 

168  14-5  12-7 

165  14-3  12,6 

16-3  141  12-4 

16- 1  J4-0  12-3 


159 
150 
154 
152 
150 


138 
136 
13  4 
13-2 
13-1 


12  1 
120 
11-8 
11  7 
116 


31 
32 
33 
34 
36 

30 
37 
36 
S9 
40 

41 
42 
43 
44 
45 

46 
47 
48 
49 
50 

61 
52 
61 
54 
55 


14-8 
14'6 
14  4 
14-2 
14*1 

13.9 
13-7 
135 
133 
13.2 

13^ 
12-8 
126 
12-5 
12-3 


12  9 
12-7 
12  6 
12-4 
12-3 

121 
119 
11-8 
116 
11-5 

114 
11-2 
111 
11-0 
10-8 


12-1  10-7 

11.9  10  5 

11-8  10-4 

11  6  10^ 

11-4  10-1 


112 
110 
10  7 
105 
10-3 


09 
98 
96 
94 
93 


11-4 
11-3 
112 
110 
10.0 

I0>8 
10  6 
10-5 
10.4 
10-3 

10-2 

10- 1 

10  0 

9-9 

9-8 

9-7 
9-5 
94 
9r3 
9-2 

9-0 
89 
8-8 
fr« 
8-5 


56 
57 
58 
59 
60 

61 
62 
63 
64 
65 

C6 
67 
68 
69 
70 

71 
72 
73 
74 
76 


101 
99 
9-6 
9-4 
9-3 

89 
8-7 
8  5 
8-3 
80 

7'8 
76 
7-4 
71 
6-9 

67 
65 
6  2 
59 
56 


9  1 

8-9 
8-7 
86 
8-4 

8-2 
8  1 
7-9 
7-7 
7-5 

7-3 
7-1 
6-9 
6-7 
65 

6-3 
61 
.'>-9 
516 
5-4 


7« 
7-4 
7-3 
71 


69 
67 

6-6 
6-4 
6-2 

60 
6-8 
56 
5-4 
6-2 
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TABLE    XLVIIl. 

Showing  the  value  of  an  annuity  on  Two  Joint  Lives, 
deduced  from  the  observations  made  in  London. 


6 

4 

0 

'6 

4 

0 

A-es 

per 

]icr 

per 

Ages 

I-cr 

lei 

per 

Cent 

Cent 

C,-nt 

Cent 

Ccn; 

Coin 

10 

147 

130 

n  6 

35 

10  9 

9-8 

88 

15 

143 

12-7 

113 

40 

10  2 

9-2 

84 

20 

13  8 

122 

10-8 

45 

95 

8-6 

79 

25 

131 

11-6 

10  2 

50 

8-8 

80 

7-4 

30 

12  3 

l0-9 

97 

20      55 

8  I 

75 

6-9 

35 

11  5 

l0-2 

9  1 

60 

7-4 

69 

64 

'0     1 

10  7 

96 

86 

65 

67 

6-3 

59 

100 

9-0 

8-1 

70 

60 

5-7 

5-4 

60 

9  3 

8-4 

76 

75 

52 

50 

48 

55 

8-6 

7-8 

7  1 

60 

78 

72 

66 

25 

11-8 

10-5 

9-4 

65 

69 

65 

6  1 

30 

113 

lOM 

90 

70 

61 

5-8 

55 

35 

107 

QQ 

b-6 

75 

53 

51 

49 

40 

100 

91 

8'2 

45 

9-4 

85 

78 

15 

13  9 

12  3 

no 

25      50 

87 

79 

7-3 

20 

13  3 

11  8 

105 

65 

80 

74 

6b 

25 

126 

11-2 

101 

60 

73 

68 

6  3 

30 

119 

10-6 

95 

65 

66 

6  2 

50 

35 

112 

100 

9-0 

70 

59 

56 

6-3 

40 

10  4 

94 

85 

75 

5  1 

49 

47 

15      45 
50 

96 
89 

8-8 
8-2 

80 
75 

30 

108 

96 

86 

55 

8-2 

7-6 

70 

35 

103 

92 

83 

60 

75 

70 

6-5 

40 

97 

88 

80 

65 

68 

64 

60 

45 

91 

83 

76 

70 

60 

5  7 

54 

60 

85 

7-8 

7  2 

75 

52 

50 

4-8 

79 

72 

73 

67 

67 

62 

20 

128 

113 

101 

65 

65 

61 

6'7 

20      25 

12  2 

10-8 

97 

70 

5-8 

55 

5-2 

30 

11-6 

10-3 

92 

75 

51 

4-9 

4-7 

, 


601 


TAB  LB    XLVIII    CoDtinued. 


3 

4 

5 

3 

4 

6 

Mn 

Ccnc 

C«tn 

Ctnt 

Age* 

Cent 

Cent 

Cent 

36 

0.0 

88 

80 

60 

7-6 

6-8     6^ 

40 

04 

86 

7-7 

66 

72 

6*6     6*0 

46 

89 

8! 

7-4 

60 

60 

6-7 

6*1     6^ 

60 

83 

7-6 

7-0 

66 

6-a 

6^     6-8 

36      66 

7-7 

7-1 

6-6 

70 

66 

6^     4-9 

60 

7-1 

6-6 

6-1 

76 

4-8 

4^     4*4 

66 

70 

6-4 
6-7 

60 
6-4 

66 
61 

66 

6^ 

6-2     6-7 

76 

60 

4-8 

4-6 

60 

66 

6«     6-6 

66 

66 

60 

66     5-J 

40 

01 

81 

7-3 

70 

6-4 

61     4-8 

46 

8-7 

78 

71 

76 

47 

46     4-3 

60 

8-2 

7-4 

68     • 

40      ^ 
*"      60 

7*6 

6-9 

64 

60 

61 

66     5-2 

7-0 

6-4 

6-0 

60 

66 

5-7 

6  3     4« 

66 

64 

6-9 

66 

70 

52 

4-9     4-6 

70 

6-7 

64 

51 

76 

46 

4*4     4-2 

76 

60 

48 

46     - 

65 
70 

5-4 
49 

60     4*7 
4-6     4'4 

46 

83 

7-4 

67 

66 

60 

66 

46      60 

79 
74 

68 

71 
67 
6  3 

06 
6  2     . 

76 

44 

4-2     40 

5-8 

70 

70 

46 

44     4-2 

66 

63 

68 

54 

75 

42 

40     3  9 

70 

5-6 
4-9 

63 
47 

AO      - 

75 

46 

75 

76 

38 

3-7     3fi 

602 

TABLE    XLIX. 

Showing  the  value  of  an  annuity  on  a  Single  Life, 
according  to  the  hypothesis  of  M.  De  Mofvre. 


Ages 


3 

j)er  Cent 


;>er  Cent 


4         4J    I     5  G 

|ier  Cent'per  Cjiit  per  Cent  ,ior  Cen 


8  19-736      18160      16-791      15-595      14.514     12-791) 

9  19  868      18-269     16  882     15*C72      14-607     12-839 
10       19-868      18269      16-882     15672      14-607     12-839 


11 

19- 736 

18-160 

16-791 

l5-£95 

14-514 

12-730 

12 

19  604 

18-049 

l(-6;i8 

15-517 

14-480 

12-741 

13 

19-469 

17937 

16  604 

15-437 

14-412 

12-691 

14 

19-331 

17-823 

16  5i?8 

15-.66 

14-342 

1 2-6;.9 

15 

19-192 

17-707 

16410 

15-273 

14-271 

12.586 

16 

19'050 

17-588 

16-311 

15-180 

14-197 

12-532 

17 

18-905 

17-467 

16-209 

15-102 

14-123 

12.476 

18 

18-759 

17-344 

16-105 

15-015 

14-U47 

12-4iy 

19 

18610 

17-2-20 

15  999 

14-9-23 

13-970 

12-361 

20 

18  458 

17-093 

15.891 

14-831 

la-891 

12-;:01 

21 

18-305 

16-963 

15-781 

14-7r^7 

13-810 

12-239 

22 

18-148 

16-830 

15-669 

14  641 

13-7-27 

12.177 

23 

17-990 

16  696 

15  564 

14-543 

13-642 

12-112 

24 

17-827 

16  559 

15-437 

14-442 

13-555 

12-045 

25 

17-664 

16419 

15-318 

14-340 

13-466 

U-978 

.26 
27 

17-497 
17  3-27 

16-277 
16-133 

15-197 

14-235 

13-375 
1 3-282 

1 1  -908 
11-83? 

15073 

1 4- 1  -28 

28 

17.154 

15-985 

14-946 

14-018 

13-186 

ll-7f;3 

29 

16979 

15-835 

14-816 

13-905 

l;',-()88 

1 1  -688 

30 

16-800 

16-682 

14  684 

13-791 

12-988 

11-610 

31 

16620 

15-626 

14-549 

13  673 

12-885 

11-530 

32 

16-436 

15-367 

14-411 

13.65  5 

12-780 

1 1-449 

33 

16248 

16-204 

14-270 

13-430 

12-673 

11-3  6 

34 

16-057 

15.039 

14-126 

13-304 

12-562 

11-278 

35 

15861 

14-871 

13.979 

13.176 

12449 

11-189 

36 

15  666 

14-699 

13-829 

1.^-044 

12-333 

1I-09S 

37 

15  465 

14-524 

13-676 

12-9("9 

12-214 

11-003 

38 

15-260 

14-345 

13519 

12-771 

12-(9I 

10-907 

39 

15053 

14-163 

13.:35y 

12-G30 

11-966 

10-807 

4U 

14-842 

13-978 

13196 

12-486 

11-837 

10-704 

41 

14  626 

13-789 

13028 

12  337 

11-705 

10  599 

42 

14-407 

13-596 

12-858 

12-185 

11-570 

,0-4^)0 

43 

14185 

13399 

12-683 

12-029 

11-431 

10-378 

44 

13-958 

13-199 

12  504 

J 1-870 

1 1  -288 

10-263 

45 

13-728 

12-993 

12-322 

11-707 

11-142 

10-144 

TABLE 


003 
XLIX 


Continued. 


44i 
47 

46 
4!> 
6J 

51 
62 
6} 
64 
66 


61 
03 
«3 
01 
«6 

tf6 
67 
66 


71 
72 
73 
74 
76 

76 
77 

78 
7» 
80 

81 
82 
83 

84 
86 


ia-4t» 
ia-261 
ia-jr2 

li-76» 
l'2-6l  I 

1 2- -'55 

II  72i) 
M-4i7 
11163 


fi6  10-902 

&7  10-616 

^  10-325 

fi»  10-029 

60  9727 


0-419 
0-107 
8  787 
8-4«2 
8i32 

7-791 
7-450 
7-093 


6tf      6743 
70      (i  378 


6-008 
5-631 
5-246 
4-851 
4-453 

4-046 
3-632 
3-2  J7 
2-776 
2-334 

1-886 

I-42P 

■061 

-481 

•000 


1-2-781 
I '2-57 1 
12-361 
1-2-131 
11-901 

1107.1 
II- 1.17 
11-195 
10  95') 
10-(i98 

10-443 

10  181 
9-913 
9G10 
9-301 

.9  076 

«8  7^ 

8-488 

8  185 

7  876 

7-558 
7-231 
6-902 
•6C6 
6-219 

6-866 
6506 
6136 
•1-759 
4-J73 

3-978 
3-575 
3-163 
2741 
2300 

1-867 
1-411 

-956 

•483 

•000 


t2-l.i5 
1ID14 
11718 
li  618 
11-314 

M-135 
10921 
10  7(r2 
10  478 
10-2t8 

10-014 
9-773 
9527 
9-275 
9017 

8-7.VJ 
8-182 
8-206 
7-921 
7-631 

7-a^3 

7-0-27 
6-714 
6-394 
6-066 

6728 
5-383 
5-0-29 
4-666 
4-293 

3-912 
3-520 
3-1 1 1 
2-707 
2-284 

1-860 
1-406 

-950 

•481 

-000 


11-640 
11-368 
11192 
11012 
108'27 

10-638 
10  443 
10  213 
10U39 
-9820 

9-fil4 
9-391 
9166 
89)3 
8  691 

8  419 
8-197 
7-938 
7-672 
7J9J 

7  119 
6-831 
0-5-14 
6-2.-I0 
6918 

6-606 
6-266 
4026 
4-676 
4217 

3-817 
3-467 
3-070 
2  673 
2-250 

1  832 
1-394 

•913 

-479 

•000 


10*99*2 
10-837 
10-679 
I0  5I6 
10-318 

10-176 
9-999 
9817 
0*680 
0437 

0-239 
9^036 
8826 
8-011 
8-389 

8)61 
7-026 
7  684 
7-435 
7179 

6-915 
6-643 
6-362 
6-073 
6  775 

6-468 
6-152 
4-826 
4-489 
4- 143 

3-784 
3-415 
3-034 
2-641 
2-935 

1-816 
1-384 

-937 

-476 

-000 


10-021 
0-806 
0*766 
0*690 
0-402 

0-319 
9-201 
0^049 
8*801 
8*720 

8-561 
8-387 
8-208 
8-02.J 
7-831 

7633 
7428 
7-216 
6i>97 
6770 

6536 
6292 
6040 
•779 
6-608 

6-228 
4-937 
4630 
4-324 
4-000 

3-664 
3-316 
2-963 
2-578 
2-188 

1-783 
1362 
-026 

-472 
-000 


eo4 


TABLE  L. 

Showing  the  value  of  an  annuity  on  Two  Joint  Lives^ 
according  to  the  hypothesis  of  M,  De  Moivre, 


Ages 


3 

per  Cent 


4  5' 

per  Cent  per  Cent 


10 


15 


10 

15-206 

13  342 

11-855 

16 

14-878 

13  093 

11-661 

20 

14-503 

12  808 

11-430 

25 

14-074 

12-480 

11-182 

30 

13-585 

13102 

10-884 

35 

13  025 

11-666 

10-537 

40 

12-381 

11166 

10-128 

45 

11-644 

10  564 

9  646 

50 

10-796 

9  871 

9  074 

55 

9-822 

9069 

8391 

60 

8  704 

8  106 

7672 

65 

7-417 

6-980 

6  686 

70 

5  936 

5662 

5  391 

15 

14  674 

12-860 

11-478 

20 

14225 

12-593 

11*266 

25 

13  822 

12-281 

11-022 

30 

13-369 

11-921 

10  736 

35 

12  824 

11-601 

10-402 

40 

12-207 

11013 

10008 

45 

11-496 

10-440 

9-641 

50 

10675 

9767 

8985 

55 

9  727 

8-975 

8318 

60 

8-632 

8041 

7-51 5 

65 

7-377 

6  934 

6-544 

70 

5  932 

5623 

5-364 

20 


iO  13  904  12  341 

25  13631  12-061 

30  13098  11-711 

36  12  594  11*314 

40  12-008  10-847 

45  11-325  10-297 

50  10-536  9-648 


11-067 

10-840 

10-565 

10278 

9  870 

9' 120 

8-880 


65   9-617   8  879   8233 


606 
TABLE  L  Continued. 


A|r« 

3 

«r  Cent 

4 

cr  Cv\ 

5 

per  Ceni 
7-448 

60 

6*649 

7-967 

90     66 

7.308 

6-882 

6-496 

70 

6.868 

6-600 
11-786 

6-3;}3 

25 

13- IW 

10-621 

30 

12-71K 

11-408 

10-367 

36 

12-333 

11-003 

10-067 

40 

11-776 

10-666 

0-708 

Oft      *** 
*      60 

11-130 

10-131 

9-278 

10-374 

0509 

8-761 

66 

0-488 

8-766 

8-134 

60 

8-462 

7-880 

7.371 

66 

7-241 

6-826 

6-440 

70 

30 

6-ft26 

6-561 
11182 

5.294 

12-434 

10133 

36 

12-010 

10-838 

9.854 

40 

11-602 

10-428 

9-614 

46 

10-898 

9-936 

9-112 

30      60 

10-183 

9-346 

86-20 

66 

9-338 

8-634 

8018 

60 

8-338 

7779 

7-280 

66 

7161 

6-748 

6-373 

70 

6-777 

6-506 

5-«64 

36 

11-632 

10-530 

9-600 

40 

11-175 

10-157 

9-291 

46 

}0<622 

o-Toe 

8-913 

«,      60 
^      66 

0-965 

9140 

8-460 

9-156 

8-476 

7-879 

60 

8-202 

7-668 

7172 

66 

7-066 

6-662 

6-294 

70 

6-718 

5-450 

6-203 

40 

10-777 

9-826 

9-014 

46 

10-283 

9-418 

8-671 

60 

9*677 

8-911 

8-244 

40      66 

8-936 

8-283 

7-710 

60 

8-038 

7-510 

7-039 

66 

6-961 

6-666 

6-196 

70 

6-646 

5-383 

6141 

606 


TABLE    L   Continued. 


3 

4 

5 

Ages 

per  Cent 

per  Cent 

per  Cent 

45 

y-Hcyd 

9-0f>3 

8-370 

5() 

9-331 

86'9 

7-987 

45 

55 

8-662 

8  044 

7-5  0 

60 

7-S3I 

7-332 

6-875 

65 

6-ofi7 

6-4-25 

6-080 

70 

5-556 
8-892 

5-3)0 

5-063 

50 

8-235 

7-660 

55 

8-312 

7-7:^8 

7-239 

50 

60 

7-568 

7-091 

6-6)4 

65 

6623 

6-258 

5-926 

70 

5  442 

5-193 

4-964 

65 

7-849 

7-332 

6-873 

55 

60 

7-220 

6-781 

6-386 

65 

6-379 

6-036 

5-7'24 

70 
60 

5-201 

5-053 

4-8:)3 

6-737 

6a5l 

6-001 

60 

65 

6043 

5-730 

5-444 

70 

5-081 

4-858 

4-653 

65 

C5 

5-547 

5  277 

6-031 

70 

4-773 

4  571 

4-3b5 

70 

70 

4-270 

4-104 

3952 

607 


TABLE     LI. 

Showing  the  value  of  an  Assurance  of  £100  on  a 
Single  Life,  (either  in  Single  or  Annual  Payments) 
deduced  from  the  observations  maJe  at  North- 
amjitoff,  and  at  3  per  cent  interest. 

This  Table  is  adopted  by  aU  the  Assurance  Offices 
in  London. 


.         !    Stiigle         Annual 
**    |Pivii:luiii  ;  Premium 


Age 


Single 
Prtniiuni 


Annual 
Premium 


t  i«>  14 
15 

10 
17 
18 
li> 
20 

21 
2i 
23 
24 
26 

26 
27 
2« 
2tf 
3J 

31 
32 
33 
34 
36 

36 

37 

38 
M 
40 


39*tt34 

40.481 
41.113 
41-710 
42.272 
42bU2 

43*291 
43*766 
44  2-.:U 
44./ 10 
46^02 

45-703 
4U-2I3 
46-732 
47.201 
47l>00 

48-353 
4t>-lli3 
4i«-486 
60-0/2 
60-OtiO 

61-276 

61'0tf8 

62-6;>o 
6:)- 1 00 
63b41 


rs/tf 

l-V-2tf 

1  083 
2*033 
2*083 
2-133 
2*170 

2225 
2*  .07 
*2-3l2 
2*364 
2*403 

2*450 

2  504 
2-064 
2  012 
2-6/1 

2-725 
2  787 
2851 
2-021 
2  0;/2 

3K)67 
3*i42 
3*225 

3.3^)8 
3-.U0 


41 
42 
43 
44 
46 

46 
47 

48 
40 
50 

61 
62 
6i 
64 
66 

ce 

67 

58 
69 
60 

61 
62 
63 
64 
66 

66 
67 


54*505 
5.VI72 
&,'">-o,M> 
6G-.JI7 
57-208 

67.P13 
58*6  «2 
69*306 
6i»  Il7 
60*866 

OI-rXKJ 
62-340 
6.i-U86 
6;>-784 
64612 

65-392 
06- 1 82 
66-980 
67-792 
68-611 

GO  4.38 
70*277 
71-136 
72-(,07 
72-901 

73-804 
74  7J3 


3-4l>7 
3-583 
3'(>83 
3-787 
3896 

4*008 
4- 1-29 
4*25* 
4*.)o2 
1*533 

4*675 
4  821 
4-0/9 
6  142 
5-317 

5504 
5*700 
5908 
6*. 33 
6  367 

6*6!  7 
6*887 
7*179 
7492 
7837 

8*204 
8*604 


608 
TABLE     LII. 

Showing  the  value  of  an  assurance  of  £100  on  Two 
Joint  Lives,  (either  in  Single  or  annual  Payments) 
deduced  from  the  observations  made  at  North- 
ampton, and  at  3  per  cent  interest. 

This  Table  is  adopted  by  all  the  Assurance  Offices 
in  London. 


Ages 

Single 
Premium 

Annual 
Premium 

Ages 

Single 
Premium 

Annual 
Premium 

10 

49-498 

2-855 

50 

66-438 

5-766 

15 

51177 

3-053 

20 

^"       60 

69.077 

6-506 

20 

52  958 

3-279 

72049 

7-508 

2.5 

54-319 

3  463 

65 

76-406 

8-930 

30 

55-873 

3-b88 

.0      fo 

57-693 

3.972 

26 

58-106 

4040 

59  832 

4-339 

30 

59-3-22 

4-248 

45 

62  206 

4-794 

36 

60-785 

4.515 

50 

64.910 

6-390 

40 

62  559 

4-867 

55 

67-801 

6-133 

25      45 

64  571 

5-308 

60 

71-012 

7-135 

50 

66  923 

5-893 

65 

74606 

8-557 

55 

69-461 

6-625 

60 

72-343 

7619 

15 

52-731 

3-249 

65 

75-621 

9-035 

20 
25 

54  388 

55  641 

3-473 
3-653 

30 

60-418 

4-446 

30 

67  083 

3-874 

35 

61-754 

4-703 

35 

58-783 

4164 

40 

63-392 

5044 

15      40 

60.799 

4-617 

30      t 

65.271 

6-474 

45 

63-047 

4969 

67-495 

6-048 

50 

65-634 

5663 

55 

69-915 

6-769 

55 

68-395 

6-303 

60 

72-685 

7-761 

60 

71-485 

7.302 

65 

76  866 

9-156 

65 

74960 

8719 

35 

62944 

4  947 

20 

65-923 

3-695 

40 

64-428 

5-275 

26 

57  065 

3-871 

46 

66  149 

5-692 

20      30 
^      35 

58  390 

4  087 

36      50 

68-217 

6-252 

59-968 

4-363 

65 

70-492 

6-958 

40 

61-856 

4-723 

60 

73-126 

7925 

45 

&3-979 

6  173 

66 

76-181 

9-316 

eo9 

TABLE   LIl   Continued. 


Agii 


Siniyle 
Premium 


Prctiiitiin 


Age* 


Single 
Premium 


Annual 
Premium 


•(0 


•(6 


40 
45 
6U 
65 
00 
66 

45 

60 
65 

60 
66 


66-738 
67-i74 
6i>*l5l 
71-250 
73-713 
76-612 

68-611 
70-278 
7-2-164 
74-4i4 
77-134 


6-688 
6DH8 

6  6;io 

7-218 
8-IG8 
{^641 

6-317 
6887 
7-661 
8-476 
9-825 


60 


60 
66 

60 
66 


71 -70ft 
73  344 
76-367 
77-831 


60 


60  77*846 
65  79-000 


7-381 

6014 

8-007 

10-1236 


66  74-713   8-606 

65  60  76-443   9451 

66  78-637   10^721 


10-236 
11-434 


66  65  61-162   12>&4I 


M 


•¥able   liii. 

Showing  the  value  of  an  Assurance  of  £100  to  be 
received  on  the  decease  of  A,  provided  he  dies 
before  B;  deduced  (according  to  Mj*.  SinijDson's 
rule)  from,  the.  observation^  made  at  Northampton^ 
and  at  3.  per  qenj;  interest. 

This  TaJ^ileiis  adopted  by  all  the  Assurance  Offices 
in  Londpn.:  althpugh  it  is  on^  q^  the  nxost  inaccurate 
that  ever  was  published.     See  page  51 L. 


Age  Age 

of    of 

A   B 

Single 
Premium 

Annual 
Prem  um 

Age 
of 
A 

ot 

Single 
PieniiUMi 

Annuul 
i'.einiu  u 

10 

24-749 

1-427 

10 

29-461 

1-8-24 

15 

24198 

1-444 

15 

28-786 

1-838 

20 

23-498 

1-455 

20 

27  961 

1-848 

25 

22-531 

1-437 

25 

26-811 

1-819 

30 

21-468 

1-417 

30 

25  546 

1-788 

f5 

20  317 

1-399 

35 

24176 

1-759 

10   40 

19-070 

1-383 

20   40 

22-6^2 

1  733 

45 

17  696 

1-364 

45 

21-058 

1-7U3 

50 

16-214 

1-346 

60 

19  294 

1674 

55 

14  631 

1-324 

55 

17-410 

1-640 

60 

12-925 

1-299 

60 

15-381 

1-603 

65 

11-098 

1-273 

65 

13'200 

1-564 

70 

9153 

1-246 

70 

U)-S92 

1  523 

10 

26-979 

1-609 

10 

31-789 

2-027 

15 

26-365 

1-625 

15 

31-093 

2042 

20 

25  602 

1-635 

20 

30-254 

2  052 

25 

24-549 

1-612 

25 

29053 

2-(  20 

30 

23-391 

1-588 

30 

27-683 

1-98-2 

35 

22136 

1-564 

35 

26-198 

1-946 

15   40 

20-778 

1-544 

•25   40 

24-590 

1-913 

45 

19-281 

1*520 

45 

22-819 

1-876 

50 

17-666 

1-497 

50 

20-907 

1-841 

55 

15-941 

1'469 

55 

18-866 

1-799 

6(» 

14-083 

1-439 

60 

16-667 

l-''55 

65 

12*092 

1-407 

65 

14-310 

1-710 

70 

9-973 

1-373 

70 

11-803 

1-662 

I 


611 


TABLE  UU    Continued. 


of 

of 

Single 

Annu-il 

A<L. 

of 

A^o 
of 

Single 
Preiuiuii 

Annual 

A 

A 

Proinium 

A 

A 

Premium 

1 

_ , 

3430 

10 

3-1  40^1 

2-271 

id 

44  611 

15 

3;iv;;>l 

2-287                     15 

43-706 

3-460 

20 

3^813 

2-299                     20 

4i-«»21 

3  471 

to 

aVGif) 

2-26«                     Qr> 

ii-r  '..J 

3-433 

30 

3()-2<i9 

2221 

30 

lii-.;'i'.) 

3-386 

35 

28'.'>S0 

2-177 

^      35 

38  7.ir, 

3333 

30       40 

on  8  14 

2l-»5 

tt      40 

36-775 

8-273 

45 

2I9M 

2-OH  •« 

45 

34-300 

3-183 

50 

2*2-8 1.'> 

2014 

50 

31-432 

3080 

65 

20-588 

i-y<j3 

65 

28-364 

2-968 

60 

I8-Idd 

1-939 

60 

25-057 

2*864 

G5 

15G((J 

1-8S5 

65 

ir5i4 

2-740 

^ 

r.'s>^0 

1-829 

70 
10 

17-744 

2629 

10 

37-375 

2-573 

48-705 

4-044 

15 

36-6  »7 

25>0 

15 

47-9  rJH 

4-066 

20 

35-791 

2-601 

20 

47141 

4-091 

25 

31-588 

2-569 

25 

46017 

4-052 

30 

33lf?6 

2521 

30 

44-680 

4004 

35 

31  472 

2-171 

35 

43101 

3-950 

35       40 

29  540 

2'4I9 

50      40 

41-208 

3-891 

45 

27  413 

2-a^9 

45 

38-816 

3807 

60 

25-116 

2  30*2 

50 

35-853 

3-691 

66 

22  604 

2  '2,-17 

&5 

32-363 

3536 

60 

20  0-2-2 

2  170 

60 

28-581 

3-378 

65 

17  191 

2  102 

65 

24  540 

3  224 

70 

14-179 

2  031 

70 

20^239 

3-076 

10 

40-763 

2-956 

10 

53  170 

4810 

15 

40-023 

2  971 

15 

52-554 

4  834 

20 

39-161 

2-991 

20 

51-668 

4-867 

25 

37-969 

2  911 

25 

50-596 

4-826 

30 

36  560 

2-919 

30 

49  2;J9 

4776 

35 

34888 

2-857 

35 

47-829 

4-r21 

40       40 

32-868 

2  791 

55      40 

46a34 

4684 

45 

30  501 

2-715 

46 

43*800 

4-583 

50 

27-916 

2  639 

60 

40-993 

4-479 

65 

25-218 

2555 

55 

37-357 

4-303 

60 

22-278 

2-468 

60 

33  002 

4-080 

65 

19-128 

2-382 

65 

28-330 

3-863 

70 

15«776 

2*298 

70 

23  370 

3666 

•  12 


TABLE   LIII   Continued. 


A8;e 
of 
A 

Age 
of 
B 

Single 
Premium 

Annual 
Premium 

Age 
of 
A 

Age 
of 
B 

Single 
Premium 

Annual 
Premium 

10 

58-087 

5-836 

10 

63-610 

7-285 

16 

57-403 

5-863 

15 

62-870 

7313 

20 

56-669 

5-905 

20 

62-203 

7-367 

25 

55-675 

5-863 

25 

61-311 

7-325 

30 

54-499 

6*811 

30 

60-261 

7-271 

35 

53103 

6-755 

35 

58-990 

7-213 

60 

40 

51-437 

5-699 

65        40 

57-484 

7-159 

45 

49-367 

6-622 

45 

55-620 

7-085 

50 

46-777 

5-529 

50 

53-293 

7-002 

55 

43-439 

6-371 

66 

60-302 

C-8o8 

60 

38-9-23 

6117 

60 

46i279 

6-640 

65 

33-419 

4  795 

65 

40-576 

6-270 

70 

27-563 

4-490 

70 

33-466 

5-787 

I 


eit 


i 


TABLE     LIV. 

Showing  the  value  of  an  Assurance  of  £100  on  a 
Single  Life,  according  to  the  probabilities  of  living 
as  observed  by  M.  Dc  Parcicux. 

\ 


1  * 

Aje   perCcm 

5 

per  Cciii 

4          5 

^8'  per  Cent  j  per  Ceni 

1    4          -^ 

^**  per  Cent  per  Ceot 

6  23&.V) 

7  1^•■r>A 

8  2.\-  92 
0     M-99*2 

10     23C40 

)B»I3 

18- 17 1 
I H  -233 
18«52 
18*033 

30     34-916     28-300 

37  3.V.V>8      28-886 

38  30-3-23      29-606 
30     a7-n9      30-367 
40     37  060      31*  H8 

66  06-673     00  8)8 

67  67-886     0*2-296 
6g     60-168     03-714 

69  70-388     66  090 

70  71-662     66  406 

n 

23-273 

18196 

41 

38819 

31981 

71 

12 

23-<i77 

18  643 

42 

33  719 

32-867 

72 

13 

24-100 

18910 

43 

46-666 

33-781 

73 

14 

24-538 

19-290 

44 

41  660 

34-743 

74 

16 

24-993 

19-600 

46 

42  677 

36-776 

76 

16 

26-462 

20  110 

46 

43760 

36-862 

76 

17 

26-481 

20462 

47 

44781 

37  886 

77 

18 

26-281 

20  814 

48 

46-862 

38-970 

78 

19 

26-715 

21-186 

49 

46896 

4fr024 

79 

20 

27-162 

21-676 

60 

47  977 

41-129 

80 

21  27-634  21-890  61  49019  42190  81 

22  27-923  •22-210  62  60  019  43-206  82 

23  28-319  22  648  63  61058  44-271  83 

24  .28  731  22-800  64  62 142  46  390  84 
26  20-164  23-262  66  63-181  46467  86 

26  20-502  23*624  66  64-266  47*600  86 

27  30-046  24-010  67  66*306  48*776  87 

28  30  616  24-414  68  66484  49-010  88 
20  31  000  24-833  60  67616  61  121  80 
30  31-600  25-271  60  68-706  62  367  00 

Si  32-010  25-724  61  60-027  63*686  01 

^2  32658  26-106  62  61-308  66*071  92 

^3  33-116  26-600  63  62662  66-420  03 

M    33-602  27-206  64  63*860  67*867 

^  34-202  27*738  66  66*236  60*367 


72-75 1 
73  8fly 
74-077 
76-069 
77*136 

78-282 
79-346 
80-366 
81-408 
82-323 

83-192 
83-986 
84  860 
86  846 
86-830 

87-750 
88-660 
89-673 
00  602 
01*688 

02-536 
93-416 
04  304 


67  748 

69  024 

70  267 
71-600 
72-714 

74-010 
75-262 
76-438 
77-648 
78710 

70724 
80-643 
81-652 
82-838 
83  096 

86-086 
86-033 
87-262 
88486 
80*686 

00  83** 
01-890 
02-971 


614 


TABLE     LV. 

Showing  the  value  of  an  Assurance  of  £100  on  TW^ 
Joint  Lives,  according  to  the  probabilities  of  living 
as  observed  by  M.   De.  Parcieu.v. 


As-es 


10 


15 


20 


iM 


25 


i;- 


«> 


per  Crit 


4i 

per  Cent 


Ages 


per  Cent 


4* 

per  Cent 


10 
15 

20 
30 
40 
60 
60 
70 


37-784 
3^-968 
40-365 
43  243 
47-9:7 
55-876 
64-66f 
75-378 


15 

20 
25 
35 
4^ 
65 
65 


40-040 
41-325 
42-499 
45-880 
62-123 
60  384 
70-201 


20 
25 
30 
40 
50 
60 
70 


25 
30 
35 
45 
55 
65 


42-478 
43-523 
44-883 
49-181 
56-712 
6; -2 13 
75-662 

44-423 
45-627 
47-243 

£2-988 
60-918 
70-622 


30  46-651 

35  48-065 

40  50*2C« 

60  67-239 


30-937 
3';-03f 
33  34i 
3V915 
40-3S9 
48  523 
57  941 
70-067 


33  051 
34-270 
S5-321 
;:8  417 
44  622 
63-303 
64-138 


36-389 
36-337 
37-577 
41-672 
49-449 
5b-570 
7C-403 

37-168 
38279 
39-790 
45-548 
53-915 
64-512 


39-240 
40-578 
42^736 
60-000 


30 


35 


40 


45 


60 


60 

70 

35 
40 
45 
55 
65 

40 
45 
50 
60 
70 


65  446 
75-767 

49-248 
51-183 
54-108 
61-388 
70  654 

52-799 
55-383 
58'S43 
6fi-028 
75-399 


65 


45  57-547 

50  60-374 

55  63-394 

65  71-554 


50  62-714 

55  65-257 

60  68-409 

70  76  981 


65      60      69-941 
65      73-593 


65      77-246 
7d      80*190 


68-3-28 
70-524 
41-711 

43-635 
46- (  67 
54-^Ot 
64-.5i 

45-268 
47-972 
5-452 
59-448 
70-670 

60-267 
5:3-316 
56-580 
65-6^1 

55-878 
58-352 
62-1. •'5 
T1-J36 


55      67  303       60-912 


163-854 
68-013 


60      71-990       66-166 

60      65      75033'      69663 

70      78-571        72-341 


73-784 
75-683 


615 


TABLE    LV!. 

Showing  the  value  of  an  Assurance  of  £100  on  a  ' 
Single  Life,  according  to  ihe  probabilities  of  living 
aib^cMbsAriV^  ia  Sufedai. 


"^ 

>lnlt« 

'       F«ni 

itbH 

1 

V 

iAgc 

'M*l<-» 

Keiiiolcf 

Lge 

'     4 

6 

4* 

5 

4         6 

4      5 

P«  C?ni 

pirrCcut 

,\cr  Cent 

per  Ccni 

I 

pcrccDi  percent 

pcrct  jerct 

6 

24v>}a 

IMAlti 

;i2.-9w4 

16-081 

36 

3uyyC  33  306  37-39-2  30-752 

7 

2*'iM 

19*157 

2;i-.->73 

17-(Mia 

37 

44)638  34- 1-^!'  .l^l'Ji  31-514 

8 

24-iai 

l«-*/4H 

2-2-45t 

17462 

38 

41-715  34                     •  32-;)l;» 

9 

21  177 

18-905 

2-2-49C 

I.-414 

39 

42  631   ao—             ^33  162 

10 

a^32i 

18  981 

22-658 

17-500 

40 

43  585  3C-8a2  40  766  34019 

il 

24-615 

19-HiO 

2C-919 

l7-6f6 

41 

44:515  37  :        '        '^:  34-82>l 

12 

250a4 

19-543 

2."J-261 

17  957 

42 

4.V4Q0  3b                    1  25-^33 

13i 

25-400 

19910 

23692 

18-310 

43 

46-2J.\  3li                    7  36  .'a*^ 

Hi 

25  977 

20-362 

24-204 

18  767 

44 

47065  40                    1  37  006 

15, 

26-519 

20-838 

24-738 

19-238 

4i 

47-942.  41,'^*^'>  ii-ool  37-806 

Ifll 

27081 

21-348 

25-292 

19-733 

46 

,      ,-,.    ..,,^,,  45-i73  38-690 

17| 

27  681 

21-886 

25-808 

20186 

47 

\ii-W\  3:>67b 

ibI 

28296 

2*2-452 

26-342 

-20  657 

48 

6u.on    i.  .W.W7-G  16  40-746 

1» 

28-677 

22-y7G 

26-873 

211*29 

49 

61-815  46161  46*719  41-881 

20 

ai»-4»i 

23-520 

27-415 

24-618 

50 

6a-8J0   46  900  40-812  43000 

21 

30-031 

24*024 

27  981 

22114 

51 

53-731   47-143  50-888  44-110 

22 

30-608 

24-550 

28  565 

22-643 

52 

54  673  48-119  51-954  45  206 

23 

31204 

25-086 

29-177 

23195 

53 

55-650  49133  53-000  46-286 

24 

31-762 

25-586 

29-800 

23767 

54 

66-«8  60-190  54088  47419 

25 

32  338 

26-110 

30434 

24  352 

55 

57-700  61-290  55*2*23  48-610 

26 

32-938 

26-657 

31-096 

24-967 

56 

68*781   £2-438  56-408  49*862 

27 

33  562 

27-2-29 

31-727 

2.6-543 

57 

50  904  t  3-638  57646  51-176 

28 

34*211 

27-829 

32-354 

26-119 

58 

61-000  54-814  58-877  5*2-496 

29 

34-885 

28-457 

32-973 

2'i-686 

59 

62-134  56-038  60-162  53-886 

30 

35-573 

20-100 

33-611 

27-276 

60 

63-308  67-319  61-388  55-216 

31 

36-250 

29-733 

34-215 

27-829 

61 

64-458  «  8-671  62-542  66  457 

32 

36943 

30-386 

34-842 

28-405 

6J 

66-577  60*800  63-642  57-64a 

33 

37-662 

31-062 

35-435 

28-938 

63 

66*668  60-986  64*746  58-843 

34 

38*408 

31-776 

36K)43 

29-495 

64 

67-762  62*200  66-886  60*086 

35 

Se-186 

33-524 

36-673 

30^076 

66 

68*886  63*448  67-064  61-376 

ei6 


TABLE     LVI    Continued. 


Age 

Aiiiio        j       l"eiiinits 

Age 

iVliilfii 

i'lnuiieti      ( 

'      4 

5           4 

5 

4 

5 

4 

5 

per  Ci. 

|i«r  Ct    per  Ct. 

per  Ct. 

per  Ct. 

per  Ct. 

per  Ct. 

per  Ci 

66 

70031    64-724  6b-262  62  710 

86 

87-380  84  657 

86*469  83-59C 

67 

68 

71-196   66029  6950  )  64-090 
72-304   67-276  70-785  65-524 

87 
88 

87-869  85-224 
88  635  86  133 

86-804  83-97t 

87-331  84-59(, 

69 

73-3o5   68-438  72- H  4  67-019 

89 

89-623  87-314 

88  046  85-43S 

70 

74-538   69-576  75*473  68576 

90 

90-704  8b-610 

88-950  86-6 It 

71 

75-315   70-676  74754  70  033 

91 

91-715  89-829 

89'892  87-63k 

72 

76-231    71-714  75-919  71-367 

92 

92  942  91-314 

90-965  88-9-29 

73 

77-154    72-767  76931  72524 

93 

91319  92  99<; 

92-034  90-219 

74 

77-985   73-710  77-723  73-424 

94 

95-231  94  105 

93081  91-48{) 

75 

78-896   74-752  7b'531  74343 

95 

94-062  92-68] 

76 

79-796   75-790  79  a58  75290 

96 

94  923  93-729 

77 

80*677   76-805  80  212  76  271 

78 

81-662   77-948  81-1C4  77-300 

79 

82*646   79-095  82  046  78400 

80 

83615   80-229  83  069  79596 

81 

84-550   81-329  84*058  80-757 

82 

85-415    82-352  84-981  81-848 

83 

86-154    83-224  85773  82786 

84 

86-642   83-795  86311  83-429 

85 

87-034   84-257  86-338  83448 

0\7 

TABLE     LVII. 

Showing  the  value  of  an  Assurance  of  £100  on  Two 
Joint  Lives,  according  to  the  probabilities  of  living 
as  observed  in  Sweden,  i  j.io  ,  j 


!4   ,  1 

4  •- 

4 

A|c« 

j>er  Ccnl 

AiM, ; 

peV  CcBt 

•  Agoe 

per  CVni 

10 

41073 

64 

504J50 

66 

67-i27 

10 

:J5fl5s 

(,ii 

f;.'.:.i2 

61 

70-942 

2^2 

rf7HHs 

' 

7  1    '-'7 

67 

76-100 

ir^       28 

40-440 

ri 

iJdrtl 

iu 

73 

79-«8l 

*<*      34 

43304 

.    — 

, 

79 

84  038 

40 

47142 

35 

49-681 

.  86 

87-509 

40 

51  177 

41 

52-458 

91 

92008 

52 

'50-310 

47 
53 

66-660 
60- MM 

60 

72077 

15 

3  ,-40t 

35     59 

64  946 

66 

7:,f>G5 

21 

3H-468 

rut 

7O-40.5 

o6 

/  ■-.' 

■■') 

27 

40*800 

71 

70-5<i5> 

7^ 

s 

,-      33 

43-402 

77 

81412 

84 

HI  Mti 

■ 

'f      » 

46-923 

C.' 

.'i    , 

90 

91-0*27 

•       45 

50-819  1 

40 

63-985 

_. 

51 

Vyrift 

40 

66-502. 

66 

77-381 

67 

61-204 

.'.2 

m  a-,4 . 



74 

80-839 

' 

-  ^ 

'»  I-;m)8.. 

^ 

77. 

83 

83  923 

20 

3t;'r7si 

I'l      lit 

70- i  12 

87-492 

20 

!l-7.'.l 

7.) 

75-9  If) 

89 

90058 

32 

44-»8i» 

70 

80-866 

96 

94-400 

20      ^ 

47tell* 

82 

8V731 

— 

•50-958' 

— u.  — 

7o 

82-334 

t 

'       -60 

55-512 

45 

n-m 

70 

84  823 

60 

(k/fiOi 

51 

61-042 

70 

82 

87-865 

02 

•66-700 

57 
63 

04-906 
69-Mi'^ 

88 
94 

89-765 
94177 

25 

•4*i8H8 

45     69 

75-285 

, 

31 

•  45  062 

75 

80-277 

75 

85-069 

*" 

37 

47'690 

81 

85-177 

75 

81 

88  396 

25      *3 
^      49- 

51219 

87 

8ti-l42 

87 

89*^1 

55<I3« 

— —   — 

• 

93 

93942 

55 

or -204 

50 

62'665   • 

7^ 

61 

60-005 

50 

65-869 

80 

89-392 

or 

72  019 

ea 

70«196 

80 

86 

00  708 

68 

75050 

7&'J8l    ■ 

92 

93  700 
91-492 

0 

46*288 

60     74 

«> ;; 

48-500" 

80 

84  654 

86 

86 

93  366 

51-758 

86 

87  804 

91 

48 

66-362 

92 

93  008 

90 
96 

90 
96 

93-303 
96-062 

I 

618 


TABLE    LVIIL 


Showing  the  present  value  of  £1  to  be  received  at 
the  end  of  any  number  of  years 


4 

4i 

5 

4 

4i 

per  Cent 

5 

Yeais 

per  Cent 

per  Cent 

per  Cent 

Years 

per  Cent 

por  Cent 

1 

•96154 

•95694 

•95238 

31 

•29646 

•25550 

•22036 

2 

•92456 

•91573 

•90703 

32 

•28506 

•24450 

•20987 

3 

•88900 

•87630 

•86384 

33 

•27409 

•23397 

•19987 

4 

■85480 

.83856 

•82270 

34 

•26355 

•22390 

•19035 

i   ^ 

•82193 

.80246 

•78353 

35 

•25342 

•21425 

•18129 

6 

•79031 

*76790 

•74622 

36 

.24367 

•20503 

•17266 

7 

•75992 

'73483 

•71068 

37 

.23430 

•196  ^0 

•16444 

8 

•73069 

•70319 

•67684 

38 

.22529 

•18775 

•15661 

9 

•70259 

•67290 

•64461 

39 

.21662 

•17967 

•14915 

10 

•67566 

♦64393 

•61391 

40 

.20829 

•17193 

♦14205 

11 

•64958 

•61620 

•58468 

41 

•20028 

•16453 

•13528 

12 

•62460 

•58966 

•55684 

42 

•19257 

•15744 

•12884 

13 

•60057 

•56427 

•53032 

43 

•18517 

•15066 

•12270 

14 

•57748 

•53997 

•50507 

44 

-178C6 

•14417 

•11686 

16, 

•55526 

51672 

•48102 

45 

•17120 

•13796 

•11130 

16 

•63391 

•49447 

•45811 

46 

•:6461 

♦13202 

•10600 

17 

•51337 

•47318 

•43630 

47 

•15828 

•12634 

•10095 

18 

•49363 

•45280 

•41552 

48 

:15219 

•12090 

•09614 

19 

•47464 

•43330 

•39573 

49 

•14634 

•11569 

•09156 

SO 

•45639 

.41464 

•37689 

50 

•14071 

•11071 

•08720 

21 

•43883 

•39679 

•36894 

51 

•13530 

•1C594 

•08305 

23 

•42196 

•37970 

•34185 

52 

•13010 

»10138 

'07910 

23 

•40573 

•30335 

•32557 

53 

•12509 

•09701 

•07533 

24 

•39012 

•34770 

•31007 

54 

•12028 

•09284 

07174 

25 

•37512 

•33273 

•29530 

55 

•11566 

•08884 

•06833 

26 

•36069 

•31840 

•28124 

t   56 

•11121 

•08501 

•06507 

27 

•34682 

•30469 

•26785 

►   57 

-10693 

•08135 

•06197 

28 

•33348 

•29157 

•2560S 

►   58 

•10282 

•07785 

•05902 

29 

•32065 

•27902 

•24295   59 

'09886 

•07450 

•05621 

30 

•30832 

•26700 

•23138   60 

•09506 

•07129 

•05354 

619 
TABLE    LVIII.   Continued. 


Ynn 

4 
per  Cent 

per  Gear 

5 
per  Cent 

Ye«n 

4 

per  Oni 

per  Ccnr 

5 

pet  Cent 

ei 

-00140 

*06ea3 

*05000 

81 

•,>4»72 

•02820 

01 999 

<n 

•00780 

'06828 

•04056 

82 

•04011 

•O2707 

•01830 

63 

•08451 

•08247 

•04625 

83 

*0|857 

0»500 

•01749 

64 

•ORIM 

•05078 

•04404 

84 

•08700 

•09470 

•oioeo 

65 

•07813 

•05721 

•04106 

65 

•0a566 

•09372 

•01581 

06 

•07513 

•05474 

•03005 

86 

•03490 

•02270 

'01506 

67 

•07224 

•05230 

•03806 

»7 

•03207 

•02172 

'01434 

08 

•06046 

•060»3 

•03623 

88 

•03170 

•O207O 

•01366 

69 

•06070 

•04707 

•03l6t 

89 

•08048 

•01080 

01301 

70 

•06422 

•O4500 

•03287 

90 

•02931 

•01903 

•01239 

7! 

•08175 

•04303 

•03130 

»1 

•02818 

•01821 

•01180 

72 

^»037 

•04204 

•02981 

02 

•02710 

•01743 

•01 124 

79 

•00700 

•04023 

•02839 

93 

•O2606 

•01668 

•01070 

74 

•06400 

•08819 

•02704 

94 

•02506 

•01506 

•01019 

75 

•05278 

•03684 

•02575 

95 

.02409 

•01527 

•00971 

76 

•06075 

•00525 

•02453 

06 

'02316 

•01462 

•00924 

77 

•04880 
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6    last,   §2 

17,  last 

11,  (i-.^-x)xU)d-(lx)xUS)d 

last,  §  197       Wi  ••. 

19,     that  sum .il'  ". 
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41 
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1+  ABC 

(1+^; 

AA       

•05 

formula 

:  23        .  .     .. 

first        

22*234   

from  bottom    ... 


read 

.    §27 
twelfth 

"200. 

the  no  of  years  purchase 
lA+Bil-sA^ 


M4  in  the  first  Tabic,  22-78 


I— 2  A  BO 
(1+?) 

. (i+^r^^^^) 

AA 

,     ...'5 

formula 

§  23  and  24 

. second 

-  24"  137 
.*"     .V.'dcfe  by  Table  LVIII 
ought  to  b6  22'2Q 


In  my  Doctrine  of  Interest  and  Annutttes,  page  134,  line  5,1  have  stated 
that  the  formula  ther«  deduced  **  ii  the  rAy  fonntila  giyen  by  Dr.  Halley." 

•A      ..-.  -             ,     V             .       ...    ^■,,         r           6(24-Yn+l)+6 
But  this  II  not  exMtly  the  case,  since  Dr.  Halley  makes  \=: — - — : 

and  I  am  not  aware  how  the  difference  arise.    Both  the  formula,  however, 

give  the  value  sufficiently  near  fer  general  use. 
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PREFACE. 


iHE  foWovfing  paper  was  read  before  the  Rot/al  So- 
ciety during  the  course  of  the  last  year :  but  the  Com- 
mittee* (to  whom  it  is  customary  to  refer  the  papers 
which  are  presented  to  the  Society  within  the  year,  in 
order  that  they  may  sekct  for  publication  such  as  they 
conceive  to  be  not  only  the  most  curious^  but  likewise 
the  most  useful,)  have  not  thought  proper  to  publish 
it  in  their  annual  volume  of  the  Philosophical  Transac- 
tions. The  motives  which  induced  them  to  come  to 
this  decision,  I  shall  not  stop  to  inquire  into ;  since 
such  a  discussion  would  be  foreign  to  my  purpose  ; 
but  perhaps  they  may  be  evident  to  the  reader  before 
he  closes  the  present  work. 

The  importance  and  utility  of  the  method  whicli 
lias  been  investigated  and  explained  in  the  paper  here 
clluded  to  will  be  apparent  to  every  person  who  has 

*  This  Committee  eoosists  of  the  Coancil  for  the  eurrtot  jmt  ;  «  list  of 
whom,  for  th«  year  1812,  will  be  found  io  pn^e  30. 
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studied  with  attention  the  subject  of  Life  Annuities 
and  Assurances,  and  will  be  a  sufficient  apology  (if 
any  apology  indeed  were  necessary)  for  my  submit- 
ting it,  in  its  present  shape,  to  the  public  opinion.  The 
want  of  a  more  numerous  collection  of  Tables  than 
those  which  we  at  present  possess,  for  determining  the 
value  of  Annuities  on  Lives,  according  to  the  observa- 
tions of  human  mortality  at  various  places,  has  long 
been  experienced  and  lamented.  It  was  hopedandex- 
pected  that  when  any  person  should  come  forward, 
skilful  and  bold  enough  to  undertake  the  arduous  task, 
he  would  meet  with  sufficient  encouragement  from  the 
public  to  accomplish  his  design,  and  with  sufficient  pa- 
tronage to  remunerate  him  for  the  time,  the  labour, 
and  the  expense  which  must  necessarily  be  incurred 
in  so  laudable  and  useful  a  pursuit.  With  still  greater 
confidence  might  he  hope  for  assistance  and  support 
from  the  various  Life  Assurance  Companies  that  have 
been  lately  established  ;  and  who  (it  was  natural  to 
expect)  wou  d  be  desirous  of  obtaining  all  the  infor- 
mation ana  help  which  they  possibly  could,  on  a  sub- 
ject in  which  they  are  so  immediately  interested.  No- 
thing perhaps  tended  so  much  to  destroy  the  numer- 
ous Bubble  Societies  which  sprung  up  about  forty 
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years  ago; — nothing,  probably,  opened  so  cllcctually 
the  eyo8  of  the  public  with  respect  to  their  delusive 
schcmet)  as  the  publication  of  more  correct  and  com* 
prehensive  tables  of  the  value  of  Life  Annuities : 
whereby  the  true  value,  which  ought  Co  be  given  in 
such  cases,  wieis  more  accurately  determined.  And,  as 
one  improvement  in  science  generally  leads  on  to  ano- 
ther, this  naturally  opened  the  way  to  a  more  com- 
plete and  comprehensive  investigation  of  the  subject: 
so  that,  at  the  present  day,  a  new,  a  distinct,  and  an 
interesting  branch  of  analysis  has  arisen,  which  was 
unknown  to  mathematicians  of  a  former  period.* 

To  this  important  circumstance,  ttfe  present  Socie- 
ties (who  have  established  their  plans  on  a  more  cor- 
rect, and  consequently  a  more  firm  and  extensive 
basis)  are  indebted  not  only  for  their  origin,  but  also 
for  their  very  existence  and  success  at  this  moment. 
For,  by  the  variety  of  tables  of  the  value  of  Life  An- 
nuities which  have  been  formed  from  the  observations 
of  human  mortality  at  different  places,  they  have  had 
an  opportunity  of  judging  of  the  proper  values  on 

*  It  is  a  fingukr  ftet.  that  the  subject  or  Life  Annuities  has  nerer  jet 
foruicd  a  port  of  any  elementary  treatise  on  mixed  mathcmatiM.  Its  iu- 
crcasiog  utility  and  importance  surely  may  lay  claim  to  some  notice  from 
future  compiler*. 
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which  the  business  of  such  societies  ought  to  be  con- 
ducted; and  by  a  more  enlarged  analysis  of  the  sub- 
ject they  have  been  able  to  facilitate  their  computa- 
tions and  extend  their  concerns  to  the  more  compli- 
cated cases  that  arise,  and  which  formerly  were  not 
considered  capable  of  an  accurate  solution.  This 
knowledge  is  now  more  generally  diffused  and  under- 
stood ;  and  the  public  are  not  again  likely  to  become 
the  dupes  of  any  artful  impostor. 

These  advantages  have  kept  pace  with,  and  indeed 
are  principally  owing  to,  the  gradual  extension  and 
publication  of  the  Tables  of  Life  Annuities ;  or,  in 
other  words,  with  our  opportunities  of  detecting  error, 
and  of  enlarging  the  boundaries  of  the  science.  For, 
the  labours  of  the  analyst  in  this  department  would 
have  been  of  very  little  'practical  utility  if  they  had  not 
been  supported  by  such  tables.  Those  tables,  how- 
ever, which  we  at  present  possess,  are  by  no  means 
sufficiently  comprehensive  for  all  the  useful  purposes 
of  life.  The  observations  made  in  Sweden  seem  to  be 
the  most  correct  for  mankind  in  general ;  and  those 
given  by  M,  De  Parcieua;  appear  to  be  peculiarly 
adapted  for  a  set  of  life-annuitants.  But  the  Tables  of 
Life- Annuities,  which  are  formed  from  these  observa- 


tions,  are  so  limited  as  to  be  inapplicable  to  many  cases 
>vbicb  now  arise  in  the  ordinary  course  of  business. 
On  the  other  hand,  the  observations  made  at  North' 
anipton  are  on  too  contracted  a  scale  to  give  the  true 
rate  of  human  mortality  amongst  mankind  in  general: 
and  although  their  use  has  been  continued,  it  is  prin- 
cipally on  account  of  the  more  numerous  tables  of 
the  value  of  Life  Annuities  which  have  been  com- 
puted therefrom.  In  the  present  advanced  state  of 
the  science  however,  even  these  tables  are  too  con- 
fined ;  and  it  would  be  highly  desirable  to  possess 
tables  of  the  value  of  annuities  on  two  joint  lives  for 
every  possible  combination  of  age,  not  only  according 
to  the  observations  made  at  Northampton^  but  also  ac- 
cording to  those  made  in  Sweden,  and  by  M.  De  Par- 
cieux  in  France.  I  now,  however,  despair  of  ever  see- 
ing this  accomplished :  and  my  reason  for  entertain- 
ing so  discouraging  an  opinion  arises  from  the  want  of 
patronage  and  supportwhich  an  industrious  and  intel- 
ligent author  has  lately  experienced  from  the  public. 
The  name  of  this  gentleman  !s  Mr.  George  Bar- 
rett of  Petworth  in  Sussex,  who,  (at  an  immense  ex- 
pense of  time  and  labour)  has  calculated  and  formed 
the  most  numerous  and  comprehensive  set  of  Life  An- 
nuity Tables  that  ever  were,  or  probably  ever  will  be. 
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produced.  The  nature,  the  extent,  and  the  design  of 
those  Tables  will  appear  in  the  course  of  the  follow- 
ing paper.  It  will  be  sufficient  here  to  observe,  that 
the  author,  flattered  with  the  prospect  of  success,  is- 
sued his  Proposals,  about  eighteen  months  ago,  for 
publishing  them  by  subscription.  The  work  was  to 
have  been  comprised  in  two  large  quarto  volumes ; 
containing,  in  the  whole,  about  thirteen  or  fourteen 
hundred  pages  closely  printed.  The  price  not  to  be 
less  than  four  guineas  each  volume.  In  order  to  pro- 
mote his  views  as  far  as  lay  in  my  power,  I  addressed 
a  letter  to  each  of  the  Life  Assurance  Companies, 
urging  his  claims  to  thdr  patronage  and  support.  But 
his  hopes  and  expectations  have  been  defeated  in 
every  quarter ;  and  after  an  ineffectual  attempt  to 
derive  assistance  from  the  public  in  support  of  his 
plan,  and  not  wishing  to  involve  himself  in  any  seri- 
ous expenses  therein,  he  has  been  reluctantly  obliged 
to  abandon  his  design  altogether:  and  thus  the  world 
has  been  deprived  of  one  of  the  most' extraordinary 
and  successful  efforts  of  patience,  perseverance  and 
talent  that  ever  was  produced  by  one  man.  Out  of 
all  the  Life  Assurance  Companies,  now  established, 
(fifteen  in  number)  only  two*  consented  to  patronize 

*  The  Albion  and  The  Provident  Institution. 


IPPBNDIX.  9 

the  work;  eleveu*  declined  sending  any  answer  to 
the  application  that  was  made;  and  two  of  them,  the 
Atlas  and  the  Westminster  Societies,  (their  names 
shaitbe  made  conspicuous)  absolutely  refused  to 
subscribe  for  a  single  copy. 

It  is  in  vain  for  these  several  Life  Assurance  Com- 
panics  to  maintain  that  they  are  already  possessed  of 
every  information  which  they  require,  and  of  every 
table  which  may  be  useful  to  them,  in  their  business. 
They  must  know  (or  rather  they  ought  to  know)  that 
they  are  very  materially  interested  in  every  improve- 
ment in  the  science ;  and  that  even  a  re-calculation 
(by  another  hand)  of  those  tables,  which  they  now 
enjoy,  might  serve  to  correct  many  errors  which  are 
known  to  exist  in  them. — Besides,  it  cannot  be  ne- 
cessary to  tell  them  that  they  are  not  possessed  of 
every  table  requisite  for  carrying  on  their  business  to 
its  fullest  extent.  For  all  these  Companies  are  in  the 
practice  of  granting  assurances,  on  various  contingen- 
cies, for  terms  of  i/ears :  and  I  am  informed  that  some 
of  them,  in  order  to  abridge  the  necessary  labour  of 
computation,  adopt  a  singular  (but  at  the  same  time 
a  very  inaccurate  and  unjust)  mode  of  determining 

*  The  Amicftbie,  tho  Eagle,  tlia  Bquitsble,  the  Globe,  the  Hope,  the 
London  Assuraoce,  tlie  Londuo  Life  Auuiaooe,  the  Pelican,  the  Ro«k«  the 
Royal  Eiehange,  and  the  Sun. 
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the  values  in  such  cases.  Moreover,  in  the  granting 
and  purchasing  of  annuities  on  lives,  they  want  other 
tables  than  those  which  are  deduced  from  the  North- 
ampton observations.  In  determining  also  the  value 
of  Reversionary  Sums  and  Annuities  for  Widows^  it 
would  be  desirable  to  know  how  far  the  result  is  af- 
fected by  the  superior  longevity  of  females :  a  cir- 
cumstance which  might  be  ascertained  with  the 
greatest  accuracy  by  means  of  the  new  tables  here 
alluded  to.  Indeed,  upon  a  variety  of  points  con- 
nected with  this  subject  (both  of  curiosity  and  real 
utility)  these  tables  were  capable  of  throwing  a  very 
considerable  degree  of  light  and  interest.  —  But  I  am 
ashamed  to  insist  further  on  so  obvious  a  circum- 
stance; and  I  now  regret  that  I  should  have  so  much 
mistaken  the  nature  and  object  of  these  trading  com- 
panies, as  ever  to  have  addressed  them  as  the  patrons 
and  promoters  of  literature  and  science.* 

*  Dr.  Price,  in   his  account  of  the   Equitable  Society  obserTca   that 
"  it  is  indeed  furnishtd  with  Tables  by  which  a  great  part  of  its  business  is 
**  conducted  :  but  there  are  some  important  tables  which  it  wants,  and  with 
"  which  it  should  be  supplied.      These,  when  composed,  together  with  al     > 
**  its  other  tables,  should  be  subject  to  the  revisal  and  examination  of  the    | 
**  best  judges,  and  afterwards  published,  with  a  minute  account  of  the  prin-    '/ 
**  pies  assumed,  and  the  method  taken  in  composing  them.     Such  a  publi,    • 
'  cationjwould  be  a  Taluable  addition  to   this   part  T of  science  ;  and  it  would    . 
'*  also  be  the  means  of  increasing  and    establishing  the  credit  of  the 
Society.*    Oba.  on  Ren.  Pay.    Vol.  i.  p,  180. 
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Besides  the  Life  Assurance  Companies,  most  of 
the  Nobility  and  Gentlemen  possessed  of  landed 
estates,  together  with  several  of  tha  Colleges  and 
other  Corporate  Bodies,  were  addressed  also  by  Mr. 
Barrett  on  this  occasion.  But  the  list  of  his  sub- 
scribers was  so  small  that  he  has  not  thought  himself 
justified  in  sending  the  work  to  the  press:  and  the 
public  are  thus  for  ever  deprived  of  this  singular 
monument  of  industry  and  abilities. 

In  order  to  preserve  some  record  of  Mr.  Barrett's 
prodigious  labour,  as  well  as  to  explain  the  princi- 
ples upon  which  his  Tables  are  constructed —princi- 
ples which  open  a  wetrand  awide  field  to  the  analyst, 
and  which  greatly  abridge  the  labour  of  computation 
in  some  of  the  most  intricate  problems  that  occur  in 
the  science — I  drew  up  the  following  memoir,  and 
presented  it  to  the  Royal  Society,  under  the  impres- 
sion that  they  might  think  it  worthy  of  publication  in 
the  Philosophical  Transactious.  They  had,  in  the 
preceding  year,  given  a  favourable  reception  to  a  pa- 
per which  I  sent  to  them,  on  a  subject  less  deserving 
their  attention;*  but  I  had  then  to  learn,  that  whilst 


*   On  tbo  Sobr  Eclipse  which  ia  nid  to  bave  beco  predicted  hj  Tb«le> 
8««  ih«  FhUf  Tratu.  for  1811,  part  ii,  page  290. 
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the  volumes  which  are  annually  published  by  the 
Royal  Society  are  open  to  such  curtous  yet  fruitless 
speculations, they  are^shut  to  investigations  of  a  more 
serious  and  important  nature:  that  whilst  the  dark 
and  doubtful  researches  o^  the  theorist  are  received 
with  indulgence,  the  labours  of  those  who  are  desir- 
ous of  rendering  themselves  pi^actically  useful  to  so- 
ciety, and  of  enlarging  the  bounc^firies  of  true  science, 
are  rejected  with  coldness  and  indifference.  Never- 
theless, as  far  as  my  humble  efforts  can  avail,  the  as- 
tonishing labours  of  Mr.  Barrett  shall  not  sink  into  ob- 
livion ;  and  I  am  happy  in  having  his  permission  to  print 
the  following  paper,  together  with  the  accompanying 
tables,  by  way  of  Appendix  to  my  Doctrine  of  Life 
Annuities  and  Assurances-,  whereby  some  record  of 
his  wonderful  exertions  in  this  particular  branch  of 
science  may  *fi// be  preserved  amongst  those  who  are 
interested  in  the  subject. 


I  cannot  omit  the  present  opportunity  which  is  at- 
forded  me  of  noticing  one  of  the  most  singular  in- 
stances ofperseve?  ance  in  error  that  perhaps  ever  was 
witnessed  in  the  republic  of  letters;  and,  as  the  case    . 
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is  in  some  measure  conuected  with  the  present  sub- 
ject, I  hope  I  may  be  excused  for  introducing  it  in 
this  place.  In  the  preface  to  my  Doctrine  of  Life 
Annuities  and  assurancs  (page  xxiii)  I  have  exposed 
the  i/joccm; acy  and  absurditj/  of  the  formulae  which 
have  been  given  by  Mr.  Morgan  in  the  Philosophical 
Transactions,  for  the  solution  of  ihose  cases  in  Contin- 
gent Assurances  were  three  lives  are  concerned. 
That  work  not  being  within  the  reach  of  every  per- 
son, Mr.  Morgan  has  inserted  the  formulae  at  the  end 
of  the  first  volume  of  Dr.  Price's  Observations  on  Re- 
versionary  PaymentSt  Note  P.  But  I  have  asserted 
that  '*  the  errors  of  the  original  are  multiplied  in  the 
**  copy ;  and  Mr.  Morgan,  if  he  studies  his  own  re- 
"  putation  as  a  mathematician,  had  better  expunge 
•*  them  altogether  in  future,  than  suffer  them  to  re- 
"  main  in  their  present  tvorse  than  useless  state.**  Yet, 
notwithstanding  all  that  I  have  there  said,  and  al- 
though 1  have  given  ample  references  to  the  body  of 
the  work  for  a  demonstration  of  the  absurdity  and 
errors  of  his  formulai,  he  has  (within  these  last  three 
months)  given  a  new  edition  of  Dr.  Price's  work 
above  mentioned,  wherein  all  the  erroneous  parts  of 
the  former  editions  are  faithfully  retained  HI 
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Mr.  Morgan  may  perhaps  flatter  himself,  that  no 
one  will  follow  him  through  his  investigations,  and 
that  he  shall  thereby  escape  the  censure  which  he  so 
justly  deserves  for  his  extraordinary  conduct:  but  I 
shall  briefly  point  out  a  case  or  two  where  the  ab- 
surdity of  his  formulae  may  be  readily  detected, 
even  by  those  who  are  unacquainted  with  the  prin- 
ciples from  which  they  are  deduced. 

A  singular  instance  of  this  kind  occurs  in  the  for- 
mula for  the  solution  of  his  fourteenth  problem,  when 
the  ages  are  equal.*  For  if  we  take  any  case  where 
the  lives  are  under  52  years  of  age  (the  rate  of  in- 
terest 4  per  cent,  and  according  to  the  Northampton 
tables)  we  shall  find  that  the  value  will  always  come 
out  negative  quantity ! ! !  It  is  surely  unnecessary  to 
make  any  comment  upon  so  singular  a  result  as  this  : 
and  yet,  if  the  reader  is  desirous  of  amusing  himself 
with  any  further  proofs  of  the  futility  of  this  formula, 
he  may  take  any  case  where  the  lives  are  from  52  to 
57  years  of  age  (both  inclusive);  and  having  calcu- 
lated the  values  according  to  the  two  rates  of  4  and 

♦  See  Price's  Oha.  on  Rev.  Pay.  vol-  i,  page  396.     The  formulje  there 
given  -^--^^X  (T— CC— C— CCC;. 
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5  per  cent  interest,  he  will  find  that  all  the  results, 
according  to  thc/of/ner  rate,  will  be  positive ;  but  that, 
according  to  the  iaUtr  rate,  they  will  be  still  all  ne- 
gative 1 1 1  *  The  saoM  circumstance  will  occur  in 
other  instances  which  might  be  adduced. 

Now,  this  is  one  of  his  formulae  which  1  had  par- 
ticularly noticed  as  erroneous;*  and  the  remarks 
which  I  have  just  made  are  sufficient  to  show  its 
absurdity,  indeed  this  case,  from  its  simplicity,  readily 
points  out  the  inaccuracy  of  the  method  of  solution 
which  has  been  adopted  ;  but  there  are  w<7«^  others, 
wherein  the  quantities  involved  are  so  numerous,  so 
intricate,  and  so  complex,  that  the  absurdity  of  the 
formula  cannot  be  shown  by  a  practical  example 
without  employing  much  time  and  labour. 

One  case,  however,  will  suffice  for  my  present  pur- 
pose. Let  the  reader  attempt  to  solve  the  eleventh 
problem  given  by  Mr.  Morgan!  by  assuming  the  ages 
of  A,  B,  C,  to  be  respectively  50,  40,  and  30  years, 
(the  rate  of  interest  4  per  cent,  and  according  to  the 
Northampton  observations)  and  he  will  find  that  the 
value  of  an  fiSsurance  of  £100,  payable  on  the  con- 

*  In  my  Doetrine  qflAfe  AnnvitiM,  &r.  ptf*  908,  note, 
t  See  Dr.  PriWa  0A#.  on  Rev.  Fnp.  toI.  i,  p«ge  88S,  oaM  tnd. 
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tingency  therein  mentioned,  will  come  out  equal  to 
the  sum  of  si:t  hundred  and  twelve  pounds ! ! !  and  there 
is  this  further  remarkable  absurdity  attending  the 
formula  that  the  smaller  the  sum  tp  be  received,  the 
greater  is  the  value  of  the  assurance  ;  and  vice  versa. 
Thus,  the  assurance  of  £  I  payable  on  that  contin- 
gency is  six  hundred  and  ninety-Jive  pounds  ;  whereas 
the  assurance]  of  £800  is  only  twenty-nine  pounds  : 
and  the  assurance  of  £900  and  all  higher  sums  comes 
out  a  negative  quantity.*  f ! ! 

This  is  another  of  his  formula  which,  amongst  many 
others  I  had  also  particularly  noticed  as  incorrect; 
and  I  had  even  given  the  true  quantities  which  (ac- 
cording to  his  own  notation)  ouoht  to  have  been  used 
instead  of  the  erroneous  ones  which  he  has  retained.f 
Mr.  Morgan  must  be  aware  that  there  is  a  duty 
which  he  owes  not  only  to  the  public ,  but  also  to  his 
employers;  and  I  leave  it  to  his  own  sense  of  propriety 
to  j  ustify  the  re-publication  of  such  manifest  errors. 

These  are  a/ew  only  of  the  numerous  case  s  which 
I  might  adduce :  but  it  is  needless  for  me  to  insist 

*  I  here  allude  to  the  formula  in  the  seventh  edition  of  Dr.  Price's 
treatise;  but  if  the  question  be  solved  by  the  formulae  given  in  the  sixth 
edition,  the  value  will  in  all  cases  be  negative  !  !  ! 
^  t  See  Doctrine  of  Life  AnnuitiQSf  &c.  page  274,  note. 


Ai'»'RKni\  J7 

further  u|K>n  this  {Kiiul ;   smcc   1    have  already  said 
enough ,  both  here  and  in  another  place,  to   GQubie 
the  public  to  draw  a  just  and  proper  inference  on  the 
subject.     Mr.  Mcrgan  is  known  to  the  world,  as  a 
mathematician,  by  those  papers  only  (in  the  philo- 
sophical transactions;  which  he  has  written  on  con- 
TiNOBNT  ASSURANCES.  Tliosc  papcrs  have  been  the  sub- 
ject of  much  comment   in  the  preceding  pages,  and 
therefore  I  shall  not  add  another  remark  upon  them  in 
this  place.  I  wish  it,  however,  to  be  understood  that  this 
branch  of  the  science  is  not  a  subject  of  cuuiosity 
only,  but  oneof  real  utilily.  Property  to  a  very  large 
amount  (particularly  in  this  country)  is  constanty  de- 
pending on  the  contingencies  mentioned  in  those  prob. 
lems  to  which  I  have  referred  ;  and  it  is  therefore  of 
material  consequence  that  a  proper,  a  correct,  and  a 
simple  mode  of  determining  the  value  of  such  pro- 
perty should  be  laid  down.  But  every  mathematician, 
who  hasattendcd  to  the  subject  must  know  that  alt  the 
formulae,  which  Mr.  Morgan  has  given  for  this  purpose, 
only  tend  to  |)erple.\  and  mislead  the  public;  and  will 
not,  except  in  very  few  cases,  give  a  true  and  ac- 
curate, (nor  inr/wj^case,  the  most  simple  and  concise) 
method  of  solving  tlj€  different  questions  that  arise. 
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The  natural  consequence  of  which  is,  that  in  the  dis- 
tribution of  such  property,  and  according  to  such 
rules,  one  party  must  be  defrauded ;  whilst  another 
is  unjustly  enriched  at  the  expense  of  such  innocent 
sufferer. 

As  the  formulae  above  alluded  to  are  inserted   in 

Dr.  Price's  Observations  on  Reversionary  Payments 
without  the  investigations,  Mr.  Morgan  ought  to  have 

been  more  particular  in  seeing  that  they  were  cor- 
rectly deduced,  and  properly  stated ;  since  the  reader 
has  no  opportunity  of  immediately  detecting  any 
error.  More  especially  ought  he  to  have  given  greater 
attention  to  this  point,  in  any  subsequent  edition  of  that 
work,  after  he  had  been  publicly  attacked  upon  their 
want  of  accuracy.  The  world,  however,  will  learn, 
perhaps  with  some  surprise  and  indignation,  that  he 
has  not  corrected  a  single  error  I ! !  and  that  in  the 
seventh  edition  of  Dr.  Price's  treatise,  which  has  just 
been  published  <z// these  absurd  and  inaccurate  ioTmv\2d 
are  still  retained, — a  disgrace  to  the  editor,  and  an 
insult  as  well  as  an  injury  to  the  public  at  large. 


As  the  present  Appendix:  may  be  considered  as  a 
continuation  of  my  Doctrine  of  Life  Annuities^  and 
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Assurances  the  latter  work,  will  not  in  future  be  sold 
separately  from  the  former ;  although  the  Appendix 
may  still  be  had  by  the  purchasers  of  the  original 
treatise.  The  whole  work  is  now  become  too  bulky 
for  one  volume :  and  I  have,  therefore,  for  greater  con- 
venience, divided  it  into  two,  at  the  end  ofChapterXI. 
By  this  arrangement  all  the  Amalytical  part  of  the 

original  treatise,  will  be  in  the  first  volume  ;  and 
the  Practical  part  together  with  the  Tables  and 

the  present  Appendix  will  be  in  the  second  vo^nme 

New  title-pages  are  printed  corresponding  to  such 

division. 

The  latter  part  of  the  first  note  in  page  458  having 
misled  some  persons  I  have  cancelled  that  page, 
together  with  the  subsequent  one,  for  the  purpose 
of  introducing  others.  The  note,  here  alluded  to, 
originally  belonged  to  another  method  of  solution  ; 
and  was  then  correct.  But  whilst  the  work,  was 
printing,  I  changed  the  mode  of  solution,  and  inad- 
vertently retained  the  note  in  question,  which  does 
not  apply  thereto.  The  original  method  of  solution, 
is  now  restored;  as,  upon  the  whole,  I  think  it  pre- 
ferable to  the  one  which  was  afterwards  substituted 

March  1, 1813.  F.  B. 
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ON   A   NEW    METHOD   OP  CALCULATING 
THE  VALUE   OF   LIFE  ANNUITIES. 

IhadJiinci,  1812. 


liiB  trouble  attending  the  calculation  of  Tables  for 
determining  the  value  of  Life  Annuities,  particularly 
where  two  or  more  lives  are  concerned,  is  so  great  that 
(notwithstanding  the  importance  of  the  subject,  and 
its  extensive  application  and  utility  at  the  present 
day)  few  persons  have  been  disposed  to  undertake 
the  laborious  task  of  forming  them.  If  we  except 
those  tables  >»  hich  have  been  published  by  Dr.  Prick 
and  Mr.  Baron  Maserks>  there  are  no  others  that, 
in  the  present  state  of  the  science,  can  properly  be 
applied  to  any  practical  use.  The  former  has  given, 
in  his  Observations  on  Reversionary/  Payments,  several 
valuable  tables  deduced  from  the  bills  of  mortality  as 
observed  at  Northampton  and  in  Sweden :  and  the  latter 
has  given,  in  his  Principles  of  the  Doctrine  of  Life 
Annuities ,  similar  tables  deduced  from  the  observa- 
tions of  AI.  D.  Parceiux  in  France. 

At  the  same  time  that  Dr,  Price  published  the 
Tables  above  alluded  to,  he  gave  "  A  Specimen  of  an 
easy  and  expeditious  method  of  calculatin^r  the  values 
of  Annuities  on  Single  or  Joint  Lives;"  which  greatly 
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abridged  the  labour  attending  such  calculations :  and 
in  my  Doctrine  of  Lift  Annuities  afid  Assurances, 
page  36, 1  have  given  an  improvement  of  that  method. 
The  j»rflc//cfir/ application,  however,  of  this  method  is 
capable  of  being  rendered  much  more  simple  and 
easy,  as  I  shall  attempt  to  show  in  the  course  of  this 
paper.  But  the  more  immediate  object  that  1  have 
n  view  is  to  lay  before  the  Society  a  new  method  of 
arranging  the  Tables  for  determinin;^  the  value  of 
Life  Annuities  :  whereby  a  considerable  portion  of 
of  the  time  and  labour  employed  in  such  calculations 
may  be  avoided,  and  their  application  to  the  solution 
of  various  problems,  connected  with  the  subject, 
rendered  more  extensive  and  easy. 

Let  A  be  the  life  upon  which  the  annuity  is  granted; 
and  let  the  number  of  persons  living  at  the  age  of  A, 
according  to  any  given  table  of  observation,  and  at  1 , 
2,  3,  &c.  years  older,  be  denoted  respectively  by  a,  b, 
c,  d, w,  .V,  7/,  z  :  —  z  denoting  the  num- 
ber of  persons  living  at  the  age  of  the  oldest  life  in  the 
given  table,  and  in  general  equal  to  unity.  Moreover 
let  the  amount  of  £i  in  a  year,  according  to  the 
given  rate  of  interest,  be  denoted  by  r.  This  being 
premised,  it  is  well  known  (by  those  who  are  conver- 
sant with  the  subject)  that  the  value  of  an  annuity  on 
the  single  life  A  is  expressed  by  the  following  series; 

n  denoting  the  number  of  years  from  the  age  of  A  to 
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the  age  of  the  oldest  life  in  the  tabic  of  observations : 
and  the  sum  of  this  scries,  numerically  exprcbscd 
according  to  the  age  of  A,  forms  the  common  tables 
of  the  value  of  Life  Annuities.  But  the  above  series 
may  be  expressed,  more  conveniently  for  our  present 
purpose,  by  the  following  one, 

-^(^r^»  -f  cr^-Z-j-^/z-n-^  4. xr^-\-j/r  +  z): 

which  is  evidently  the  same  as  the  former. 

In  the  plan  proposed,  therefore,  A  is  supposed  to 
be  a  child  just  born  ;  or  one  whose  age  is  equal  to  O  : 
and  each  term  of  the  series  (beginning  at  the  end)  is 
to  be  numerically  expressed  and  arranged  in  regular 
order  in  the  same  column ;  at  the  bottom  of  which 
must  be  placed  the  numerical  value  of  the  common 
divisor  ar'*.  In  a  collateral  column  are  to  be  placed 
the  sums  of  the  tirst  one,  first  two,  first  three,  first /our, 
&c.  values  in  the  former  colunm,  which  1  shall  denote 
by  z,  y,  X,  &c. ;  and  by  the  help  of  these  two  columns 
we  shall  be  enabled  to  solve  every  question  relative 
to  Life  Annuities  and  Assurances:  not  only  with 
less  liability  to  error,  but  frequently  in  a  more  expe- 
ditious and  easy  manner  than  by  the  usual  method 
of  proceeding. 

In  order  to  render  these  remarks  the  more  intelligi- 
ble, I  shall  insert  the  followingSpecimen,  which  shows 
the  manner  in  which  the  values,  above  alluded  to,  are 
to  be  arranged;  and  where  1  have  supposed  the  age  of 
the  oldest  life  in  the  table  of  observations  to  be  90  years. 
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Consequently  we  shall  have 
•3izzxr^-\-yr-\'Z. 


Q^cr^—^-^dr^—^+ej'^*'^ rr2-{-yr-\-z 

BIZ&r»— '+Cr»— 2-|-fl^^7»— 3-(- 2f24.j/;'-f.c 
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Whence  it  follows  that  the  value  of  au  annuity  on  the 
life  of  a  child  ju4t  born  is  denoted  by  -^ ;  that  ihe 
value  of  an  annuity  on  a  life  one  year  old  is  denoted 
by  — -J^  ;  on  a  life  two  years  old,  by  ^^;  on  a  life 

Ifiree  years  old,  by-j^;  and  so  on  to  the  extremity 

of  human  life. 

It  may  be  objected  to  this  mode  of  arrangement 
that  a  numericat operation  is  necessary  for  determining 
the  value  of  the  annuity  :  whereas,  in  the  usual 
method  of  arranging  the  tables,  such  value  is  found 
by  inspection,^  This  objection,  however,  is  of  weight 
only  as  far  as  regards  single  lives,  and  a  few  cases  of 
two  joint  lives :  because,  in  the  cases  of  those  joint 
lives  whose  ages  are  not  given  in  the  existing  tables. 


The  mo<le  of  amnging  Annuity  Tables,  as  hitherto  adopted  bj  most 
KngliAytnitn  on  this  Hohjcet,  ^tliat  i«,  by  showing  the  number  0/ peart 
pmrekoM  that  tlw  annuities  arc  worth)  it  certainly  accompanied  with  many 
adrnntage*,  eincc  it  facilitates  the  solution  of  several  problfins  that  fre- 
qurmly  ari»e.  The  French  wrilcrs,  howcrcr,  gi»e  the  rteiproeale  of  those 
Talnca  ;  that  is,  they  fonn  their  tables  so  as  to  show  the  annuity  which  XI 
will purchoMe,  But  this  is  not  so  convenient  for  general  use,  as  the  former 
method :  ncTertheless  it  is  frequently  adopted,  even  in  this  country,  and 
particularly  by  most  of  the  public  offices.  The  new  method,  here  stiggeetcd 
ia  in  many  oocs  superior  to  both  ;  and  may,  in  all  cuscs,  be  readily  f on- 
verted  into  cither,  by  changing  the  numoraior  for  the  dcnominntor  ;  »nd 
vice  verta.    Tboa,    »    it  the  value  of  an  annuity  on  the  liftf  of  A  Just  borh: 

nr 
and    or*     is  tlM  annuity  which  £l  will  porebaso,  m  the  bmiic  ii(«« 
a 
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the  values  are  not  so  readily  found,  by  the  method 
now  in  use,  as  by  the  process  which  is  here  laid 
down.  Moreover,  the  present  arrangement  will  en- 
able us  to  solve,  with  great  facility  and  expedition,  a 
variety  of  intricate  problems  that  frequently  occur  in 
practice,  (particularly  in  cases  oi  deferred  ox  temporally 
annuities  and  assurances)  which,  according  to  the 
present  method  of  solution,  require  much  time  and 
labour,  and  are  consequently  liable  to  considerable 
error  in  the  numerical  enunciation. 

For  instance,  the  value  of  an  annuity  on  the  life  of 
a  child  just  born,  deferred  ior  1,  2,  3,  &c.  years,  is 

respectively  denoted  by  -^^-^  -~,  &c.  The  value 
of  a  similar  annuity  on  a  life  owe  year  old  is  respectively 
denoted  by  ^^!_i  '^^_!^  V— i  '  ^^-  ^"  ^  ^^^^  '"'^ 
years  old,  by  -;J-^^^»^p^,  &c,  and  so  on. 

In  like  manner,  the  value  of  a  temporari,  annuity, 
for  1,  2,  3,  &c.  years  on  the  life  of  a  child  just  born 

II  J       U  ^~°  B— D  B— K  &C. 

is   respectively   denoted  by    ^^,.   ,    ^,,        'aP^* 
The  value  of  a  similar  annuity  on  a  life  one  year  old 
is  respectively  denoted  by     f^Z^    '  ^kl^\*'kir%*       ' 

/-v  ^'r  1  1      L  D E         D— F         D G  „ 

On  a  life  two  years  old,  by  ^.._2  'c^>_2^;3ri^  ,  &c. 
and  so  on. 

Moreover,  if  an  annuity  he  deferred  for  any  number 
of  years  and  to  be  paid  for  in  equal  annual  payments* , 

*  The  first  payment  to  be  made  immediately,  and  the  remaining  ones 
at  the  beginning  of  each  succeeding  year. 
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the  value  of  those  annual  payments  may  be  deter- 
mined in  the  same  easy  and  expeditious  manner. 
Thus,  let  the  annuity  be  deferred  for  5  years,  on  the 
life  of  a  child  just  bom,  to  be  paid  for  in  5  equal 
annual  payments,  the  value  of  those  equal  annual 

payments  will  be  denoted  by  -~^  :  if  the  life  had 

been  one  year  old,  the  value  would  be  denoted  by 

—J- :  and  so  on.     Had  the  period  been  for  6  years, 

to  be  paid  for  in  6  equal  annual  payments,  the  values 

would  be  respectively  —j*  and  -~^  ;  and  so  on,  for 

any  other  interval. 

The  value  of  Assurances  on  any  life  may  also  be  de- 
termined with  nearly  equal  facility.  Thus,  the  value 
of  an  assurance  of  £1  on  the  life  of  a  child  just  born 

will  be  denoted  by  ^~y^ ;  on  a  life  one  year  old,  by 

. '""^•''  »  on  a  life  two  years  old,  by  ^""^-^  ;  and  so  on. 

If  the  assurance  be  paid  for  in  equal  annual  pay- 
ments *i\iQ  valueof  those  payments  may  bedctermined 
by  substituting  a,  b,  c,  &c  instead  of  ^zr",  ^r»— »,  cr^*—^, 
&c,  in  the  several  denominators  above  stated.  Thus, 
the  value  of  an  assurance  of  £1  on  the  life  of  a  child 
just  bom,  to  be  paid  for  in  one  present  payment, 
is  equal  to  ^^^'^ :  and  the   annual  payment  which 

ought  to  be  made  as  an  equivalent  thereto  during  that 

,.-    .    A — B.r       1b  l  •  I    •  .  •       . 

Jife  18  — ^— =  '■  "~  I" '  ^hicn  18  a  much  mora  simple 
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formula  for  such  cases  than  any  that  has  ever  yet  been 
given. 

In  a  similar  manner  we  may  find  the  value  of  de- 

ftrred  assurances.     Thus,  the  value  of  an  assurance  of 

£1  on  the  life  of  a  child  just  born,  deferred  for  1,  2, 

3,  &c.  years  is  respectively  denoted  by  -j^'    ~7^» 

D — E.r 

y.^y.  ,  &c.     And  on  a  life  one  year  old,  deferred  for 

.1  ....  '  .      ,      c — D.r    .  D — E  r  , 

the  same  periods,  it   is  respectively  j..br"—'i    r6"— i 

r.br"—i '  &c.  and  so  on. 

A  similar  method  of  proceeding  will  lead  us  to  the 
value  of  temporary  assurances.  Thus,  the  value  of 
an  assurance  of  £1  for  4  years,  on  the  life  of  a  child 

just  born,  is  equal  to :^r^ • 

If  this  temporary  assurance  be  paid  for  in  annual 
payments,  the  value  of  those  annual  payments  will  be 

-^ — '■^~^'  which  is  a  much  more  simple  and  expedi. 
tious  mode  of  obtaining  the  value  than  any  hitherto 
known. 

If  what  has  been  stated  respecting  single  lives  be 
well  understood,  no  difficulty  is  likely  to  occur  in  the 
case  of  any  number  of  joint  lives.  For,  if  we  take  two 
joint  lives  A,  B,  and  make  the  number  of  persons 
living  at  the  age  of  A,  and  at  the  age  of  1,2,  3,  &c. 
years  older,  equal  to  a,  a,  a",  a",  &c.;  and  likewise 
make  the  number  of  persons  living  at  the  age  of  B, 
and  at  the  age  of  1 ,  2,  3,  (§"0.  years  older,  equal  to  b, 
b\  l)\  b'",  &c. :  then,  by  substituting  «^  for  «,  db'  for  b, 
a"  b''  for  c,  a"'b"'  for  d,  &c.,  in  the  above  specimen, 


we  Bhall  find  that  the  same  rule  will  enable  ustodc- 

termine  with  equal  facility  the  value  of  an  annuity  on 

fiw  joint  lives  of  any  ages.     And  the  like  method 

may  be  extended  also  to  the  case  of  three  joint  lives. 

In  order  to  find  the   Expectation  of  Li/c  yA-e  have 

only  to  make  r=r  I  in  the  specimen  above  given,  and 

the  same  rule  will  still  hold  g3od ;  with  this  exception, 

however,  that  we  must  add  ^  to  the  values  thus  found. 

in  order  to  obtain  the  true  expectation  of  life  for  every 

moment  of  human  existence,  agreeably  to  the  method 

laid  down  by  all  the  writers  on  this  subject.     Thus, 

if  we  make 

A=a+^+<^4- t--rjf4-; 

B=^+c  +  </H- r+j^+c 

ci:c4-^-ff4- s-}-t/-^-z 

then  will  the  expectation  of  a  single  life  A  be  equal  to 

Jl,-|-  i=— —  4  '  the  expectation  of  a  single  life  B 
a  a 

will  be  equal  to-1.4-  i  =-J- — \  '•  and  so  on,  for  any 
other  life.  And  in  like  manner  we  might  proceed  to 
find  the  expectation  of  any  two  Joint  lives,  after 
making  the  substitutions  above  alluded  to.  But  it 
is  presumed  that  enough  has  been  said  to  show  the 
application  of  the  method. 

Having  thus  given  i  general  view  of  the  principles 
upon  which  this  new  method  is  founded,  I  shall  pro- 
ceed to  give  some  practical  examples  of  its  utility  and 
superior  advantage.  For  this  purpose  I  have  annexed 
to  this  paper  four  Tables  which  have  been  calculated 
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agreeably  to  the  principles  above  alluded  to,  and 
which  will  more  fully  illustrate  tlie  rules  above  given. 
All  these  tables  have  been  deduced  from  the  Sweden 
observations  of  life  in  general, 

The^rst  table  is  for  determining  the  e.vpectation  of 
a  single  life  at  every  age.  The  ages  are  inserted  in 
the  first  column  in  an  inverted  order,  beginning  with 
the  oldest  life  in  the  table  of  olDservations.  In  the 
column  9it  and  opposite  to  the  respective  ages,  are 
inserted  the  number  of  persons  living  at  those  ages  ; 
and  in  the  column  ^  are  set  down  the  sums  of  the 
values  in  the  preceding  columns,  according  to  the 
method  above  explained. 

The  second  tMe  is  for  determining  the  expectation 
oi  two  joint  lives,  whose  difference  of  age  is  9,  10,  and 
11  years  ;  these  three  differences  being  requisite  for 
the  solution  of  some  of  the  following  questions.  The 
age  of  the  youngest  of  the  two  lives  is  inserted  in  the 
first  column  ;  and  the  values  in  the  column  ^  are 
found  by  multiplying  together  the  number  of  persons 
living  at  the  respective  ages  of  the  two  given  lives. 
Thus,  the  number  of  persons  living  at  the  ages  of 
71  and  80  are  1622  and  558,  the  product  of  which  is 
905076 ;  and  which  forms  the  seventeenth  value  in 
this  column.  The  column  35  is  formed  as  in  the  pre- 
ceding table,  by  taking  the  sums  of  the  values  in 
column  91.  The  column  marked  x  in  this  and  the 
subsequent  tables  will  be  explained  hereafter. 
The  third  izbXe  is  for  determining  the  value  of  an  an- 
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nuity  on  a  shigie  life,  at  every  age  ;— -its  construction 
will  be  sufficiently  evident  if  compared  with  the 
specimen  given  in  page  24. 

The  fourth  table  is  for  determining  the  value  of  an 
annuity  on  two  joint  lives,  whose  differQpce  of  age  is 
9,  10,  and  1 1  years  :  it  is  formed  upon  similar  prin- 
ciples to  the  preceding  one.  The  age  o^  the  youngest 
of  the  two  lives  is  inserted  in  the  first  column  as 
already  explained  in  the  second  table. 

The  rate  of  interest  made  use  of  in  the  computation 
of  the  last  two  tables  is  4  per  cent. 

These  are  all  the  tables  which  are  necessary  to  be 
inserted  for  the  purpose  of  solving  the  following 
cases  ;  but  I  ought  previously  to  explain  the  meaning 
of  the  column  .r  in  the  last  three  tables.  The  figures 
in  that  column  are  of  use  in  enabling  us  to  point  off 
the  proper  number  of  integers  that  arise  from  the 
process :  they  are  the  logarithmic  indices  of  the 
numbers  before  which  they  stand,  and  consequently 
indicate  ihe  places  o^ figures  of  which  such  numbers 
would  consist  if  fully  expressed.  Thus,in  the  second 
table,  the  number  against  the  age  of  O,  in  the  column 
<a,  ought  to  be  61770000 :  but,  as  the  first  six  figures 
are  all  that  are  necessary  for  our  purpose,  the  last 
two  figures  are  rejected,  in  order  to  abridge  the  size 
of  the  table.  The  logarithmic  index  7,  which  is 
prefixed,  shows  therefore  that  the  number  ought  to 
consist  of  eight  places  of  figures,  and  that  we  must 
affix  ciphers  in  order  to  make  up  that    number 
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Where  the  index  is  less  than  the  number  of  figures, 
we  have  only  to  point  off  the  proper  number  of  in- 
tegers, and  to  consider  the  rest  as  decimals. 

This  being  premised,  it  is  presumed  that  the  prin- 
ciples upon  which  the  following  cases  are  solved,  will 
be  sufficiently  clear  and  intelligible  without  any 
further  explanation. 

The  eocpectatioji  of  a  single  life  aged  40  is   ^^^  4-^ 

zz 24-664  ;  the  e.rpectation  of  a  life  of  50  is  ^|^  +  ^ 
—  18*463:  the  e.vpectation  of  two  joint  lives  aged 
^0-50  is  ?iii^+i=  14-466. 

The  value  of  an  annuity  on  a  single  life  age  40  is 
^^H^  —  '^  ^^^  '  ^"^  ^^^^  ^^^"^  ^^^"  annuity  on  a 
single  life  aged  60  is  23[m-%—  ^ '  -^^I .  On  the  two 
jfiint  lives  aged  40—50,  the  value  is  \o7263()oo  — ^'^^^ 

The  annuity  which  £l  would  purchase  on  each  oi 
*hese  lives  would   be   respectively   5f§||^=^*0713, 

233fi3-8   —.oQ^ft    onH     107263000  —.inq? 
-2722^^4-   ««^«'  «n^   1034031000  "    ^^'^^* 

The  value  of  an  annuity  on  a  life  of  40  deferred 
for  20  years  is  ^-^riH  =  2-556  ;  and  on  the  life  of 
50  deferred  for  30  years  it  is  ^^^^jjlj^zz  •  1 46,  On  the 
twojoint  lives 40 — 50  deferred  for  J  5  years  the  value  is 

168765800  _  i  .40^ 
107263000  —   ^      °^* 

The  value  of  an  annuity   on  a  life   of   40,   de- 


AJfnmmt^  35 

fcrred  for  20  years,  and  to  be  paid  for  by  etjual  annual 
payments  during  that  interval,  »»  sjmSo^PTTtSS^  = 
'2093  ;  and  the  value  of  a  similar  annuity  on  a  life  of 

60  deferred  for  30  years,  is  .^^i^fs-ioo  =  '^^  *7- 
On  the  two  joint  lives  40—50,  deferred  for  15  years 
and  payable  in  a  similar  manner,  iho  value  \9, 
I&ti7668()00  —  •  I GG 1 


I I4I39400O— 186786000' 

The  value  of  a  temporary  annuity  for  20  years  on 

ve  1    ^(\  :-  67OT07- 1  — 105513  6  ,  ,    ^- .  i      e 

a  life  aged  40  is iTaSTa ~  *  I  474  :   and  of  a 

temporary  annuity  for  30  years  on  a  life  aged  50  is 
?^??^^^  =  11-505.'    On   the   two  joint  lives 

A(\      Kf\    <Vx,  in  „««re      tU^  ««1..^  :«  1034031000-158766800 

40-  50,  for  15  years,  the  value  is  io72ii3<xK) 

=  8-160. 
Tlie   value   of  an   assurance  of  £l   on   a  life  of 

.^     •       <»(MWVI-57»2071XlO4  _      .lowt  J     *l. 

40  18   4T2«?37^HM =    "*2iy  :     and   the  va- 
lue of  a   similar  assurance    on     a   life   of    50    is 

206 ^66-2-97t220Wx  1-04     _     ./r,Qyi  n..     «K^    ♦  •    •    » 

r  An       rn    '»  ■     1 14 1'JIMOOO- 1034031000x1-04  rnno 

lives  40-50,  It  IS ,arw3oooxi>o4 =   '^^OS. 

The  value  of  an  assurance  of  £  I  in  annual  pay- 
ments on  a  single  life,  aged  40,   is  equal  to  96154 — 

^^^'^=•02807  :   the  value  of  a  similar  assurance  on 

a  life,  aged  50,  is  equal  to  -96154—^1^=  -01059. 

On  two  joint  lives   40 — 50,  it  is  equal  to  '90154-^ 
lOMosiooo     Qgg32. 

I14I«M000        ^«'»'*'*" 

The  value  of  an   assurance  of  XI    on   a   life  of 


84  APPENDIX. 

40,   deferred    for  20    years,   is  ^^75380-i055i3-5xi'04 

•'  4 1283-3  xl"j4 

=  •1818 :  and  on  a  life  of  50,  deferred  for  30    years, 

;f     ;^     4456-200— 341 1-076 X 1-04  __     .r^^n a  f\        .i 

^^   '*   t.3363-8xi-04 =    ^374.      On    the  two 

joint  lives  40 — 50,  deferred  for  15  years,  the  value  is 

1 85786900—1 58765800 X  1  '04 ,  £,^0 

107263000x1-04  — 'lOOO. 

The    value   of  a  temporary  assurance  of  £1    on 
a  single   life,  aged   40,  for  20  years,   is   equal    to 

620490-4— 117538-0— I  •04(579207-1— 105513-5)  o/I/^m  j 

^ 412,3,3^^.04 -  -240!  :      and 

and  on  a  life  aged  50,    for  30   years  it  is   equal  to 

295565-2—4456-200 - 1 .04 (27220 1  -4—34 li '076 _  .  . ^ ^p.       ^       . 

a33,,.8xi-04 -4760.    On  two 

joint   lives   40 — 50     for    15    years   it    is    equal    to 

1141 294000— 1 85780900— 1  -04(  1 03403 1  OOP— 1 58765800 )  _  .jqc  c 
107-26300OX-04  "' 

If  we  apply  these  tables  to  the  solution  of  any  cases 
in  Contingent  annuities  and  assurances,  the  advantage 
of  their  form  and  arrangement  will  be  much  more  evi- 
dent; since  we  can,  by  a  very  simple  numerical  ope- 
ration, solve  some  of  the  most  intricate  cases  on  this 
subject.  In  questions  relative  to  contingent  annuities 
it  is  always  required  to  know  the  probability  of  survi- 
vorship between  the  given  lives ;  but  according  to  the 
methods  hitherto  adopted,  this  information  cannot  be 
obtained  except  at  an  expense  of  time  and  labour 
which  few  persons  are  disposed  to  give  tQ  the  subject. 
Neither  are  there  any  tables  in  existence  that  will 
suit  all  cases  that  may  occur.  By  the  present  plan 
however,  this  may  be  very  readily  obtained. 

Let  us  take  the  case  of  two  lives  A,  B  ;  of  which  A 
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is  supposed  to  be  the  youngest.  And  let  us  suppose 
A'  to  be  a  life  one  year  older  tliau  A,  and  B'  to  be  a 
life  one  year  older  than  B,  Then  if  we  make  ab, 
A'B»  ab',  a'B',  to  denote  the  values  in  Tabic  II  stand- 
ing against  the  ages  of  the  joint  lives  AB,  A'B,  AB 
A'B',  respectively  in  the  column  fi  :  and  if  wc  make 
ab  to  denote  the  value  standing  against  the  ages  of 
the  joint  lives  A  B,  in  the  colamn  3  we  shall  have 
the  following  formula : 

ab A'B — (A'B AB*) 

lab 

for  the  value  of  the  probability  that  the  life  A,  shall 
die  before  the  lif^  B.  So  that,  if  the  life  of  A  were 
40,  and  of  B  50,  the  value  would  be  equal  to 

264261800  — 257791100  — (a4«50t800-- 353870600)  _  12536000 
2x17657000  "^  35314000 

=  -3550. 

If  we  retain  the  same  characters  to  denote  the 
similar  and  corresponding  values  in  Table  IV  we 

shall  have  the  following  formula 

AB — AB — r(  a'b' — ab) 

2r  tibr — n 

for  the  value  of  an  assurance  of  £I  on  the  life  of  A 
provided  he  dies  before  B :  the  numerical  solution 
of  which  formula  is  readily  performed  by  the  help  of 
the  present  tables. — For  instance,  let  us  suppose  the 
age  of  A  to  be  40,  and  of  B  50 :  and  that  it  were  re- 
quired to  determine  the  value  of  an  assurance  sf  £1 
on  the  life  ol  40,  provided  he  dies  before  the  life  of 
60.     This  value  would  be  equal  to 

11412M000— 1116533000- 1-040031061000  *-    106672100UJ    _ 
2-06x107263000  — | 

J?^  =  -2168. 

338107040 
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If  the  value  of  the  assurance  be  required  in  annual 
paymentSy  we  have  only  to  substitute  a.  b.  instead  of 
abrn  in  the  denominator  of  the  given  formula.     Thus 

483686(10     u    •  4.1  i  f   *i 

bemg  the  value  oi  the  assurance   m  one 


2543107040    "^'"b 

present  payment,  the  value  of  the  same  in  equal 
annuAl  payments  will  be  ^^520=  •(>2037. 

In  like  manner  we  might  proceed  to  find  the  value 
of  an  assurance  depending  on  any  order  of  survivor- 
ship amongst  Mree  lives*:  for,  if  a  Table  were  formed 
for  three  joint  lives  upon  similar  principles  to  those 
which  have  been  already  explained,  and  if  we  retained 
the  same  characters  as  before  to  denote  the  similar  and 
corresponding  values  in  that  Table,  the  formulse  for 
such  cases  might^be  rendered  equally  simple  and  easy. 
Thus,  the  present  value  of  £1  payable  on  the  decease 
of  A,  provided  he  be  ihejirst  that  fails  of  three  given 
lives.  A,  B,  C,  would  be  denoted  by 

2aBC_2A'bC+ Ab'C— a'b'c— r(     A  b'c'— 2Ab'c'+a'bc'— ABC  ) 

6/*.  dbcrn 

which  produces  the  same  value  as  the  formula  given 
in  page  21 1  of  my  Doctrine  of  Life  Annuities y  he. 
And  the  present  value  of  £1,  payable  on  the  decease 
of  A  or  B  provided  either  of  them  be  the^r^^  that 
fails  of  three  given  lives  A,  B,C,  would  be  denoted  by 

4aBC_a'bC— AB'C_2A'B'C— r(  4  a'b'c'—AB'c'—A'bc'— 2ABC,) 

6r.  abcrn 

which  produces  the  same  value  as  the  formula  given  in 

*  This  part  relative  to  three  lives  was  uot  inserted  in  the  paper  whea 
it  was  sent  to  the  Royal  Society. 
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page  240  of  my  work  above  mentioned.  These  two 
formulae,  together  witli  those  already  given,  will  serve 
for  the  solution  o(most  cases  in  Contingent  Assurances 
where  three  joint  lives  are  concerned*  :  and  in  those 
cases  where  we  are  obliged  to  resort  to  other  me- 
thods, the  process  will  be  found  to  be  equally  simple 
and  easy. 

If  the  assurance  be  required  for  a  term  of  years 
only,  the  value  may  in  all  cases  be  determined  with 
fqual  ease  and  expeditiou. 

Let  any  person  attempt  to  solve  the  cases  above 
given,  by  the  common  rules  laid  down  for  that  pur 
pose,  and  ^)y  any  of  the  existing  tables  upon  this  sub- 
ject, and  he  will  immediately  be  convinced  of  the 
superior  advantage  of  the  plan  here  proposed.  Almost 
all  of  them,  particularly  where  two  or  more  joint  lives 
are  concerned,  would  require  the  aid  of  logarithms 
and  a  troublesome  calculation  ;  and  the  solution 
would  consequently  be  exposed  to  considerable  error; 
whereas,  agreeably  to  the  present  plan,  the  greater 
part  of  the  process  is  performed  simply  by  subtrac- 
tion, and  only  one  operation  by  division  is  required. 

If  we  add  another  column  C»  to  the  only  one 
already  given  in  specimen  in  page  24,  and  take  |,  p, 
f,  &c.  to  denote  the  sums  of  the  values  in  column  B ; 
then  by  arranging  them  in  a  similar  manner,  as  in 
the  following  specimen, 

•  They  will  serve  for  the  solution  of  Problems  29,  80,  81,  82, 
33,  34,  35,  36,  37,  38,  41,  43,  and  46,  in  my  Doctrine  ^  L^e 
Annuities  J  ^c. 


/ 
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Age. 

a 

^ 

96 

z 

z 

95 

yr 

Y 

p 

94 

xri 

X 

p 

3 

drn—3 

D 

n 

2 

cr"— 2 

C 

t 

I 

lrn—\ 

B 

ij 

0 

ar" 

▲ 

a 

we  shall  consequently  have 
J=z 

P=Y+Z 

)C  =  X+Y+Z 
&C. 

In  this  case, will  be  the   value  of  an  increasing 

arn 

annuity  on  the  life  of  a  child  j«.y^  born  :  that  is,  of  an 

annuity  of  owe  pound  for  the  first  year,  hvo  pounds  for 

the  second  year,   three  pounds  for  the  third   year ; 

f 
and  so  on.      Moreover,, .will  be  the  value  of  a 

similar  annuity  on  the  life  of  a  child  one  year  old  : 


AFPENDIX.  39 

c/*-iii"W'^^  ^®  ^hc  value  of  a  similar  annuity  on  the  life 
of  a  child  two  years  old  :  and  so  on,  for  any  other  age. 

These  are  some  of  the  principal  advantages  attend < 
ing  the  new  arrangement  of  the  tables.  There  are 
others,  of  inferior  moment,  which  it  would  be  needless 
to  insist  upon  in  this  place,  since  they  will  immediately 
occur  to  such  persons  as  have  turned  their  attention 
to  this  subject.  Enough  has  probably  been  said  to 
warrant  the  adoption  of  this  method  in  the  formation 
of  any  tiew  tables  which  may  be  hereafter  published: 
and  the  following  directions  may  be  of  use  to  those 
persons  who  are  employed  in  snch  calculations. 

Provide  a  set  of  smooth  deal  lathes  or  rods,  one 
edge  of  which  should  be  about  one  fifth  of  an  inch  in 
thickness;  and  divide  the  whole  length  of  each  rod 
into  a  convenient  number  of  equal  par!s.  On  the 
edge  of  the  rod,  thus  divided,  (or  on  a  slip  of  paper  to 
be  pasted  thereon)  write  down  within  the  several  divi- 
sions, the  logarithms  of  the  number  of  persons  living 
at  every  age  of  human  existence :  but  in  an  invtrse 
order ;  that  is,  begining  at  the  age  of  the  o/cltsi  life  in 
the  table  of  observations,  and  proceeding  upwards  to 
the  youtigjst.  If  it  be  required  to  calculate  the  value 
of  an  annuity  on  two  joint  lives,  two  similar  sets  of  such 
rods  must  be  formed ;  and  if  three  joint  lives,  then 
three  similar  sets ;  and  so  on.  Let  the  computist  also 
prepare  another  set  of  rods,  divided  in  a  similar  man- 
ner, whereon  he  must  insert  the  logarithms  of  the 
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amount  of£l  at  the  end  ofO,  1,  2,  3,  &c.  years;  ac- 
cording to  the  given  rate  of  interest.  Thus,  let  it  be 
required  to  calculate  the  value  of  an  annuity  on  two 
joint  lives,  according  to  the  Northampton  table  of  ob- 
servations, and  at  4  per  cent  interest ;  in  which  case 
the  logarithms  on  the  respective  rods  will  be  arranged 
in  the  following  manner  : 

I  -00000001  -6020600  •9542425  I  1-2041200  1  i-3802lL2  I  1-5314789  l"&c~| 
1  -OOOOOiXjl  -60206001-9542425  i  1-20412001  1-3802112  1  1-5314789  l"&c~| 
I  -OUOOOOOl  -0170333  -0340667  I  '0511000  I  -06813341  '0851667  I  &c  | 

And  when  we  operate  with  these  rods,  they  must  be 
brought  together  (either  by  the  hand,  oi  by  means  of 
a  groove  in  the  table)  for  the  more  convenient  addition 
of  the  numbers  in  the  respective  columns.  If  the  two 
lives  are  of  equal  ages,  the  ends  of  all  the  rods  must 
coincide  with  each  other,  in  which  case  the  logarithms 
in  the  several  divisions  will  stand  directly  under  each 
other  ;   as  in  the  following  manner  : 


0000000  1  -6020600  i  -9542425  I  1-2041200  I  1-3802112  1  1-5314789  1  &c 


0000000  1  -6020600  1  -9542425  I  1-2041200  I  1-3802112  I  1-5314789  1  &c 


0000000  10170333  1-0340667  1  -0511000  1  -0681334  1  -0851667  1  &c 


and  the  natural  numbers,  corresponding  to  the  sums 
of  the  logarithms  in  each  perpendicular  division,  will 
be  the  values  that  are  to  be  inserted  in  the  column 
^  in  the  Table. 

If  there  be  one  year's  difference  between  the  ages  of 
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the  two  lives,  the  upper  rod  must  be  mored  one 
division  towards  the  left,  as  in  the  following  manner  :• 
•uououuo>-<iMueiio«*<ft*a«3i>j  i'a»4tauo.i  lawoanai  i'6au7m  i  — 

f-uooooooi -oiTusasr  '<b<ofle7 1   -0511060 1  -0681334  1  iw 

and  the  natural  numbers,  corresponding  to  the  sums 
of  the  logarithms  in  each  perpendicular  division,  will 
be  the  values  that  are,  in  this  case,  to  be  inserted  in 
the  column  9L  in  the  Tabic. 

If  there  be  two  years  difference  between  the  ages  of 
the  two  lives,  the  upper  rod  must  be  moved  two  divi- 
sions towards  the  left ;  if  three  years,  Mrre  divisions; 
and  so  on  :  and  the  natural  numbers  corresponding  to 
the  sums  in  these  cases,  will  be  the  values  that  ought 
to  be  inserted  in  the  column  9.  So  that  these  three 
sets  of  rods  will  serve  for  every  possible  combination 
of  ages  between  two  lives  :  and  thereby  not  only  save 
an  immense  deal  of  trouole,  but  moreover  prevent 
those  errors  which  are  so  likely  to  occur  when  we 
have  to  transcribe  the  same  numbers  over  and  over 
again  with  the  pen.  It  may  be  further  remarked  that 
the  rod  which  contains  the  logarithms  of  the  amount 
of  £  I,  may  be  used  with  any  other  table  of  obser- 
vations, where  the  same  rate  is  required.  In  the  same 
way  that  the  rods,  containing  the  logarithms  of  the 
number  of  persons  living,  may  be  used  with  any 
other  rate  that  is  required. 

In  order  to  detect,  by  a  different  process,  any  error 
in  taking  out  and  operating  by  tb«  logarithms,  we  may 
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adopt  the  following  method*.  Let  Z,  F,  X,  &c.  re- 
spectively denote  the  logarithm  of  the  number  of 
people  living,  in  the  table  of  observations,  at  the  age 
of  the  oldest  life,  and  at  1,  2,3,  &c.  years  younger 
than  the  oldest :  and  let  R  denote  the  logarilhm  of  the 
amount  of  £l  in  a  yeai,  according  to  the  given  rate 
of  ipterest.  Then  tlie  logarithms,  fer  finding  the  value 
of  an  annuity  on  any  two  e^w^/ joint  lives  will  be 
Z-\-Z,    F+F+R,   A'+X+2R,    TF+TF+3R,    F+F+4R,   &c! 

Having  thus  found  the  logarithms  for  such   cases 
where  thdagey'are  equal,  or  where  the  difference  of 
age'i^'!±!"t),  \vfe  may  find  the  logarithms   for  those 
c'a'se^Wh'efeiWe  difference  is  1,  2,  3,  4,  &c:  years,  by 
th'e ' Toirdwihg   method.       Take   out   the  differences 
betvvbeh  the  logarithms  Z,  Y,  A',  &c,  tntiis, 
v^.U.  vv.    Y—Z,   X— F,    W—X,    V—W,    T^^,&c. 
and"'^^  them  respectively  to  the  vakies  above  found, 
?ft»th€  mdnrier  stated  below ;  an!d  the  results  will 
give  the  proper  logarithms  for  finding  the  value  of  an 
aniHiity  on  any  two  joint  ''\^^^s   whose  difference  of 
age^fe  respectively  1,   2/'.8i'' &c.  years.     Thus,  the 
logawthms,  when  the  difference  of  age  is 
O  ^ai.arfe  «  Z+Z,     F-f-  F^j^R,    X-\-X-\-2R,    IF-f  TF+3R,  &c 


■m\ti<i 


add.r-^      X—Y  W—X  V—W 


lifpat.»roat^7f-^>    i^^+R.    X+IF+2R,    TF-f  F+SR,  &c 
'   add    X—r    W—X  V—W  *  T—V 


nil 


2  years  are  a  Z+X,     r+TF-i-R,    X-\-V-\-2R,  W-\-r-{-SR,  &c 
add     W—X    V—W  T—V-  S—T 

i'years^a^e  k  Z-{-W,    F+F+R,'^  yt^T-^2R,    TF+^3R,  &c 
'^  ***■ ''ftlil  method  of  pro^ng  the  accuracy  of  the  calculation  has 

a 


It  will  be  readily  seen  that  the  result)},  obtained  by 
this  process,  will  be  the  same  as  by  the  rods  above 
alluded  to,  provided  they  are  both  accurate.  But  if 
the  results  should  differ,  there  must  be  some  error, 
which  ought  to  be  corrected.  "'»" 

The  public  are  indebted  to  Mr.  Georob  BARRBt  of 
Petworth,  in  SUM^x',  for  this  easy,' expeditious.' and 
Srvg<eniou{<  mbde' of  determining  and  arranf^ing  the 
vfllbe  of  Life  AnnUifties :  afud  it  is  v^^ith  Wb  iiotfcnrrericte 
Hhdt  I  have  ictrawrt  up  this- paper  to  ex prlaith  thfe  prlo- 
((ipks^^fxHif .which  ir'id  fo\)iid^,i  ahd"t<0|{)bint  out  ^ 
advawitJiges  Which  atteiid^'i.' "I  have  befenith*  rt(ei% 
icid«cedtitaeiMev*upotiUh(s  sulijecfi  sine^'it  Igf^^mb 
an  opportunity^pf  perpe^u^tjn^  the  pap[Xf  of  one  who, 
by  his  laboure  on  thi^s  sublecL.hasdese    '^^  "-^  much 

Ifom  every' person  that  js  interested  ui  l ...cnce: 

and  at  the  same  tinr.e  of  makmg  known  to  the  worla 
(he  asibnisbing  ana  beiieBcial  effects  tnal  >e 

i)ro<^u<^^  oyix  luice  and  'attenti6n  in  so  laudable 

o  pursuit.  Amiast  a  variety  of  avocations  ^r- 
Barrett  iias  never  lost  siglit  of^  nis  favourite  objeci 
At  an  early  period  of  his  life  he  became  attached  t.o 
th'ts  bfancli  ot  analysis;' and  without  tue  aicl  oil' a 
.master,  he  made  considerable  prog^^ss  in  the  mathe- 
matics, wifli  a  vi  v  t  .  iiiv  further'  ana  more 
complete  study  of  the  subject.  He  very  soon  sa'^, 
and  lamented  how  much  the  application  of  the 
science  was  abridged,  through  the  want  of  a  more 

'l>«in  bommooicAtM  to  i&e  n^6tHkc«  (he  paper  wm  rMd*bcror«  ifteHtoyal 
Society.    See  the  not*  io  page  48. 
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numerous  and  extensive  set  of  Life  Annuity  Tables 
than  those  we  at  present  possess.  In  order  to  remedy 
this  defect,  he  at  first  devoted  his  leisure  hours  to  the 
formation  of  a  few  tables  which  were  intended  for  a 
new  society  that  was  about  to  be  established  in  his 
neighbourhood.  Pleased  with  the  subject,  and  pro- 
bably intending  to  render  his  labours  more  service- 
able to  the  public  at  large,  he  extended  his  plan  ;  and 
after  twenty-five  years  close  application  he  has  calcu- 
lated the  most  complete  set  of  tables  relative  to  this 
subject  that  probably  will  ever  be  again  produced  by 
any  one  person.  These  Tables  are  eighteen  in  num- 
ber, and  maybe  arranged  in  the  following  manner  ; 

For  the  Expectation  of  Lives. 

Tables  I,  II,  III,  IV,  V.  Showing  the  number  of 
persons  living  at  the  several  ages  therein  mentioned ; 
according  to  the  observations  made  in  Sweden  amongst 
males  amongstyewdf/e*,  and  amongst  lives  in  getieral ; 
according  to  the  observations  made  at  Northampton, 
and  according  to  the  observations  made  by  M.  De 
ParcieuXy  in  France.  From  which  may  be  easily 
deduced  the  expectation  of  life  at  the  several  ages, 
in  each  place  respectively. 

Table  VI.  For  ascertaining  the  expectation  of 
any  two  joint  lives,  and  also  the  probability  of  one  life 
dying  before  or  after  another :  deduced  from  the 
Sweden  table  oi  lives  in  general. 

Table  VII.     For  ascertaining  the  expectation  of  a 
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tingle  life,  or  of  any  Tvao,  Three,  or  ioi/r  juint  lives, 
deduced  from  M.  De  Moivre's  Hypothesis  of  ao 
equal  decrement  of  life. 

For  Annuities  on  Single  lives. 

Table  VIII.  For  ascertaining  the  value  of  ao 
annuity  on  the  life  of  a  J/rt/tf  at  every  age  ;  interest 
at  3,  4,  5,  and  6  per  cent,  deduced  from  the  Sweden 
table  of  observations. 

Table  IX.  For  ascertaining  the  value  of  an  an- 
nuity on  the  life  of  a  Female  at  every  age;  interest  at 
3»  4,  5  and  6  per  cent,  deduced  from  the  Sweden  table 
of  observations. 

Table  X.  For  ascertaining  the  value  of  an  annuity 
on  a  Single  life,  at  every  age ;  interest  at  3,  3^,  1, 
4J,  5,  5J,  6,  Gi,  7,  7J  and  8  per  cent,  deduced  from 
the  Sweden  table  of  lives  in  general. 

Table  XI.  For  ascertaining  the  value  of  an  an- 
nuity on  a  Single  life,  at  every  age ;  interest  at  3, 
d|.  4,  4|,  5,5^  and  6  per  cent,  deduced  from  the 
Northampton  table  of  observations. 

Table  XII.  Forascertainingthe  valueof  an  annuity 
on  a  Single  life,  at  every  age  ;  interest  3,  3i,  4,  4J, 
5,  5^,  and  G  per  cent.,  deduced  from  the  observations 
of  M.  De  Parcieux,  in  France. 

For  Annuities  on  Two  joint  lives. 

Table  XIII.  For  ascertaining  the  value  of  an 
annuity  on  Two  joint  lives,  consisting  of  a  male  and  a 
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female  for  every  possible  combination  of  age  ;  interest 
at  4  per  cent,  deduced  from  the  Sweden  table  of 
observations. 

Table  XIV.  For  ascertaining  the  value  of  an 
Annuity  on  Two  joint  lives,  for  every  possible  com- 
bination af  age  ;  interest  at  3,  4,  5,  and  6  per.  cent, 
deduced  from  the  Sweden  table  o^  lives  in  general. 

Table  XV.  For  ascertaining  the  value  of  an 
annuity  on  Two  joint  lives,  for  every  possible  com- 
bination of  age ;  interest  at  3,  4,  atid  5  per  cent,  de- 
duced from  the  Northampton  table  of  observation^'. 

Table  XVI.      For  ascertaininsr  the  value  of  a*tl 

annuity  on  Two  joint  lives,  for  every  possible  d6m- 

bination   of  age;  interest  at  3,  4,  and  5  per  cfent, 

deduced  from  the  observations  of  M.  De  Parcieujpv^ 

moA  iryjui-'i'      .       .  i-  '     ■'     '•  ^^*" 

For  Annuities  on  Three  Joint  lives.  '( , 

■  ■ ;     ■     ■ .'  1  I  J 

Table  XVII.  For  ascertaining  the  value  of  jan 
annuity  on  Three  Joint  lives  for  every  possible  com- 
bination of  age ;  interest  at  4  per  cent,  deduc^^ 
from  the  Sweden  table  of  lives  i?z  general. 

For  Annuities  on  M.  De  Moivre's  HypothesiSi 
Table  XVill.  For  ascertaining  the  v^Ui^  of  d'A 
anrtnity  on  a  Smgle  life,  and  on  Two,  T/iree^Sc -Four 
Joint  lives,  for  every  possible  combination  of  ag6^ 
interest  3,  3J,  4,  4J,  5,  6J,  6,  6i,  7,  7^  &  8  pet  cent, 
deduced  from  M.  De  Moivre's  Hyp9tliesi^,.^of['an 
equal  decrement  of  life,    ^^.g^^  ,,,,,,j  ,^ ,/|^^  „y  yutt-.v 
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All  the  above  Tables  are  arranged  agreeably  to  the 
principles  laid  down  in  this  pa|>er  ;  and  will  therefore 
show  with  equal  {?ic\\\ij  the  value  of  annuities,  whether 
they  be  temporary,  deferrvd,  or  for  the  whole  duration 
of  life.     Tables  VIH.    IX.  and  XIII  have  the  ad- 
ditional column  C-  alluded  to  in  page  38,  whereby 
thtry  show  the  value  of  increnxing  annuities;  and  are 
con*iequently  of  essential  use  to  those  Societies  which 
are  form«Hl  for  the  benefit  of  0/</ ^i,'<?  and  of  Widows. 
Tables  XI  and  XV  wiM  be  extremely  useful  to  the 
various  Public  Companies  lately  established  for  the 
purpose  of  granting"  AssuraNcex  on  lives :  and  will 
save  much  time  and  labour  in  estimating,  at  the  stated 
intervals  the  trpe  assets  of  such  companies,  agreeably 
to  the  method  which  1  have  laid  down  upon  this  sob- 
ject  in  my  Doctrint  of  Li  J  t  Annuities  and  AKjfurances, 
page  456.     Tables  XII  and  XVI  will  be  equally  de- 
sirable to  those  societies  which  grant  Annuities  on 
lives  :  since  they  are  formed  from  those  observations 
of  human  mortality  which  frhow  more  correctly  than 
any  other  the  probability  of  living  amonest  a  set  of 
Life  Annuitants.     Tables  X,  XIV  and  XVII  wiU  be 
of  very  considerable  use  and  advantage  to  the  various 
Colleges  and  Corporate   Bodies  in  this  kingdom,  as 
well  as  to  noblemen  and  other  persons  of  landed  pro- 
perty, whose  estates  are  leased  on  lives:  smce  there 
are  no  tables  at  present  existing  whereby  the  true 
value  for  the  renewal  of  a  life  in  such  leases,  can  be 
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fairly  estimated;  and  we  are  consequently  often- 
times obliged  to  rest  contented  with  an  approxima- 
tion which  (there  is  much  reason  to  fear)  is  frequently 
far  from  the  truth.  By  the  help  of  these  tables, 
however,  this  doubt  will  be  removed  ;  and  the  values 
m.iy  in  all  cases,  be  determined  with  the  greatest 
accuracy.  The  remaining  tables,  which  far  exceed, 
in  extent,  any  thing  of  the  kind  as  yet  published,  will 
tend  to  the  solution  of  many  problems  which  have 
hitherto  remained  inexplicable  for  want  of  such 
assistance.  The  whole  of  them  have  been  carefully 
examined  and  corrected  separately  by  two  other  per- 
sons, so  that  there  is  the  greatest  reason  to  believe 
that  they  are  accurately  and  truly  computed.* 

It  is  needless  for  me  to  enlarge,  in  this  place,  upon 
the  astonishing  perseverance  and  industry  displayed 
by  Mr.  Barrett^  in  the  formation  of  these  tables. 
Every  one  conversant  with  the  subject  must  be  aware 
of  the  immense  time  and  trouble  which  must  have 
been  employed  in  the  computation.  It  is  indeed, 
the  most  successful  effort,  of  this  kind,  that  has  ever 
yet  been  made,  by  any  one  individual:  and  every 
person  interested  in  tile  science,  must  regret  not  only 
that  they  have  not  yet  been  made  public,  but  that 
there  is  a  chance  of  their  being  lost  for  ever  to  the 
world.     Whether  Mr.  Barrett,  however,  may  meet 

*  One  of  these  persons  operated  by  means  of  the  rods  alluded  to  in 
page  39  ;  and  the  other  by  the  method  explained  in  page  42  :  the  similarity 
of  the  two  results  confirmed  the  correctness  of  each  other. 
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with  suHicient  patronage  to  induce  him  to  publish 
the  whole  of  these  tables,  or  whether  he  may  publish 
them  in  part,  or  whether  indeed  he  may  be  pravailedf 
upon  to  arrange  them  according  to  the  usual  method 
(for  they  are  at  all  times  capable  of  being  thus  con* 
verted) — the  object  and  design  of  the  present  paper 
will  be  the  same:   which  is,   to    point   out  some 
curious  properties  and  advantages  which  such  a  mode 
would  obtain  over  the  present  arrangement ;  and  thus 
by  encouraging  their  adoption,  to  open  a  new  field 
to   the  analyst.     On   the  other   hand,   should    Mr. 
Barrett  fail  in  his  object,  it  may  not  be  considered 
altogether  useless  to  hold  out  a  beacon  to  posterity, 
lest  they  should  pursue  a  similar  hopeless  course, 
and  waste  the  best  part  of  their  lives  in  the  same 
fruitless  and  delusive  career. 
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TABLE     I. 

For    the    E.rpectatio?i    of   a    Single    Life. 


Age 

Column. 

Coi'UIIll* 

Age 

Coll  mn 

Coiiinin. 

3$ 

96 

1 

1 

96 

2 

3 

65 

2354 

24961 

94 

6 

8 

64 

2-172 

27433 

93 

11 

19 

63 

2690 

30023 

92 

21 

40 

62 

2708 

32731 

91 

33 

73 

61 

2822 

35553 

90 

47 

!20 

60 

2930 

38483 

89 

62 

182 

69 

3030 

41513 

88 

82 

264 

68 

3125 

44638 

87 

109 

373 

57 

3220 

47858 

86 

144 

517 

66 

3312 

51170 

85 

189 

7C6 

55 

3403 

54573 

84 

244 

950 

54 

3494 

58067 

83 

a09 

1259 

53 

3684 

61651 

82 

384 

1643 

52 

3074 

65325 

81 

468 

2111 

51 

5761 

69086 

80 

558 

2669 

50 

3846 

72932 

79 

648 

3317 

49 

3924 

76856 

78 

743 

4(.60 

48 

39:^7 

80853 

77 

848 

4908 

47 

4069 

84922 

76 

C63 

6871 

46 

4143 

89065 

75 

1084 

6955 

45 

4219 

93284 

74 

1214 

8169 

44 

4297 

97581 

73 

1354 

9623 

43 

4375 

101956 

72 

1489 

11012 

42 

4453 

1064G9 

71 

J  622 

12634 

41 

4526 

110935 

70 

1749 

14383 

40 

4691 

115526 

69 

1813 

162.-6 

39 

4651 

120177 

68 

1997 

18253 

38 

4709 

124886 

67 

2118 

20371 

37 

4767 

129653 

66 

2236 

22607 

36 

4825 

134478 
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ColMia. 

OdImm. 

Af 

OulaniB. 

(Mmnn. 

Al« 

m 

n 

ft 

u 

36 

48(M 

190382 

16 

6809 

948M7 

34 

4M7 

144308 

14 

6096 

«»«ao3 

33 

AOlO 

140319 

13 

6074 

fflOflOT 

m 

0072 

164301 

12 

0018 

mmg 

31 

6132 

160Qea 

11 

ODOI 

979004 

:o 

6191 

104714 

10 

0116 

2780B0 

39 

6M0 

IflOOOO 

9 

0177 

2iM870 

28 

MOl 

176281 

8 

0360 

201190 

27 

6366 

1H0610 

7 

0837 

297403 

98 

6407 

188023 

6 

0449 

309906 

9ft 

6467 

191480 

6 

0604 

310409 

24 

66"7 

190987 

4 

0707 

317170 

33 

6666 

202642 

3 

0U69 

324128 

32 

6003 

908146 

2 

7290 

331494 

21 

6060 

213796 

1 

7806 

339390 

30 

6097 

210409 

0 

10000 

340990 

19 

1740 

236232 

18 

6783 

231014 

17 

6822 

236438 

10 

688S 

242808 

64 
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TABLE     II. 

For    the   Ea^pectation    of   Two    Joint  Lives. 
Part  I . — Difference  of  Age  9  Years. 


Age. 

X. 

(Joluma. 

91 

A\ 

Column. 

Yo^* 

Age. 

.r. 

Column. 

_  IColumn 

87   2   109000   2  1090000 

« 

86      288000      3970000 

85      945000   3   1342000 

65 

6   841222 

r   9617669 

84   3   268400      4026000 

54 

904946 

8196641 

83      648900   4  1051500 

63 

970547 

9167189 

82   4   126720      2318700 

52 

7   103680   1 

3   1020399 

81      219960      4^18300 

51 

110197 

1130696 

80      345960      7977900 

50 

116534 

1247130 

79      531360   5  1329150 

49 

122625 

13697.55 

78      809870      2139020 

48 

128703 

1498459 

77   5   122112      3360140 

47 

134765 

1633224 

76      182007      5180210 

46 

140896 

1774210 

76      264496      7825170 

45 

147412 

1921622 

74      375126   <>  1157643 

44 

154004 

2075627 

73      519936      1677579 

43 

160737 

2236364 

72      696852      2374431 

42 

167477 

2403841 

71      905076      3279507 

41 

174070 

2577911 

70   C   113335      4412860 

40 

180151 

2768062 

69      139164      5804499 

39 

1859C0 

2943963 

68      169346      74979,' 5 

38 

191609 

3135572 

67     203963      9037589 

37 

197497 

3333069 

66     242392   7  1196141 

36 

203567 

3636635 

65     286776      1481917 

36 

209865 

3746501 

64     334709      1816626 

34 

216431 

3962932 

63      385651      2202277 

33 

223095 

4186027 

62      439238      2641514 

32 

229569 

4415586 

61      493568      3135082 

31 

235610 

4651196 

60     548789      3683871 

30 

241433 

4892630 

69      605091      4288962 

29 

247034 

5139664 

68      661876      4950837 

28 

2526!  J9 

5392362 

67      719992      5670829 

27 

268379 

5650741 

66      779646      6460474 

26 

264078 

5914819 

APPENDIX. 

Tablb  11.  cuiUttiucd. 


66 


Vo' 

.r. 

boluino. 

X. 

CollUDO. 

Aff. 

Ooiuiiio. 

Colann  . 

Agr. 

ft 

II 

fli 

.r. 

B 

35       7     MB0A6 

8 

6184777 

10         7 

36iOCI         9     1069894 

M              276001 

6400677 

9 

367164               1186940 
363876               1161^37 

33              3MI750 

6743437 

8 

S3               2M7.M0 

70S9973 

7  . 

S7I47A                Il9887f 

31                31>3J1>I 

7333364 

6 

380014                1336876 

30               2i>H8fi5 

7033139 

6 

380639               1276640 

19               'MA'in 

7936406 

4 

400676        3      1316908 

18               3U0630 

8336068 

3 

418333                1*   7731 

17               314796 

8660888 

3 

443310           1  i    j:a 

16               319689 

8870717 

1 

477376               144iM79 

15               aH8&8 

9ift'i67& 

0 

618700               1611449 

14              339746 

9636330 

13               334123 

9860043 

13               373964 

10I9M6 

11 

z\ia»i 

9 

1064634 

1 

APPENDIX. 


56 


TABLE     II.    cotitinued. 
Part.  2 — Difference  of  Age  10  Years. 


Yo 
Ag 


St 


I    Column.    ^ 


Column, 

IS 


Age. 


Column. 


X. 


Column. 


^ 


86 

86 
84 
83 
82 
81 

80 
79 
78 
77 
76 


144000      2    1440000 


378000 
122000 
339900 
806400 
154440 


6220000  55 

3  1742000  64 
5141000  63 

4  1320600  62 
2864900  61 


262260  5487500  50 

401760  9606100  49 

609260  5  1659970  48 

924320  2484090  47 

138672  3870810  46 


801066 
863717 
928256 
994919 
106136 

112688 
118897 
124906 
131022 
137216 


6720592 

7684309 
8012566 
9507484 
1056884 

1169572 
1288469 
1413375 
1644397 
1681613 


76 

£04876 

6919570 

45 

143573 

18Q5186 

74 

296216 

-  8881730 

44 

150137 

1975323 

73 

418386 

0  1306669 

43 

156800 

2132122 

72 

671776 

1878336 

42 

163603 

2295726 

71 

769096 

2637431 

41 

170223 

2465948 

70   6 

976942 

3613373 

40 

176570 

2642518 

69 

121370 

4827077 

39 

182605 

2825024 

68 

148377 

6310848 

38 

188219 

301.3242 

67 

1786C6 

8106912 

37 

193969 

3207211 

66 

215327 

7  1026018 

36 

199900 

3407111 

65 

255174 

^  1281192 

35 

206056 

3613167 

64 

300101 

1581292 

34 

212573 

3825740 

63 

350686 

1931978 

33 

219187 

4044927 

62 

403221 

2336200 

32 

225866 

4270783 

61 

457728 

2792928 

31 

232274 

4503058 

60 

612457 

3306385 

30 

238319 

4741.'i77 

69 

667619 

3872904 

29 

243991 

4986.368 

£8 

624062 

4496966 

28 

249624 

5234992 

67 

681996 

5178962 

37 

256273 

.'i490265 

66 

740663 

5919626 

26 

260888 

5751153 
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Afc. 

Jr. 

Colamn.) 

ft   I'- 

Colttoio. 

Yo" 

Column.  .. 

n 

Column. 

2A   7   266600   8 

6017673 

10 

7   348373   9 

1068119 

34      2734S1 

6990104 

9 

354660 

11U3776 

23      978906 

6658406 

8 

361376 

1199919 

23      984184 

6RA26M 

7 

368940 

1176806 

91 

289068 

7142662 

6 

377630 

1214609 

SO   ' 

295731 

7438283 

6 

387210 

1253-200 

19       301120 

7739403 

4 

398127 

1293K3 

18       308604 

8046907 

3 

4I!>312 

IU34(i34 

17       311708 

8367675 

2 

438927 

137^527 

16      216968 

8674634 

1 

473061 

1426633 

16       321008 

8906642 

0 

011500 

1486983 

14       3-20805 

9993437 

13       331856 

96S0293 

12       337076 

9992370 

11       342446   9 

I03348t2 
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TABLE  II.  continued. 


For  the  Ea;pectation  uf  Two  Joint  Lives. 
Part  3. — Difference  of  Age  11  Years. 


Yo«* 

Column. 

Columns. 

Yo^' 

Culumn. 

Column. 

Age. 

cT. 

a. 

cr. 

^. 

Age. 

'^-   a. 

cr. 

B. 

85   2   189000 

2 

1890000 

55 

6   760911   7  6163082 

84      488000 

6770000 

54 

822488     6983570 

83   3   1546©0 

3 

2222000 

53 

885965     7871535 

82      422400 

6446000 

52 

9)1566     8823101 

81      982800 

4 

1627400 

51 

7   101848     9841580 

80   4   184140 

3468800 

50 

108534   8  1092692 

79      304560 

6514400 

49 

114973     1207665 

78      460660 

5 

1112100 

48 

121109     1328774 

77      695860 

1807460 

47 

127156     1455931 

76   6   104967 
75      156096 

2857130 
4418090 

46 
45 

133405     1589335 

139733     1729068 

74      229446 

6712550 

44 

146227     1875295 

73      330376 

6 

1001631 

43 

152862     2028158 

72      460101 

1461732 

42 

159595     2187763 

71      622848 

2084580 

41 

166285    2354039 

70      818*32 

2903112 

40 

172667    2526706 

69   6   104513 

3948246 

39 

178877    2705584 

68      129406 

5242302 

38 

184781     2890365 

67      157367 

6815976 

37 

190537     3080902 

66      189613 

8712104 

36 

196329    3277231 

65      226690 

7 

1097901 

35  . 

202344     3479575 

64      267965 

1365865 

34 

208714     3688289 

63      314426 

1680291 

33 

215280    3903569 

62      366663 

2040955 

32 

221900     4125469 

61      420196 

2467150 

31 

228528     4353997 

60      476246 

2942396 

30 

234946    4588941 

59      629947 

3472343 

29 

240844     4829785 

68      685312 

4057656 

28 

246549    5076335 

67      643034 

4700690 

27 

252167    5328502 

66      701482 

6402171 

26 

257752    6586263 
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TABLE    II.   continual. 


1w 

CQlamo. 

Column. 

To-I 

Colaam. 

Cwtumo. 

/gc. 

•^•i  a. 

J*. 

s. 

AucjO'. 

9. 

J". 

B. 

2ft 

i     1168900 

6 

0840004 

10   7 

S46IV7     1U«07IIO 

24 

Msoea 

6118016 

0 

301004     1081060 

93 

B74706 

6303931 

8 

308700     1117860 

22 

380710 

6074U33 

7 

300100     11O40OI 

21 

S86fifl8 

6060600 

0 

370003     11113006 

20 

200370 

72%»70 

6 

384782      1230484 

19 

207063 

7200033 

4 

300046     1-;70040 

18 

suasM 

7804207 

3 

412871     I3II316 

17 

306004 

8163881 

3 

430(163     13.'^I003 

16 

313010 

8476701 

1 

460MO     1401607 

16 

3100SO 

8786700 

0 

406100     1463467 

14 

333037 

0110077 

13 

320006 

»4486e6 

12 

334180 

0783804 

U 

330906 

0 

1012346 

I 
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TABLE     111. 

For  Ammities  on  a  Single  Life. 


Age. 

a\ 

Column, 
a. 

Column, 

Age. 

.r. 

Column. 
91. 

V. 

Column. 

n. 

" 

96   0   100000 

0   1000000 

95      208000 

3080000 

65   3   794036   4   6598143 

94      540800 

8488000 

64      867192      7465335 

93   1   123735 

1   2096150 

63      944931      8110265 

92      245670 

4542858 

62   4   102750      9437766 

91      401496 

8557808 

61       111359   6   1055135 

1 

90      594700 

2   1450481 

60      120245     1175389 

89      815878 

2266858 

59      129323      130470rt 

88   2   112223 

3388585 

58      138713      1443416 

87      155141 

4939995 

57      148647      1592063 

86      213155 

7071547 

56      159010      1751073 

85      290957 

9981115 

55      169914     1920987 

84      -390652 

3   1388763 

54      181436      2102423 

83      514508 

1903271 

53      193554      2295977 

82      664965 

2568235 

62      206351      2502327 

81       842842 

3411076 

61      219687      2722014 

80   3   104512 

4456200 

60      233638     2955652 

79      126224 

5718440 

49      247911      3203563 

78      150518 

7223662 

48      262624      3466187 

77      178661 

9010230 

47      878049      3744236 

76      211006 

4   1112028 

46      294430     4038666 

75      247019 

ia'>9047 

45      311824      4350490 

74      287708 

1676455 

44      330293      4680783 

73      333723 

1980477 

43      349740      5030522 

72      381676 

2362153 

42      370214   .   5400736 

1 

71      432399 

2794552 

41      391335      5792071 

70      484905 

3279457 

40      412833      6204904 

69      540055 

3819512 

39      434957      6639862 

68      598841 

4418353 

38      457997      7097868 

67      660530 

6078883 

37      482183      7580042 

66      725224 

5804107 

36      507572     8087614 
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Table  III.  continued. 


Yo" 

Columo. 

Column. 

Yo 

Column. 

Co:  unto 

Age. 

X. 

a. 

J. 

£. 

Age. 

S. 

a. 

J". 

£. 

36    4   634330   6   86'ili>43 

16   6   141410   6   T   '  ' 

34       662871      9IH48I4 

14       147988 

3:)       602841      9777G66 

13       IM803      .^„.,..,^ 

32       094186   6   1040184 

12       162221      3196601 

31       660831      1106807 

1 1       169872      3369634 

30       600068      1174063 

10       178346      3547880 

29       720210      1247684 

0       187301      373.0240 

28       703170      1323901 

8       197168      39.32;{98 

27       801789      14O4O80 

7       207898      4140296 

26       841967      1488272 

6      219707      4360093 

26       883733      1676649 

6      232918      4693011 

24       927603      1669409 

4      217612      4840622 

23       97301 1      1766701 

3      206816      6l07;i37 

22    ft    102068      1868768 

2      291218      6398666 

21        107O11      1976809 

1      323996      6722662 

20        112249      2088058 

0      431718      6164270 

19        117619      2206677 

18        123219      2328896 

17        129034      2457931 

16        136118      2693049 
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TAB  LE   IV. 

For   Annuities  on   Two  Joint    Lives. 
Part  1. — Difference  of  Age  9  Years, 


Yo^' 



Column. 

Columa. 

V  5' 

10 

Column. 

Column. 

Age. 

J". 

a. 

.r. 

fi. 

Age. 

-     a. 

d\ 

B. 

87 

2 

109000 

2 

1090000 

86 

299520 

4085200 

85 

3 

102211 

3 

1430632 

55 

7   295105    8   208.3078 

84 

301913 

4449767 

54 

330159       2413137 

83 

759121 

4 

1204098 

53 

368-256       2781493 

82 

4 

154174 

2745841 

52 

409132       3190625 

81 

278320 

55-29037 

51 

452-242       3642867 

80 

455260 

5 

1008163 

50 

497377       4140244 

79 

727203 

1735366 

49 

544309       4t)845£4 

78 

5 

115270 

28880G4 

48 

594142       5-278696 

77 

180756 

4695620 

47 

647011       5925706 

76 

280191 

7497534 

46 

703953       6629660 

75 

423567 

6 

1 17.3220 

45 

765478       7395138 

74 

624612 

1797832 

44 

831700       8226838 

73 

900361 

2698193 

43 

902785       9129623 

72 

6 

12.5499 

3953184 

42 

978-264    9   1010789 

71 

169519 

5648375 

41 

9   105744       1116533 

70 

220766 

7856032 

40 

113816       1230349 

69 

281920 

7 

1067524 

39 

1-22140       135-2495 

68 

a56786 

1424309 

38 

130933       1483429 

67 

146919 

1871218 

37 

140355       1623783 

66 

552333 

2423551 

36 

150455       1774-239 

66 

677265 

3100816 

35 

161315       19355.54 

&i 

824962 

3925778 

34 

173016       2108.570 

63 

988541 

4914319 

33 

185477       2-294047 

62 

7 

117094 

6085255 

32 

198485       2492532 

61 

136840 

7453657 

31 

211866       2704.398 

60 

158236 

9036018 

30 

225786       -Jj^^oisi 

59 

181449 

8 

1085051 

29 

240265        ,'!i;n!l; 

58 

206416 

1291466 

28 

255605       34-2bOo5 

57 

233522 

1524988 

27 

271805       3697800 

56 

262985 

1787973 

26 

-288912       6986772 
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TABLE    IV.    continued. 


Yo" 

Column. 

Colaa  n. 

Yo"* 

Columo. 

Coloirn. 

A,.. 

J*. 

A. 

s 

B. 

Agf. 

J*. 

ft. 

•r. 

B. 

25   8   3071A9 

0 

4293930 

10 

8 

719243   10   1182717 

24      396477 

4620408 

9 

761135       1268820 

23      3467S4 

4967142 

8 

800466       1339479 

22      398089 

6336166 

7 

ay»43       1425109 

21      390391 

6726666 

6 

010961       1610196 

20      413722 

6139278 

6 

971396      1613336 

10      438063 

6677341 

4 

9 

103887       1717223 

18      463M4 

7040936 

3 

112776       1829999 

17      400188 

7631123 

2 

124012       1964011 

10      618044 

8049167 

1 

139199       2093210 

16      617134 

8596301 

0 

187360      2280671 

14      677679 

9173881 

13      609762 

9783632 

12      643867 

10 

1042760 

11      680337 

1110793 

I 
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TABLE   IV.   continued. 

For  Annuities  on  Two  Joint  Lives. 
Part  2. — Difference  of  Age  10  Years. 


St 


A-ue 


Column. 


Colviinn. 


Age. 


Coll 


Go'umn. 


86 

85 
84 
83 
82 
81 

80 
79 
78 
77 
76 

75 
74 
73 

72 
71 

70 
69 
68 
67 
66 

65 
64 
63 
62 
61 

60 
59 
58 
57 
56 


144000 

393120 
131955 
382341 
943374 
187900 

331843 
528689 
833814 
131559 
205268 

315397 
474251 
696643 
990131 
.136709 

182792 
236417 
300585 

378404 
471808 

5S1481 
711214 
864341 
103358 
122023 

142077 
163637 
187138 
212691 
240194 


1440000 

5371200 
1856672 
5680085 
1511382 
3390.381 

6708807 
1199569 
2033384 
3348979 
5401663 

8555635 
1329815 
2026458 
3016589 
4383678 

6211599 
8575774 
1158162 
1536566 
2008373 

2589855 
3301069 
4165410 
5198989 
6419218 


55 
54 
53 
52 
51 

60 

49 
48 
47 

46 

45 
44 
43 
42 
41 

40 
39 
38 
37 
36 

35 
34 
83 
32 
31 


7839990  30 

9476356  29 

8   1134773  28 

1347464  27 

1587658  26 


370210  8  1857869 
302997  2160865 
338663  2499529 
377504  2877032 
418820   3295852 


462493 
507464 
554435 
604845 
658778 

716867 
779630 
846798 
918880 


3758315 
4265779 
4820215 
5125059 
6083837 

6800704 
7580334 
8427131 
9346011 


994302  9  1034031 


107263 
115303 
123670 
132546 
142062 

152295 
163396 
175220 
187773 
200833 

214301 
228179 
242784 
258209 
274444 


1141294 

1256598 

138026 

1512813 

1654876 

1807171 
1970566 
2145786 
2333559 
2534392 

2748693 
2976872 
3219656 
3477865 
3752309 
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Table   IV.   continued. 


¥••« 

Golamo. 

Coiamn. 

Y«« 

Column. 

Culuoin. 

Ag». 

'•     n. 

J*. 

«. 

Age. 

X. 

fli. 

r. 

s. 

25 

8  291584    0  40488U3 

10 

8  686309  10  1121850 

34 

309973      4353866 

9 

736535    1191504 

SS 

3293-23      4683189 

B 

770120    1271516 

99 

349730      5032020 

7 

817692    1353285 

21 

371109      5401029 

•i 

870430    1440328 

20 

31).J639      5797  '^ 

928213    1533149 

10 

416*44      «2ll)rJ 

J 

992558    1632105 

18 

4412C8      6655780 

3 

107682    1740087 

17 

400801      7122582 

2 

118357    1858444 

16 

493555      7616137 

1 

132663    1991107 

15 

521314      8137451 

0 

178346    21G9453 

14 

550506   .   8688017 

13 

581277      92GJ2'Jt 

12 

614038      988333J 

11 

648773   10  1053211 
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TABLE  IV.   continued. 

For  Annuities  on  Two  Joint  Lives. 

Part  3. — Difference  of  Age   11    Years. 


Yo«' 

Columa. 

Column. 

Yo**' 

Column. 

Column. 

Age.  ^' 

n. 

d\ 

n. 

Age. 

0^. 

^. 

2\ 

n. 

85 

2      189009   2   1890000 

55   7   246794  8  1648883 

84 

507520      6965200 

54      277436   1926319 

83 

3   167107   3   2367592 

53      310802   2237121 

82 

475142      7119017 

52      347167   2584289 

81 

4   114974   4   1861639 

51      386443   2970732 

80 

224034      4101984 

50      428285   3399017 

79 

385366      7955640 

49      471842  3870859 

78 

606197   5   1401761 

48      516905  4387764 

77 

951648      2353409 

47      564423  4952187 

76 

5   149401      3847417 

46      615844  5568031 

75 

231060      6158019 

45      670862  6238893 

74 

353222      9690235 

44      730120   6969013 

73 

528943   6   1497966 

43      793782  7762795 

72 

766102      2264068 

42      861825   8624690 

71 

6   107857      3342639 

41      933943  9558634 

70 

147413      4816769 

40   8   100858  9 1056721 

69 

195752      6774285 

39      108665   1165386 

68 

252069     9294977 

38      116741   1282128 

67 

318797   7   1248295 

37      125193   1407321 

66 

399486      1647781 

36'     134159   1541479 

65 

496706     2144487 

35      143799   1685278 

64 

610630     2755117 

34      154259   1839538 

63 

745164     3500281 

33      165477  2005014 

62 

903720      4404001 

32      177388   2182402 

61 

7   107709     5481091 

31      189994  2372396 

60 

126693     6748019 

30      203142  2575538 

59 

146926     8217281 

29      216572  2792110 

58 

168767     9904953 

28      230571   3022681 

57 

192827   8   1183322 

27      245257  3267938 

56 

218768     1402090 

26      260716  3528655 
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Tabl£  IV.   continued 


Y.'» 

Calamn. 

Culunn. 

Yo»' 

Culamn 

Colaaa. 

Age. 

S. 

fli. 

X. 

B. 

Age. 

.r. 

A. 

^-   ». 

S5   8  »76IW2  9   SS0&A37 

10 

8 

0M5A4  10  10636SS  | 

»4                4099892 

0 

693358 

1132068 

23                1412587 

ft 

735121 

1206480 

22         :■  ■>             i7m:  <• 

7 

780840 

1284564 

21       ,  .•,.,1     .".u'j;;*;;) 

6 

831241 

1367688 

20      374197     5471597 

5 

886014 

1456880 

19       liUiUWO              5868-207 

4 

948(.')4 

1551223 

18       n!»Sf)J      6288101 

3 

9 

102881 

1654105 

17       4 11. $21      67.J2422 

2 

113010 

1767115 

16      470008     7202431 

1 

12G614 

1893729 

15      496671    *  7699101 

0 

169972 

2063701 

14      524685     8223685 

13      554090     8777776 

12      585363     9363139 

11      6I8G31     9981771 

ERRATA, 

In  the  Doctrine  of  Life  Annuities  and  Assurances^  in  addition  to 
those  pointed  out  in  pege  622. 

P^e.    Line  For  Read 

^'       22,       1x^=100     ....     -|x-^izl00 

36,  last,  -4407142     [in  the  last  col]  -4407132 

42,  13,  (1+       ) (l+j) 

174,  2,  1402-171 1032097 

175,  2,  1402-17  Ix -05 1032-097  x -05 

70-109,  or  £70:2:2      .     .     .  51-605  or  £51:12:1 

179,       25,       340-656,  or  £340:13:1     .     .  33&-581,  or  £338:11:7 

26,      40-656 •  .  38-581 

(X—B-OC  {\-{-B'C)b' 

190,       13,  ^,^^^        fl+j; 

236,         2,       (a' a*) (a' a') 

a'HBC  a.HBC 

289,       16,       -T^ -^^ 

423,  17,  XVI XVIII. 

428,  11,  11-035 11038 

436,  4,  XXVIII XXVII. 

491,  23,  London  Annuity   ....  London  Annuitant 

513,  last,  5049       5047 

In  page  616,  line  23,  for  "60  and  81,"  read  "50  anJ  81  ;"  OoTern- 
ment  having  extended  their  plftn,  by  a  subsequent  act,  since  that  note  was 
written. 

In  page  482,  line  13,  for  « i£180,"  read  "  £200  ; "  the  Amicable  Society 
having  increased  the  sum  which  they  guaranty  to  the  shareholders,  since 
that  passage  was  written.  1  would  also  observe,  in  explanation  to  what  I 
have  sa'd  in  the  first  note  in  page  483,  that  the  Amicable  Society  have 
since  published  a  table  of  the  rates  by  which  they  effect  assurances  on  single 
lives.  These  rates  are  much  lower  (particularly  when  the  assurance  is  for 
a  term  of  years  only)  than  those  of  any  other  office ;  and  it  the  first  instance 
of  any  reduced  rates  being  offered  to  the  public. 

In  this  Appendix,  page  9,  line  2  from  the  bottom,  for  "  London  Life 
Assurance,"  read  "  London  Life  Association." 
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